Online Supplementary Material for “Sign-based shrinkage based on an
asymmetric LASSO penalty”

S1 Proof of Lemma 2.1

Under the ordinary least squares model the ASYMLASSO solution can be written as follows:

p
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Define € = y — X3 as the residual vector and let A be the event such that {A\(1 + 2|7 — 1|) >
le¥ X ||oo}. Then, if A holds,
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where the second inequality is due to Holder’s inequality, the third and fourth inequalities are due
to the triangle inequality, and the last inequality is due to our assumption on A.



S2 Additional Tables and Figures

Table S1: Asymmetric LASSO (ASsYMLASSO) with varying values for 7 where n = 400,
Y= (0.5“_3")15, u = 0.10, and B* = (—0.03,0,0,—0.03,—0.03,0.03,0.03,0,0,0.03). The tuning
parameter A was selected using five-fold cross validation between an evenly-spaced grid [0.05, 0.95].
Results are averaged over 100 simulations. 7¢y is the average value of 7 selected via cross validation
for each of the 100 simulations (P; = proportion of simulations where f3; is correctly identified as
non-zero). See Section 3.1 in the main text for more details.

g Method P1 P4 P5 P6 P7 P10

0.5 7oy =041 038 041 0.33 0.37 044 0.43

7=0.05 031 033 0.35 044 054 0.58

7=0.25 032 037 0.34 047 054 0.56

7=0.50 041 041 0.37 0.38 044 0.39

7=0.75 047 047 0.39 0.34 0.38 0.34

7=095 046 044 0.37 0.32 0.34 0.32

0.3 7oy =047 072 084 0.70 0.81 0.87 0.86

7=0.05 068 0.76 0.67 0.87 0.90 0.92

7=0.25 075 084 0.66 0.86 0.90 0.92

=050 086 093 0.75 0.80 0.89 0.88

7=0.75 090 093 0.83 0.81 0.85 0.84

=095 089 092 0.81 0.78 0.80 0.81




Table S2: Asymmetric LASSO (AsYMLASSO) with varying values for 7 where n = 400,
Y = (0.81<i¢f>)ij, p = 0.10, and B* = (—0.03,0,0,—0.03, —0.03,0.03,0.03,0,0,0.03). The tuning
parameter A was selected using five-fold cross validation between an evenly-spaced grid [0.05, 0.95].
Results are averaged over 100 simulations. 7oy is the average value of 7 selected via cross validation
for each of the 100 simulations (P; = proportion of simulations where §; is correctly identified as
non-zero). See Section 3.1 in the main text for more details.

g Method P1 P4 P5 P6 P7 P10

0.5 7oy =042 014 0.09 0.16 0.18 0.16 0.13

7=0.06 014 0.13 0.13 0.21 0.17 0.16

7=0.25 013 0.13 0.15 0.19 0.17 0.16

7=0.50 0.15 0.11 0.19 0.18 0.13 0.13

=075 0.17 0.13 0.20 0.18 0.14 0.13

=095 0.16 0.13 0.19 0.14 0.15 0.12

0.3 7oy =040 021 0.18 0.20 0.24 0.23 0.21

7=0.05 0.17 0.17 0.18 0.29 0.24 0.21

=025 019 0.15 0.19 0.28 0.23 0.23

7=050 0.22 0.19 023 024 0.24 0.23

=075 025 0.22 0.21 0.23 0.23 0.18

=095 027 022 025 024 024 0.19

Table S3: Comparison of ASYMLASSO to LASSO and the non-negative LASSO (nLASSO) based
on 100 Monte Carlo replicates. (MSB = mean squared bias; FP = mean number of false positives;
FN = mean number of false negatives (out of 5); P; = proportion of simulations where §; is correctly
identified as non-zero; PMSE = Averaged predicted mean squared error.) See Section 3.2 in the
main text for more details.

P Method MSB FP FN P P, Ps P Py PMSE

S=1 50 Oracle 0.06 0.00 000 1.00 1.00 1.00 1.00 1.00  0.25
LASSO 0.09 514 243 0.32 028 057 057 0.83  0.26

nLASSO 0.09 423 2.02 037 038 072 0.64 087  0.26

ASYMLASSO(7 =0.23)  0.09 540 206 035 039 0.69 064 087  0.26

200 Oracle 0.05 0.00 0.00 1.00 1.00 1.00 1.00 100  0.25
LASSO 0.10 5.41 343 0.09 024 0.32 029 063  0.26

nLASSO 0.0 564 3.11 0.17 027 039 034 072  0.26

ASYMLASSO(# =0.27) 010 759 3.09 0.18 028 0.38 0.35 072  0.26

S =(0.80);; 50 Oracle 0.11 0.00 0.00 1.00 1.00 1.00 1.00 100  0.25
LASSO 0.13 6.46 3.02 026 0.29 0.46 037 060  0.26

nLASSO 0.12  5.93 3.03 028 027 044 037 061  0.26

ASYMLASSO(7 = 0.26) 0.13 6.80 298 028 028 046 038 0.62  0.26

200 Oracle 0.1 0.00 0.00 100 1.00 1.00 1.00 1.00  0.25
LASSO 0.14 9.78 3.87 0.1 020 0.18 020 044  0.26

nLASSO 0.13 9.32 386 0.12 0.19 0.18 020 045  0.26

ASYMLASSO(7 = 0.25) 0.14 1022 3.85 0.11 020 0.19 020 045  0.26
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Figure S1: Box plot (mean + 3 standard deviations) of the inclusion probability (P;) for the first
and fourth nonzero coefficients (5p1 = fos = —0.03) when n = 400, p = 50, and ¥ = (0.5|i_j‘),~j.
A grid search between [0.05,0.95] is used to select 7 for ASYMLASSO. Five-fold cross validation is
used to select the final model for LASSO, nLASSO, and ASYMLASSO. Results are averaged over
100 Monte Carlo simulations. (X): Uses the design matrix X in the model fit; (X): Uses the design
matrix X in the model fit, where X and X are identical except that the first and fourth columns
are negated. See Section 3.3 in the main text for more details.
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Figure S2: Box plot (mean + 3 standard deviations) of the inclusion probability (P;) for the first
and fourth nonzero coefficients (5p1 = Soa = —0.03) when n = 400, p = 50, and ¥ = (0.81(i¢j))ij.
A grid search between [0.05,0.95] is used to select 7 for ASYMLASSO. Five-fold cross validation is
used to select the final model for LASSO, nLASSO, and ASYMLASSO. Results are averaged over
100 Monte Carlo simulations. (X): Uses the design matrix X in the model fit; (X): Uses the design
matrix X in the model fit, where X and X are identical except that the first and fourth columns

are negated. See Section 3.3 in the main text for more details.



