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Abstract: Social phenomena that are related to human beings cannot be performed 

under controlled conditions, making it difficult for policy planners to have an idea 

about the expected future conditions in the society under varying situations and 

forming policies. However, modelling can be really helpful to planners in these 

situations. The present paper attempts to find the distributions of age at last 

conception of women with the help of stochastic modelling for human fertility 

taking into consideration different parity progression behaviours among couples. 

This may be helpful to planners for having at least a rough idea of estimated 

proportion of women of different age groups who will be completing their 

childbearing and willing to go for sterilization after marriage under different 

stopping rules regarding desired family size and sex composition of children. 

Accordingly, these estimates will help planners to optimize the cost and service 

provision for sterilization programs for women.  
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1. Introduction 

In Indian context, generally the reproductive span of a woman starts with marriage and ends 

as soon as she experiences menopause. But it seems more logical to consider the end of the 

reproductive span being governed by the couples’ decisions regarding maximum number of 

children they wish to have and stopping rules regarding sex composition of children in the family. 

For a woman, the start of childbearing is a crucial event of her life. Moreover, the ending point 

of childbearing is still very important event as it determines the effective reproductive span of a 

woman. Thus, it is worthwhile for the demographers and the policy makers to analyses the 

distribution of age at nth conception to the women, where nth conception happens to be the last 

conception in a woman’s life. Distribution of maternal age at last conception or age at last birth 

(assuming one to one correspondence between a conception and a live birth) can be obtained 

using the survey data if the completed maternity history of each and every woman is available. 
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But with the information available from the retrospective surveys completed maternity history 

can be obtained only for those women who have completed their reproduction at the time of 

survey. Thus if the distribution of age at last birth is obtained from only these older women then 

it will totally ignore the information on the younger women who are still producing children. 

Thus it will be more beneficial to incorporate some indirect methods or the modelling techniques 

to obtain the distribution of age at last conception or birth. Hoem (1970) has obtained some 

probabilistic fertility models of life table type that can be extended and utilized to study the 

distribution of age at last conception. Further Krishnamoorthy (1979) and Suchindran and Horne 

(1984), have developed some methodology to obtain the distribution of age at first and last birth 

for a woman using the data on age-specific fertility rates (Pandey and Suchindran (1995)). In this 

direction, Pandey and Suchindran (1995) developed indirect technique to obtain the distribution 

of maternal age at births of different order using the same vital statistics. 

Studying the distribution of age at last conception (or age at last birth) among various 

subgroups of women, having different preferences regarding stopping behaviors, also gives us 

an idea about the differentials in childbearing patterns among these subgroups. Age at last 

conception have important implications for women also, since, this will affect their involvement 

in other activities besides child rearing. Because if a woman stops childbearing at early ages she 

will have sufficient useful time to involve herself in some fruitful tasks other than child making 

as compared to the women who continue bearing children till higher ages. In addition, if a woman 

stops childbearing at early ages then there will be lesser age difference between her and her child. 

Further, woman’s age at last conception also has an effect on maternal and child morbidity and 

mortality. Since it has been observed in various studies that women who give birth in higher ages 

(> 35 or 40 years) are more prone to pregnancy complications and associated risks to mother and 

her baby (Andersen et al. (2000); Heffner (2004); Mothers35plus (nd); Paulson (nd)). In addition, 

the age at which a woman stops childbearing is an important factor that affects the population 

growth. 

Study of distribution of age at last conception in various population subgroups may also help 

policy makers in forming various policies regarding sterilization programmes also. A very high 

cost is involved in the implication and operation of family planning and sterilization programmers, 

thus planners need to know about what proportion of women in various population subgroups 

and different age groups would be completing their childbearing and will require sterilization, 

where the sub groups may be divided according to stopping behavior of couples. 

Singh et al. (1974) proposed the stochastic model to find the probability distribution of 

number of births in duration (0,T) after marriage. Utilizing the idea of Singh et al. (1974), this 

paper attempts to obtain the distributions of age at last conception for subgroups of women or 

couples having different contraceptive use and stopping behaviors. Thus, in the present paper it 

is assumed that distribution of woman’s age at last birth will be governed by not only the 

conception rate but also couple’s aspirations regarding number of children and sex composition 

of children in the family. 
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2. Model 

The models for time interval from marriage to conceptions of different orders are derived on 

the basis of the following assumptions: 

 

1. The female remains in the marital union at least up to the period of observation. 

2. The probability that the first conception occurs during the time interval (t, t + Δt ) is λ0Δt 

+ 0( Δt ), λ0 > 0 , t > 0, where λ0 represents rate of conception corresponding the first 

conception.  

3. Each conception results in a live birth. 

4. The probability of another conception after a conception is zero for a constant durartion 

of length h, where h is the duration of time from a conception to the start of the next 

menstrual cycle following delivery which is known as the ‘rest period’. 

5. The conditional probability of a conception during the time interval (t, t+Δt ) is λjΔt + 

o(Δt) if the jth conception occurs prior t h, t > jh , λj > 0 and 0 otherwise. Where λj
′𝑠 

represents rate of conceptions corresponding to second, third … conceptions.  

 

Now consider that successive conceptions to a women occur at times Y0, Y0 + Y1, Y0 + Y1 + 

Y2, … . Thus Y0 is the time from marriage to first conception and Yj (j = 1, 2, … ), is the time 

interval between successive conceptions or the time interval between jth and (j + 1)th conception 

to a women. Thus we can call them as closed conception intervals of order 0, 1, 2, … . 

Under the assumptions defined above it is apparent that, 

 

 
Figure 1: Pictorial representation of conception intervals 

 

                                             (1) 

 

                    (2) 
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We assume that the random variables Y0, Y1, Y2 , … are mutually independently distributed 

random variables. Thus the probability density functions for Y0 , Y1, … , Yn will be, 

 

                                              (3) 

 

                              (4) 

 

i.e. Y0 follows exponential distribution with parameter λ0 and 𝑌𝑗
′𝑠  follow displaced 

exponential distribution with parameters h and λj
′s. 

For finding the distribution of age at last conception, it is required to find the distribution of 

sum of Y 0s which can be obtained for three major cases, viz. 

 

(i) When all λ’s differ  

(ii) When all λ’s are similar and  

(iii) When some λ’s are similar while some differ for different order of births.  

 

3. Application of the Model: 

Model derived in the previous section will be utilized to obtain the probabilities for timing 

of conceptions of different orders since marriage for a woman for some hypothetical plans where 

they are either using or not using contraceptives of various effectiveness. Since the assumption 

that all conception rates are different for each birth order of a woman doesn’t seem to be so 

realistic so the probability calculations for this case are not done in the application. So the case 

that ‘all λ’ s differ’ is not considered in the plans defined below. The probabilities are estimated 

for the following plans, where in all the plans, λ0 = 0.65, considering no use of contraception after 

marriage until first birth and h = 1.25 years: 

 

Plan A: Same rate of conception for births of each order and no use of contraception; i.e. λ0 

= λ1 = … = λn 

Plan B: Rate of conception for 2nd and 3rd order births is same that differs from rate of 

conception for rest high order births under this plan we consider following two hypothetical plans: 

Plan B1: Couples use contraceptives of 70% effectiveness after their first birth until their 

third birth and then of 92% effectiveness afterwards, i.e. λ1 = λ2 = 0.3λ0 = 0.2 and λ3 = λ4 = … = 

0.08 λ0 = 0.05. 

Plan B2: Couples use contraceptives of 85% effectiveness after their first birth until their 

third birth and then of 92% effectiveness afterwards, i.e. λ1 = λ2 = 0.15λ0 = 0.1 and λ3 = λ4 = … = 

0.08λ0 = 0.05. 

 

Derivations of expressions for probability that sum of closed conception intervals is less 

than time t (for plans A and B): 
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For Plan A: 

 

The probability distribution of sum of closed conception intervals i.e. the distribution of Z = 

Y0 + Y1 + Y2 + … + Yn (when λ0 = λ1 = … = λn i.e. all λ’s are equal) will be 

                                (5) 

Which is the p.d.f. of Erlang distribution with shape parameter n+1 and rate or inverse scale 

parameter λ. 

Let u = u – nh , so 

                                   (6) 

Now P (Y0 + Y1 + Y2 + … + Yn ≤ t) will be nothing but the cumulative distribution function 

(c.d.f.) of Z = Y0 + Y1 + Y2 + … + Yn denoted by Fz(t). 

 

 
 

which ultimately simplifies to (for details see the appendix), 

 

               (7) 

 

For Plan B: 

 

Let X and Y be continuous random variables with densities fX (x) and fY (y) 

and cumulative distribution function FX(x) and FY(y), then using the property of convolution 

we have 

 

   (8) 

 

Now if W1, W2, … , Wn ~ displaced exponential (λ), then the density function for W = W1 + 

W2 + … + Wn is given by  
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                         (9) 

 

which is the density of displaced gamma distribution with parameters λ, n and h. 

 

Suppose Y0 ~ exp (λ0), 𝑌1
′ ,  𝑌2

′ , … , 𝑌𝑛′
′ , ( 𝑛’  terms) ~ displaced exponential (λ1) and 

𝑌1
′′, 𝑌2

′′,… , 𝑌𝑛′
′′, (𝑛′′ terms) ~ displaced exponential (λ2), where 𝑛’ +  𝑛” =  𝑛  

then, 

 

   (10) 

 
 

Further using the relation (8), (9) and (10) we have, 

 

 

 

       (11) 

 

Expressions (7) and (11) are nothing but the cumulative distribution functions of time from 

marriage to the (n+1)th conception for different conditions on λ’s i.e. When all are similar and 

when some differ but some are similar for different order of births. 

The probability distribution of this random variable i.e. the time from marriage to (n+1)th 

conception can be obtained with the help of well-known relation viz., 

 
Now to find the probability distribution of women’s age at (n + 1)th conception for a cohort 

of women who marry at a certain age d, it is required to shift the origin of time from marriage to 

(n + 1)th conception at d. 

Next to find the distribution of age at last conception of the women for this cohort, the 

distribution of age at (n+1)th conception have to be weighted with the probability of exactly m(= 
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n+1) conceptions to a woman in duration T, where T is assumed to be large such that couples 

complete their reproduction in duration T after marriage. It is well understood that the couples 

will not go on producing children indefinitely rather they will follow certain stopping rules. Thus 

it is reasonable to assume that the probabilities of exactly m conceptions in duration T for a 

woman will be affected by couple’s decision regarding maximum number of children and the sex 

composition of the children they wish to have in the family. 

Thus for finding these probabilities, we consider six hypothetical sub plans regarding 

couple’s stopping behavior related to desired family size and sex composition of children viz. 

 

 Sub plan S1 : Produce children until one male child is born but stop childbearing at 

parity 2 regardless of whether a male child is born or not. 

 Sub plan S2: Produce children until one male child is born but stop childbearing at 

parity3 regardless of whether a male child is born or not. 

 Sub plan S3: Produce children until one male child is born but stop child bearing at 

parity 4 regardless of whether a male child is born or not 

 Sub plan S4: Produce children until one male and one female child is born but stop 

childbearing at parity 3 regardless of whether one male and one female child is born or 

not. 

 Sub plan S5: Produce children until one male and one female child is born but stop 

childbearing at parity 4 regardless of whether one male and one female child is born or 

not. 

 Sub plan S6: Produce children until at least two male and one female child is born but 

stop childbearing at parity 4 regardless of whether two male and one female child is 

born or not. 

 

The probabilities of exactly m conceptions to a woman are calculated for different sub plans 

S1, S2, S3, S4, S5, S6 as follows: 

Let p and q = (1-p) be the probabilities of producing a male and a female child respectively. 

Now we illustrate how the probability of exactly m births (or exactly m conceptions) can be 

obtained. For an example, the probability of exactly 2 births under sub plan S4, will be qp + pq. 

Since under sub plan S4, couples will stop at two children iff their first child is a male and second 

is a female or vice versa, but if they don’t achieve it i.e. if children born are both females or both 

males, they will move to the next conception. 

 

Table 1: Combinations of children (by sex and number) that couples can have under various sub 

plans 
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Table 1 shows various combinations of children that couples can have under various sub 

plans considering p = 0.515. Also the calculated probabilities of exactly m births for various sub 

plans have been represented in Table 2. 

Now these obtained probabilities (in Table 2) are used as weights in obtaining the distribution 

of age at last conception from the distribution of age at m conceptions. Figures 2, 3 and 4 show 

the distribution of age at last conception for the cohort of women who married at age 20 years. 

Distributions are obtained under plans A, B1 and B2 for each sub plan S1, S2, S3, S4, S5 and S6. 

Age at last conception is divided into nine categories, viz. < 22, 22-24, 24-26, 26-28, 28-30, 30-

32, 32-34, 34-36, >36, where age is measured in years. 

 

Table 2: Probabilities of exactly m births under various sub plans: 

 
 

 

From Figure 2, representing the distribution for the group of females who don’t use any form 

of contraception before their first conception (or first birth), it can be observed that under sub 

plan S1, more than 70% women conceive their last child within 4 years of their marriage, while 

under sub plans S2 and S3 around 62 to 63% women conceive their last child within 4 years of 

their marriage. 

Under sub plan S4,around 31% women conceive their last child within 4 years of their 

marriage and around 61% within 6 years of their marriage. Under sub plans S5 and S6, less than 

50% women conceive their last child within 6 years of their marriage. In addition under sub plan 

S5, only around 3% women remain to conceive their last child after 10 years of their marriage 
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while under sub plan S6, around 70% women complete childbearing within 10 years of their 

marriage and the rest 30% women conceive their last child even after 10 years of their marriage. 

 

 
Figure 2: Distribution of age at last conception (regardless of parity) for cohort of women of marital 

age 20 years (Under Plan A) 

 

 
Figure 3: Distribution of age at last conception (regardless of parity) for cohort of women of marital 

age 20 years (Under Plan B1) 
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Figure 4: Distribution of age at last conception (regardless of parity) for cohort of women of marital 

age 20 years (Under Plan B2) 

 

Further, from Figure 3 it is observed that under plan B1, for each sub plan S1 – S6 proportion 

of women who stop conceiving within few years of their marriage is lesser as compared to the 

respective proportions obtained under plan A. Under this plan B1, since women are using 

contraceptives before their last conception, age at last conception is shifting towards the higher 

ages. Here, it is interesting to note that around 33 to 35% women still have not completed their 

childbearing at the age of 36 i.e. 16 years after marriage under sub plans S5. Also under sub plan 

S6, around 65% women still remain to conceive their last child even after reaching the age of 36 

years. 

Figure 4 represents the distribution of age at last conception for plan B2, where women use 

contraceptives of higher effectiveness as compared to women following plan B1. Here also it can 

be observed that women’s age at last conception is shifting towards the higher ages. The 

proportion of women remaining to conceive their last child even after 16 years of their marriage 

becomes still higher as compared to the women following plan B1. This shows that as 

contraceptive effectiveness is increasing contraceptives have a positive effect in increasing the 

conception interval i.e. the spacing between two consecutive conceptions. 

 

4. Conclusions: 

The previous section clearly demonstrates that how the modelling technique can be helpful 

in obtaining the distribution of age at last conception of women for various stopping behaviors. 

In general it can be said that this modelling technique can be used in various fields where one 

wishes to obtain the time up to the 𝑛𝑡ℎ event or the time up to the last event. Thus modelling 

techniques can be very helpful in estimating and predicting the expected form of distribution 

under various assumptions which can be really helpful to policy makers in forming policies. 
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Policy makers need to know about the expected scenario that will result under various 

assumptions. By taking appropriate assumptions that seem to be most favorable for the present 

or the future, planners can get an idea about the expected estimates on the required variable and 

hence can make the plans and policies accordingly. Thus, this paper is an attempt to throw light 

on one of the useful implications of modelling techniques which can be helpful for the researchers 

in understanding the usefulness of modelling. Furthermore, the technique discussed can be 

extended to be used for obtaining the distributions under various circumstances as the research 

purpose may suggest. 
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Appendix 

 

 

Let λx = k, then 

 

 

 

where γ () is lower icomplete gamma function. 

Let n+1 = α 

 

Solving the integral using integration by parts taking kα-1 as first and e-k  as second function, 

 

Solving the integral recursively using integration by parts, we get 
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which is the cumulative distribution function of Z = Y0 + Y1 + Y2 + … + Yn (where all λj
′s are equal ) 


