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Abstract: The classical works in finance and insurance for modeling asset returns is the
Gaussian model. However, when modeling complex random phenomena, more flexible
distributions are needed which are beyond the normal distribution. This is because most of the
financial and economic data are skewed and have “fat tails”. Hence symmetric distributions like
normal or others may not be good choices while modeling these kinds of data. Flexible
distributions like skew normal distribution allow robust modeling of high-dimensional
multimodal and asymmetric data. In this paper, we consider a very flexible financial model to
construct comonotonic lower convex order bounds in approximating the distribution of the
sums of dependent log skew normal random variables. The dependence structure of these
random variables is based on a recently developed generalized multivariate skew normal
distribution, known as unified skew normal distribution. The approximations are used to
calculate the risk measure related to the distribution of terminal wealth. The accurateness of the
approximation is investigated numerically. Results obtained from our methods are competitive
with a more time consuming method known as Monte Carlo method.

Keywords and phrases: Unified skew normal distribution, additive properties, log unified skew
normal distribution, convex order, comonotonicity, value at risk.

1. Introduction

In this paper we investigate the approximations for the distribution function of a sum of log skew normal
random variables. Let 00,a1,02,...,an—1 be non-negative real numbers and Y = (Y1,Y2,...,Yn)T be a multivariate
skew normal random vector with the specified mean vectorand variance-covariance matrix and satisfying
additive properties. Define Z; = " . | Yi,i =0,1,.,n - 1, thatis, Z/s are sums of the components
(Y3,Y2,..,Yn). With the components so defined, consider the sum

n—1

n—1
S = E (y.t—(—fz‘*zg qeYiti T, (1.1)
0

=0 i=

From economic or actuarial point of view, the sum S could be interpreted as the final wealth or the terminal wealth
or the accumulated value of a series of deterministic saving amounts or alternatively the accumulated value of a
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series of payments. In this situation, ai (i = 0,...,n—1) represents yearly saving in period i or amount invested in
period i, Yit+l refers to the random rate of return in period i for i = O0,.,n—1. The term

— Pk — —_ ] Yi — —P}‘l . . . .
Y = logp; = logPy —logP—y 1.e €' = 5\ ihore Pk is the price of the asset at the period k = 0,...,n ; is

called the random log-return in period k and Zi denote the sum of stochastic or random returns in the period i =
0,...,n—1. With some suitable adjustment, S could also be referred as the present value of a series of payments.
More precisely, if —Zi denotes the stochastic log-return over the period [0,i], then eZi represents the stochastic
discount factor over the period [0,i]. In this situation, the sum S is the present value of ai (Vanduffel et al. 2008,
Roch and Valdez (2011)).

The sum defined in (1.1) plays a central role in the actuarial and financial theory because it allows computation
of risk measures such as value at risk or stop-loss premium. To calculate the risk measures we need to evaluate the
distribution function of S. Unfortunately, the distribution of the sum S (of log-normally or log-skew normally
distributed random variables) is not available in closed-form. It is possible to use Monte Carlo simulation method
to numerically approximate the distribution function. However, Monte Carlo simulation of the distribution is often
timeconsuming. Thus one has to find alternative way to approximate the distribution of the sum. Among the
proposed solutions, moment matching methods and inverse gamma approximations are commonly used. Both
methods approximate the unknown distribution function by a given one such that the first two moments coincide.

Kaas et al. (2001) and Dhaene et al. ( 2002a, 2002b) propose to approximate the distribution function of S by
so called “convex lower bound”. The underlying idea of convex lower order bound is to replace an unknown or
too complex distribution (for which no explicit form is found) by another one which is easier to determine. In this
approach, the actual distribution is known to be bounded in terms of convex ordering to the approximated

n—1

distribution. To be more precise, the distribution function of S=3" aie’s approximated by the distribution
function of SI, where Sl is defined by,

Si = YKo aiE(e?i]A). (1.2)

An appropriate choice of the conditioning random variable A is required. This approach has twofold
advantages. Firstly, use of this approach transforms the multidimensional problem caused by (Z20,Z2,...,Zn—1) to a
single dimension caused by A. Secondly, an appropriate choice of A (that makes the expectation in (1.2) non-
decreasing or non-increasing function of the conditioning random variable A) will make a comonotonic sum, i.e,
the elements of the sum in (1.2) possess the so called comonotonic dependence structure. Using the additivity
properties of sum of comonotonic random variables, risk measure related to the distribution function of S is then
approximated by the corresponding risk measure of SI. According to Kaas et al. (2001), comonotonic upper bound
for the sum in convex order sense can also be derived using the result

|
[u

1 n

X; < ) Fy,(U)

n

...
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where U is the uniform random variable over (0,1). However, the comonotonic upper bounds generally
provide too conservative estimates of the cumulative distribution function (Roch and Valdez 2011). Thus we
only discuss convex lower bound here. The model given in (1.1) was studued by many authors as referred
above. Our work in this paper is the natural extension of the work by Marin-Solano et al. (2010), and Roch
and Valdez (2011).

The rest of the paper is organized as follows. In Section 2 we present some basic properties of the unified
skew normal (SUN) density such as the moment generating function, mean and variance, and establish the

370



Arjun K. Gupta*a , Mohammad A. Azizb 371

additive stability. Section 3 provides basic concepts and important result on convex ordering and convex order
bounds. Section 4 discusses in detail the construction of lower convex order bounds for the distribution of sum
of log unified skew normal random variables. Section 5 provides an extension of section 4 considering the
construction of lower bounds for a portfolio. Numerical illustrations are provided in Section 6. The paper
concludes in Section 7 in which some discussions and suggestions are provided.

2. The unified skew normal distribution and its important properties

Skew normal class of distributions is a natural extension of normal distribution which is developed to
include the skewness of data. This class of distributions has properties that resemble to those of the normal
distribution. In this paper, we consider the multivariate unified skew normal distribution introduced by
Arellano-Valle and Azzalini (2006). In addition to being normal when the skewness parameter equals zero,
the family has properties similar to the normal distribution and yet is skew.

Suppose od(y —14;Q) denotes the d dimensional multivariate normal density with mean vector | and the
covariance matrix Q, and ®@d(y — W;Q) is the corresponding distribution function.

Definition 2.1. (Arellano-Valle and Azzalini (2006)) A random vector y € <d is said to follow unified
skew normal distribution, if its density function is given by

om(y + AT 0 —1w—-1(y — p); T — AT 27—14)
fO) =0, - wO=" e (21

T
Where ue §R(ﬁT ,.Y c §}%m7 Q c §Rn’xn’7 l" c §Rm,>(m,: A c ngXm and gz* — (g AS_Z )IS the Correlation

matrix with w a d x d diagonal matrix formed by the standard deviations of (); hence Q) = wQ w.

w_
o
— §=0
- - 5=-05 .
T 8=08 I
o || - 6=-08| , -
© §=0.97 .o

Skew-Normal
Density
0.4
|

0.2

0.0
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Figure 1:  Univariate SUN density for somme selected values of 6.

The density is called SUN (acronym for unified skew normal distribution) and is denoted by
SUNd,m(u,y, ® , Q*), where ® = wld is the vector of diagonal elements of . Note that if A equal to zero,
then the density reduces to the d dimensional multivariate normal distribution.

The corresponding distribution function of y is given by,

1 Q —wA
Gd,m(y) = mq}d—Hr; [(g) (_’u‘,v) ) (—ATCU T >:| :

The derivation of the SUN density was given in Arellano-Valle and Azzalini (2006). The graph of the
univariate SUN density is given in Figure 1 for different values of the skewness parameter 9.

One of the advantages of parameterization in (2.1) resides in the additive stability of the distribution. Gupta
et al. (2013) proved the closure properties of independent SUN random vectors: closure under linear
transformations, marginal and conditional distributions and joint distribution from its members. In what
follows, we will state some of these important properties. For more details and the proofs of these results, we
refer to Gupta et al. (2013) and Arellano-Valle and Azzalini (2006).

Theorem 2.1. If y ~ SUNd,m(u,y,0 ,Qx), then its m.g.f is given by

om(y+ATwt;IN)

da
o) ,tER (2.2)

My(t) = exp(uTt + %tTﬂt)

Theorem 2.2. If y ~ SUNd,m(u,y,0 ,Qx), then the mean vector and the covariance matrix of y are given by

D" (v; T)
EW) = n+4 5 Pulvi D) (2.3)
And
_ O WD) P D) P T (D)
Var(y) =% P (vil) P (Vi) Pm(vil) (24)
where &% (~,1) =% @, (v + ATwt,l) ot Di=e and &y (v;I)= atz_tT @, (y+ATot;T) .dm(y; I') =0

Using Lemma B.1 given in the Appendix of Domingnez-Monila et al. (2001) the term Do ('Y;I“) could be
replaced by,

m

d
GuriT) = ) Y W)y o viNe
i=1

j=1
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where (AT w)jis the (ij)th element of the matrix AT w, eiis a d x 1 vector with one in the ith position
and zero elsewhere, and

U (v;T) = (L) Pm-1(y-5T )
where y-jis the vector y without the jth element.

Corollary 2.1. Let y be a random vector with a unified skew normal distribution, SUNgm(u,0,w",Q*), with

I, AT ,
OF = A Q) Then the first two moments of y are:

2
(@) By = 2uar,
(b) Var(y)=Q— gwAATw
7r

2
Example 2.1. Suppose Y ~ SUN1,1(1,0,w,Q*) with (3* = (% f) Then

f) = 20(;u,02)P(Sv-iwi(y - u)ig® - 82/v1)

e the mean of this density is
Ey = pu+2®5(0;¢%) = p+ %2 /2

T
e and the variance is
: k() 42 *(- 421)- : 2 62 w?
Var(y) = o +207(0; g°) — (207(0; %)) = 0 — 2 42
One of the most important additive properties of the SUN random vector is the closure under the linear
transformation property. Similar to the multivariate normal distribution, SUN distribution is closed under full
row (or column) rank linear transformation. This property is useful to establish joint distribution of the
independent random variables from the same family.

Theorem 2.3. Lety ~ SUNgm(W,y,w Q) and A be an n x d (n < d) matrix of rank n. Then

Ay ~ SUV}\‘T'N,.’!H.(I-LAA'J Y, Wa, Qj{)l

where
- T ¥ r Al T\—1
Uy = A[.L wa =wal,, wq=AwA Q,1 = =, Ay = (Aw‘fl ) Aw,
‘ Ay Qa

Q4= (AwAT)-1AQAT (AwAT)-1  and Qa=AQAT= waQ awa.

As previously mentioned, we can easily build the joint distribution of independent SUN random variables
which again belongs to the same family. In the following Theorem, we will show that if we have a collection
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of n independent SUN random variables, then the joint distribution of the n random variables is again SUN
distributed random variable. As mentioned by Gupta et al. (2004) , this property does not hold for the
multivariate skew normal distribution defined by Azzalini and Dalla Valle (1996).
In what follows the symbols “&’ and “®” would be used to indicate the Kronecker matrix product and
the matrix direct sum operator: the Kronecker product for any two matrices Amxn =
(aij) and Bpxq = (bij) denoted by A @B results an mp x nq matrix defined by
(LllB (Llsz R a.lnB

91 B (Lgsz e (I-gnB

A®B = = ((lijB)

A B a'f'n?B e a‘-m.'n.B

For the properties of the Kronecker matrix product we refer to Gupta and Nagar (2000).
The direct sum operator of two matrices Amxn = (aij) and Bpxq = (bij) denoted by A ©® B results an (m

+p) x (n + q) matrix defined by
A0
0 B

That is matrix direct sum operator gives a block diagonal matrix.

Note: It is easy to see thatPi1 A = 1. @A For other properties of matrix direct sum operator we refer to
Horn and Johnson (1991).

Theorem 2.4. Suppose y;,...y» are independent random vectors with y; &l SUNg,mi(u;,y,w 3, 02:8).
Then the joint distribution of ys,...,ys is given by

y = (y?, o y?:)T ~ SUN(ITJ,.J(MT:’YT, @l Q*T),
where
di=Yr,d, mi=YL, Xmipr=(ul,... 00", vi= (V1 ya)7, ®t = (&1 ,... @5)"
and

_ _ i AfT
=elw =00, O'=erQ, If=ewl, Al=oLA, “*T:(F s )

At Of

As we have seen, in the previous theorem the SUN random vectors need not to be identically distributed.
Addition of identical assumption leads to the following corollary.
Corollary 2.2. If yi,..,yn are independent and identically distributed (iid) random vectors from the
SUNam(p,y,0 ,Q*) distribution, then the joint distribution of yi,...,yn is

y= (y}r s yZ)T ~ SUir\rriT.mf (MT 'TT: EDT-. Q*T)/

where
di=nd, mt=mm,ut=1,Q uyI=1,Qy wt=1,Q w,
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and

V=, A=I20 AT=IL,aA I''=I,oT, sz*T=<

rt At
At Q)

Another interesting property of the SUN family is the closure under the marginalization and
conditional distributions. These results are stated in the following theorems:

Theorem 2.5. Let y be a random vector distributed as SUNgm(u,y, ,€2*) and be partitioned

asy = (y') ] k i Consider a k x d matrix A = (I;.0), with a k x k identity matrix Iy and a k % (d — k) zero matrix
Ysja—~r

0. Then the marginal distribution of y1= Ay isSU Ny, .., (py, 7y, @1, )

- .u,l ,l; - {.J] llb o A] "I'J
where p= (y,)d—k" W= (u}g)d—k’ A= (Ag)d—k’

DOAT\ o Oy Qw\
.*: = d = 7]1 712 .
i (A1 Qu) and « (921 sz)d—k

Theorem 2.6. Let y be a random vector distributed as y ~ SUNd,m(u,y,w_,Q*). Consider two subvectors y; and ys,

where y7' — (y{ yg), y, is k dimensional. Suppose p, ®, Aand Q are partitioned as in above Theorem.
Then the conditional distribution of y; given y2= yz0is SU Ny, (41 9, Y1 2, @1, $27 5 )» Where

pre = B+ Qo (Y10 — H2), Yo =7 + A5 Qg wy (120 — 12), Qi = D — Qa5 Qo
Qi = wiQuiowr = Qi1 — Qoo QuWith Q= wQw;, 0,5 = 1,2, Ao = Ay — Q1205 Ay

' TH—1 * FLQ A’{Z
o =T - AJQyAyand 0f, = (12 012 )
1.2 11.2

3. Convex order and convex order bounds

Definition 3.1. Consider two random variables X and Y such that E|p(X)] < E[p(Y)], for all the convex functions
o, provided expectations exist. Then X is said to be smaller than Y in the convex order denoted as X <. Y .

We state an important result related to the convex ordering of random variables in the following lemma. We
need this result to evaluate the lower bounds for the distribution of sum of log unified skew normal density.

Lemma 3.1. (Dhaene et al. (2002b)) For any random vector X = (X1,Xa,...,X,)" and any random variable A, which
is assumed to be a function of X, we have,

i]E[XiA] <cz iX? (3])
i=1 =1
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According to this result, we can approximate the sum S in (1.1) by the sum Sl in (1.2). However, as
mentioned in section 1, an appropriate choice of A is required as different choices of A lead to different
approximations. Interesting choices of A are those that make the sum Sl a comonotonic sum. We use an
important property of comonotonic sum to compute risk measure in section 6. Detailed information about
convex order bounds and comonotonicity can be found in Dhaene et al. (2002a, 2002b).

Besides computing lower bounds for the terminal wealth, as an application we discuss the evaluation of
risk measures of S. A risk measure provides the information contained in the distribution function of a random
variable in one single real number. One of the most commonly used risk measures in the field of actuarial
science and financial economics is the p-quantile risk measure, based on a percentile concept known as value-
at-risk (VaR). In probabilistic terms, the VVaR at level p is defined as the 100p% quantile of the distribution of
the terminal wealth. More precisely, for any p € (0,1), the p-quantile measure or VaR for a random variable
X, denoted by Qp[X], is defined as

QplX] = infix € <|Fx(x) 2 p} (3.2)

When the marginal risks possess the comonotonic dependence structure, the global value-atrisk can be
obtained by summing up the marginal VaR measures. Thus for a comonotonic random vector X =

(X1,X2,...,Xn)T and the sumS = i Xi, the value at risk (VaR) is

Qr(S) =Xi, QP [Xi]

4. Distribution of sum of log SUN random varibles

In this section we derive the bounds to approximate the distribution of sums of log unified skew normal
variables. The bounds that we present here are natural extensions to the results obtained by Marin-Solano et
al. (2010) and Roch and Valdez (2011). The derivation of this bound requires some results that are presented
in the following lemmas. Recall that Yk denotes the random logreturn in the period k, for k = 1,2,...,n and Zi
denotes the accumulated returns from the time i to the final time t = n.
Lemma 4.1. (Joint distribution of Y = (4,..., Y,,)T ) Let Yi,k=1,...,n be univariate iid random variables distributed
as

_ - r AT
SUN1m(u,y,®, Q*),where Q)" = (A Q )

Then the distribution of Y = (Y1,...,Y,) is
SUNn,mn(uy ,yy ,® , ,y ),

where
ur=1, Q@ uyrv=1, Q@ ywr=LQ wwy=wr 1,

and

_ _ T
Oy =0,00 O=L00 Ay=1,8A, I'yv=1c0, Q= (/E’” %’ )
Y Y
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Proof: The proof follows from Theorem 2.2 by noting that(p] = J,, @ A for any matrix A where Iyisann x n
identity matrix and 1,is a unit vector of dimension n.

Lemma 4.2. (Joint distribution of Z= (Zo,...,.Zn—1)") Let Z;,i = 0,...,n — 1 be the sum of returns of one unit of capital
invested from time t =i to the final time t = n, that is, Z; =E ' Y. Let T € <"" be an upper unit triangular

n
k=i4+1
matrix.  Then the distribution of Z =(Zo,...,.Zn-1)Tis

SUNn,mn(uz,Yz;(T)Z :QE)

where
by =Ty, Y;="7y, wz=TwT", @z=uwzl,

and

_ . ; T
Qy =TWTT, Qp=w;'Quu,', Az =(TOyT") 'TwyAy, Ty=Ty, Q= (Z‘ %‘Z)
Z Wtz

Proof. The proof follows from Theorem 2.3 with T being the matrix of coefficients.

As mentioned in Section 1, the comonotonicity of the convex lower bound strongly depends on the special
choice of the conditioning random variable A. Therefore, it is required to choose a functional form of this
random variable. Since a good choice of A is important in determining the accurate approximations for the
final wealth, different choices of A have been proposed in the literature. Following Dhaene et al. (2002a), we
will choose A in such a way that it becomes a linear transformation of a first order approximation to Sn. This
is known as “Taylor-based” approach. In this approach, A is defined as,

A= ?;01 viZi

with the choice of the coefficents v, as v;= a;e"%1 If the random variables Y,k = 1,...,n are iid then the coefficients
viis given by v;= a;e™“1= g e,

Lemma 4.3. (Distribution of A) Let the random variable A be defined by A = ?:_01 v; Z; and

V'=(vo,...va1) be a row vector. Then the distribution of A is
SU*NTI,rrm, (ﬂfh ’YA-. I'L'A ) QT\)

where
pa= VU, vy =7z wa=VwV' @y =uwsl

and

_ T
Oy =V V!, Q) =wi'wi!', Ay=(VQVH WuwzAy, Tha=Tyz Q= (g,\ ‘%A)-
A A

Proof. The proof follows from the Theorem 2.3 with ' being the vector of coefficients.

Lemma 4.4. (Joint distribution of A and each of the elements of vector Z) Let S; € <**" be a matrix with the first
row as V and second row of 0’s except in column i+1 where the 0 is replaced by 1. That is
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M; = (’6” ’8 - ’1"1 N “"b—l). (4.1)
Then the distribution of X; = A, Zi)T is
SUAJTQ,-HML(”X; ’ F}/XT- ) LDX.,; ) SZF{, );

where
Uy, = Mipy, Yx, =7z Wwx, = ﬂ"fs.wzﬂ’f? , Wy, = wx; 1y
QX,_ = ﬁ[,QéS?T (Z)(_,_ = w;(}_lﬂxjw}l AX., = (A"L;W)(éﬂ‘qu)ilﬂ'f,;inAz, FXT_ = Tz,

i

O — FX,' 42)}?
Xi AXl- QXl

Proof. The proof follows from Theorem 2.3 with M, being the matrix of coefficients.

and

Lemma 4.5. (Conditional distribution of Z|A = 2) Let ux,* xi,c0 xiand Ax; be partitioned as in Theorem 2.5. Then
the distribution of Hi= (Z{\ = 1) is given by

SUN1,mn(H;, yH, 0" H, QxHi),
where

uHi= p2+ Q21Q0-211(A = p1), yai= yxi+ Ar1 Q -111w2-1(A - p1), @ H= w7,
Toi=Txi—- At1 Q -111ALAH= A2 - Q217 Q"11-1A1, Q7= Q22 - 07210711-10712, Q= waQ HEWH, and

* FH,: AIF}?
i, = (AH.i 'QHi '

Proof. The proof follows from Theorem 2.6.

Theorem 4.1. (The lower convex order bound) The lower convex order bound Sywhich is used to approximate the
distribution function of the sumS = """ 01 a,eZi is given by

n—1

Y 1 (I)mn l:'}'}j. —|—,ﬂ}r:,i;,-‘”.'.].—'”,)

S = ;e - =y : S :
L= overp(p, + 5, TS GO L

i=0 -

(4.2)

with wmi, Qi "Hi, Ami, omi, and Ty defined in Lemma 4.5.

Proof. By Lemma 3.1 the distribution of Z::{Jl a;e?i is approximated by the distribution of the sum
S E[aie?|A = S viZi}

Thus the lower convex order bound S;is given by
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S = Xy Elaie” |A = X155 viZi]
= Yl aiE[ e |A =X viZ). (4.3)

The expectation in (4.3) is the m.g.f of a random varible y evaluated at t = 1 where y is distributed as

SU N mn (NH,— Y H,» WH; QL.,_ )
From Theorem 2.1, this m.g.f is obtained as
Ppm Y, + Afwn,; I‘H,.)
(Vi Tw)

1
M,(1) = exp pum, + EQH;)

Therefore from (4.3) the convex lower order bound is

n—1

(I)-m.n, +ATLu‘ ’F )
S = Zuie;{:p fH, + T H; % H; H:)

1
Qg
m) gy m )

2

5. Lower bound in multi-asset case

In the previous section we consider only one asset while deriving the distribution of terminal wealth. In
the same fashion it is also possible to find the lower bound when the portfolio consists of multiple assets
including risk-free and risky assets. Throughout this section we will assume that the portfolio has one risk-
free asset (e.g cash account) and multiple risky assets (e.g stock funds). Following the previous section we
will derive the lower bound step by step. However, we will have to redefine some variables to accommodate
the case of multiple assets.

Let Zyi' be the sum of returns of one unit of capital invested at time t = j to the final time t = n of assest i,i
=1,..,q, that is

i_y\ymn i
Zj = Lk=j+1 Yo

and the terminal wealth S(x) is given by

S(m) =X, X12s miaj exp(Zji) + X725 n0aj exp((n — j)r),

where 11 = (13,..,74)Tis the vector of proportions of savings amounts in the risky assets and mo is the weight
in the risk-free asset.

Lemma 5.1. (Joint distribution of Y = (YT ... Y I\T) Let the joint returns random vector
Yik=1,...,n beiid distributed as

T
SUNgm(u,y, 0 ,Q%),where Q0* = (£ AS_) )

Then the vector of log returns Y — (YT’ : YE)T is distributed as
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SUIV'nq.mw (,’-’/Y, fYy 3 LTJY, Q; ),

where
w=1a@uyr=1aQpy,wr=IhQ w, wy=wr® 1
and

- . T
QY = In @ Q: QY = In @ Q: AY = In Y Aa FY = I-n, & F: 0y = FY 4} -
Ay Qy

Proof. The proof follows from Corollary 2.2

Lemma 5.2. (Distribution of Z = (Z71,. .., ZZ)T) Let 7= (ZT,.... Z?;)T be the vector of accumulated
returns, where 7; = ( Z[’) _____ Zj,_l ) i=0,.... q-LetT ’}be an m . n dimensional row vector of 0°s except in the

(i + q(j + k))th positions, k= 0,1,...,n — (j + 1) where they are 1% and let T be a matrix whose rows are defined by
vectors T'.. Then the distribution of Z is

SUA{nq,mn(NZ-, Yz ‘I’Za 9*2)

where
U, = T“‘Y Yz =Yy, Wz = TWYTT, Wy = LUZL,,_;
and
T @& —1 ~1 Ty—1 « r, A%
QZ = TﬂyT s QZ = Wy Slzwz y AZ = (TQ}’T ) T&JyAy, FZ = Fy, QZ = A Q d
Z Z

Proof. The proof follows from Theorem 2.3 with T being the matrix of coefficients.

As in the single asset case, we use “Taylor-based” approach for choosing the random variable A. The random
variable is accommodated to the multi asset case in the following way:
q n-1
A(m) = XXvji(m)Zji
i=0 j=0
with the choice of the coefficents Vji, as vf(n) = majeE[Zm. If the random variables Y,k = 1,...,n are iid then the

coefficients v/ is given by v/(r) = ma,e™ 1= ;e 1 where E[Y '] denotes the expectation of the ith marginal
distribution of the random vector Y.

Lemma 5.3. (Distribution of A) Let the random variable A(x) be defined by
A=31, ZJ‘;& vi(m)Z;and let V = (V1,..Vq), where V; = (vj(m),...v,_(7)),i = 1,....q

J n—1
Then the distribution of A(r) is

SU"er.’.'rt'H,(ji'l'f\$ ’YA‘.' ‘{D;‘\-. QT\)’

where
UN=VuZyN=v7Z, oA=VwZVtw Z=wAl,

and
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- _ _ _ . Iy Al
Qp =V VT Qp=wi'wy!, Ay = (VQ V) 'WWwAy, Th=Ty Q)= ( A‘/‘\ Q}:)'

Proof. The proof follows from the Theorem 2.3 with V' being the matrix of coefficients.

Lemma 5.4. (Joint distribution of A(n) and Z}') Let M} € <*" be a matrix with the first row as V and the second
row of 0’s except in column i - n— (n—j—1),i=1,.,qj=0,.,n— 1 where the 0 is replaced by 1. Then the
distribution ofX; = A(m), Zj)T is

{ . P . *
SU“V2.T?’!-TI, (”Xjr "YX; LLJX:/ Q_XL)’
: J J

where
wxi= Mjiuz, yxi=yz, wxi= MjiwzMjTiw xi= wxilz,
Qxi = MiQz M, Qx, = M;J}QX;M;(;, Axi = (ﬂ-[ij; ﬂa’j,f)_lﬂtﬂwx;;AZ, Pxi=Tz
and

oy = (19 2%

Proof. The proof follows from Theorem 2.3 with M, being the matrix of coefficients.

Lemma 5.5. (Conditional distribution on;: given A(m)) Let uxji, Q0 xji,w xji and Axji be partitioned as in theorem
2.5. Then the conditional distribution of Hi = (Zi|A = A) is given by

SU‘]\ILNUL(,H'H};: '7HJ‘ s CDH; Q*H})l

where

uHi= 2 + Q210-211(A — p1), yHi= yxi+ A1t Q -111w2-1(A - p1), W Hi= w71,

Thi=Txi— A1 Q7 -111A1, Ani= A2 = Q217 Q7-111A1, QHi= Q722 - Q2107-1110 712, QHi= wHQ HiwH;, and

T
0. — Py Sy

Theorem 5.1. (The lower convex order bound) The lower convex order bound Si(1) to approximate

the distribution function of the sum S(7) = 7 | Zj’;[} iy (ﬂ.’f:p(Z;) + ZT;{; moa; exp((n — j)r)is
given by
g n—1 P i + AT wii: T 1:) n—1
1 mn VHj Hy = Hy w1 .
Si(m) = Z Z TOGeTp i + §QH;) : + Z Ty, exp((n — j)r)

i=1 j=0 (I)mu (’YHJ‘ FH;) =0
with pnji, Quji, Yuji, Anji, waji, and Tyji defined as in Lemma 5.5.

Proof: The proof is same as the one given in Theorem 4.1.
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6. Numerical results

In this section we numerically illustrate the accuracy of the approximations obtained in the previous two
sections by using two examples. We do not use a real data set to analyze the approximations since making
inference on the unified skew normal distribution is difficult due to its large number of parameters, instead we
use a hypothetical data to evaluate the accuracy. For the estimation of parameters of SUN we refer to Gupta
and Aziz (2012).

In the first example, the final wealth of yearly savings distributed as log unified skew normal random
variables is computed using Monte Carlo method and the method presented in section 4.

For n = 20, at every period i,i = 0,...,n — 1, consider the yearly savings amounts ai = 1,i =0,...,19. That is,
at the beginning of each year one unit of savings amount is invested in the considered asset. At time i = n the
invested amount an = 0, i.e, no contribution is made at the final period. The returns are considered to be
independently and indentically distributed SUN random variables with parameters m=d =1, p = 0.02, y =0,
0=1,Q=Q =0.03,'=1,and A=0.97. The results for some selected quantiles of the distribution function
of the terminal wealth obtained by the Monte Carlo simulation (denoted by MCB) and from the convex lower
bound (CLB) are presented in Table 1.

Table 1: Comparison of the selected quantiles of the distribution of the final wealth in single asset case

p MCB CLB Relative de viation

0.01 22.5789 22.8575 1.23 %
0.025 259758 26.1992 0.86 %
0.05 29.7387 29.9730 0.78 %
0.95 152.9541 151.5890 -0.89 %
0.975 184.0342 182.4662 -0.85 %
0.99 226.9628 222.1930 -2.10 %

The simulated results are obtained from 5000 random paths. The relative deviations of the approximated
values from the Monte Carlo simulation are computed as follows:

Qp[Sh] — QulS3"
Qp[S3']

Comparing the results obtained with the Monte Carlo simulations, all the lower bound approximations
seem to perform reasonably well, in fact some of them are excellent. The approximations lose some precision
in the tails of the distribution.

In the second example, we illustrate the approximations for a portfolio consisting of two risky assets and
one risk free asset. We consider the same savings amount as in the first example (that is, ai = 1,i = 1,...,n) and
the weights are assigned as follows: 19% in the risk-free asset, 45% in the first risky asset and the remaining
36% will be invested in the second risky asset. In addition, the yearly return of the risk-free asset is considered

] x 100.
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to be 0.03. The parameters of the joint distribution of the risky assets are chosentobe m=1,d=2, u =

_ _ _~—-(0.01 0.01 _ T
(0.06,01)T,y=0,0=12,Q=Q (0.01 0‘04) ., ' =1,and A=(-0.95-0.97) ".

The results for the distribution function of the terminal wealth obtained by the Monte Carlo simulation and
from the convex lower bound are presented in Table 2. As for the single asset case, the simulated results are
obtained from 5000 random paths.

From Table 2, it is noted that the approximation is still reasonably good when we consider a portfolio. The
approximations at the tails of the distribution lose more precisions compared to the single asset situation. One of
the reasons might be that in the multi-asset case we include an extra risky asset thus making the number of log
unified skew normal random variables double compared to the single asset case. However, the approximations will
surely improve with a better choice of the conditioning random variable A.

Table 2: Comparison of the selected quantiles of the distribution of the final wealth in multi asset case

P MCB CLB Relative de viation

0.01 19.4143 19.7961 1.97 %
0.025 22.0037 22.3248 1.46 %
0.05 24.5388 24.7480 0.85 %
0.95 124.8726 124.3719 -0.40 %
0.975 152.1901 150.5944 -1.05 %
0.99 196.4655 191.0344 -2.76 %

7. Conclusion

Extending the works of Marin-Solano et al. (2010), and Roch and Valdez (2011), we provide analytical
expressions and numerical illustrations to approximate the distribution function of terminal wealth. From the
numerical illustrations, we find that the VVaR describing the terminal wealth obtained from lower convex order
bound are competitive to those obtained from a more time consuming Monte Carlo method. The risk measure
could be improved by other suitable choice of conditioning random variable A and considering other risk
measures such as conditional tail expectation.
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