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A new extension of the normal distribution
Maria do Carmo S. Lima™ Gauss M. Cordeiro”

Edwin M. M. Ortegat’

Abstract:Providing a new distribution is always precious for statisticians. A new three-
parameter distribution called the gamma normal distribution is defined and studied.
Various structural properties of the new distribution are derived, including some explicit
expressions for the moments, quantile and generating functions, mean deviations,
probability weighted moments and two types of entropy. We also investigate the order
statistics and their moments. Maximum likelihood techniques are used to fit the new
model and to show its potentiality by means of two examples of real data. Based on three
criteria, the proposed distribution provides a better fit then the skew-normal distribution.

Keywords: Gamma distribution; Maximum likelihood estimation; Mean deviation;
Normal distribution; Quantile.

1 Introduction

In statistics, the normal distribution is the most popular model in applications to real data. When the
number of observations is large, it can serve as an approximate distribution for other models. The
probability density function (pdf) (for x €R) of the normal N(p,o) distribution becomes

)2 o
gz p,0) = \/2170 exp {_(.Lzaél.) } _ %(;5 (.L _ ,u) O

where —o < p < oo is a location parameter and ¢ > 0 is a scale parameter. Its cumulative distribution

function (cdf) is given by x — )
Glx;u, 0)= D(=F) 2)

A family of univariate distributions generated by gamma random variables was proposed by Zografos
and Balakrishnan (2009) and Ristic and Balakrishnan (2011). They defined the gamma-G (“GG” for
short) distribution from any baseline cdf G(x), x €R, using an additional shape parameter a > 0, by the
pdf and cdf

@) = 53 {~loglL - Gla)y*! ®
and
— log[1-G(x)] _
F(x) = ﬁ '/0 t* e tdt = v (a. —log [1 — G, “4)
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386 A new extension of the normal distribution

respectively, where g(x) = dG(x)/dx, ['(q) = f o o—'dt is the gamma function,(q, 2) = NG e—dt
and yi(a,z) = y(a,z)/I'(a) are the incomplete gamma function and the incomplete gamma function ratio,
respectively.

Each new GG distribution can be obtained from a specified G distribution. For a = 1, the G
distribution is a basic exemplar with a continuous crossover towards cases with different shapes ( for
example, a particular combination of skewness and kurtosis). Zografos and Balakrishnan (2009)
motivated the GG distribution as follows. Let X(1),...,X(n) be lower record values from a sequence of
i.i.d. random variables from a population with pdf g(x). Then, the pdf of the nth lower record value is
given by (3) with a = n. A logarithmic transformation of the baseline distribution G transforms the
random variable X with density function (3) to a gamma distribution. In other words, if X has the density
(3), then the random variable Z = —log[1 — G(X)] has a gamma density n(z;a) = ['(a)—1 za—1 e—z ,z> 0,
say Z ~ G(a,1). The opposite is also true, if Z ~ G(a,1), then the random variable X = G—1(1 — e-Z) has
the GG density function (3). Nadarajah et al. (2013) derived some mathematical properties of (3) in the
most simple, explicit and general forms for any G distribution.

In this paper, we study some structural properties of the gamma normal (GN) distribution, which
generalizes the normal disribution. In Section 2, we introduce the GN distribution and provide plots of
its density function. We derive expansions for the pdf and cdf (Section 3) and explicit expressions for
the quantile function (Section 4), ordinary and incomplete moments and Bonferroni and Lorenz curves
(Section 5), generating function (Section 6) and entropies (Section 7). In Section 8, we investigate the
order statistics and their moments. The estimation of the model parameters is performed by maximum
likelihood in Section 9 and two applications are provided in Section 10. Concluding remarks are
addressed in Section 11.

2 The GN distribution

By taking the pdf (1) and cdf (2) of the normal distribution with location parameter p €R and dispersion
parameter ¢ > 0, the pdf and cdf of the GN distribution are obtained from equations (3) and (4) ( for x

€R) as
1= o (5) s [l o (% #)] }H ®

1 ~—log[1—®( 52 )] a0

Evidently, the GN distribution is defined by a simple transformation: if Z ~ G(a,1), then the random
variable X = ®—1(1 — e—Z) has the density function (5). Hereafter, a random variable X following (5) is
denoted by X ~GN(a,u,0). The density function (5) does not involve any complicated function and the
normal distribution arises as the basic exemplar for a = 1. It is a positive point of the current
generalization. We motivate the paper by comparing the performances of the GN, normal and
skewnormal models applied to two real data sets.

In Figure 1, we display some possible shapes of the density function (5) for some parameter values. It
is evident that the GN distribution is much more flexible than the normal distribution.

The new distribution is easily simulated as follows: if V is a gamma random variable with parameter
a, then

and

X=0® [l —exp(-V)]+u
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has the GN(a,u,0) distribution. This scheme is useful because of the existence of fast generators for

gamma random variables and the standard normal quantile function is available in most statistic
packages.
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Figure 1: Plots of the new density function for some parameter values. (a) For different values of a withu =0
and o = 1. (b) For different values of a and o with p = 0. (c¢) For different values of a, p and .

3 Useful expansions

Expansions for equations (5) and (6) can be derived using the concept of exponentiated
distributions. Consider the exponentiated normal (EN) distribution with power parameter a > 0 defined
by Y ~ EN(a,u,0), with cdf and pdf given by Ha(y) = ®(y—cp)a andha(y) = & ¢ (151) S(45E)*
respectively.

The properties of several exponentiated distributions have been studied by some authors, see
Mudholkar and Srivastava (1993) and Mudholkar et al. (1995) for exponentiated Weibull (EW), Gupta
et al. (1998) for exponentiated Pareto, Gupta and Kundu (2001) for exponentiated exponential (EE)
and Nadarajah and Gupta (2007) for exponentiated gamma (EG) distributions. More recently, Cordeiro

al

etal. (2011) investigated these properties for the exponentiated generalized gamma (EGG) distribution.

Based on an expansion due to Nadarajah et al. (2013), we can write

T G b

k=0 =0

where a > 0 is any real parameter and the constants p;« can be calculated recursively by

k )
b — (=1)™[m(j +1) — K]
p}k - ]\, 1 Z (;’Ti- + 1)

Pik—mv

m=1

fork=1,2,... and p;o=1. Let

387



388 A new extension of the normal distribution

) (k+l_—a) ko (=1)7tk (ﬁ) Pk
b = (a—+—k)l’;(a-— 1) Z (a—=1-7j)

7=0

Then, equation (5) can be expressed as

F@) = bihagr(e) Q)
k=0

wherep, , (z) = (%’f)qf;(*_;l_')@(-"_*u)”“_l denotes the EN(a + ku,0) density function. The cdf

a

corresponding to (7) becomes

a+k

F(z) = Z b Hopnlz) =Y b @ ("" - ”) , (8)

k=0 k=0

whereH, ;. (z) = ® (%)"H" denotes the EN cdf with parameters a + k, u and o.

. - k
If @ > 0 is a real number, we can expand & ( %)” as

a+k o0 R r
q)(:ra,u) —Zs,.(a—kk)‘ﬁ(%) , )

r=0

o(@) =31y (i) (l) (10)

Combining equations (8) and (9), we obtain

where

oo

Fa) =Y i by sn(a + k) @ (‘I’ = ”)T.

k=07r=0

By differentiating the previous equation and changing indices, we can write

P =3 d b (2) (an

r=0
whereq, — S0 o b seq1(a+ k) Clearly,z_f_io d, = 1. Equation (11) is the main result of this section.

It reveals that the GN density function is a linear combination of EN densities. So, several properties of
the GN distribution can be obtained by knowing those properties of the EN distribution.

4 Quantile Function

The GN quantile function, say Q(u) = F—1(u), can be expressed in terms of the normal quantile
function (QN(-)). The normal quantile function is given by x = QN(u) = c®—1(u) + p. Inverting equation
(6) , we obtain the quantile function of X as

F1(u) = Qen(u) = u+ o Q{1 - exp[-Q~'(a,1 - u)]}, (12)

for 0 <u <1, where Q—1(a,u) is the inverse function of Q(a,z) = 1—y(a,z)/I'(a). Quantities of interest can
be obtained from (12) by substituting appropriate values for u. Further, the normal quantile function can
be expressed as (Steinbrecher, 2002) in equation (43), see Appendix A. Further, after some algebra (see
Appendix A), we obtain
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= i we U 13)

s=0

Wherewﬁ — Y (L) (VT (H) dkand the quantity di was defined in Section 3.

We can obtain the inverse function Q !'(a,u) in the Wolfram website as

z2=0Q Ya,1—u) Zau’/"

where ao= 0, a1 =T'(a+1)", a;=T(a+1)**Aa+1), az= (3a+5)F(a+1)3/“/[2(a+1)2(a+2)], etc.
We use throughout the paper an equation of Gradshteyn and Ryzhik (2007, Section 0.314) for a power
series raised to a positive integer j:

00 J 00
(Z a; .T.‘i) = ch_f:]'?f; (14)
i=0 i=0

where the coefficients c;; (for i = 1,2,...) are easily obtained from the recurrence equation

gi= (iao) 'Y [m(G + 1) — iJamcj,i —m (15)

ande; , = . The coefficient ¢;;can be determined from c;y,...,c;—1 and then from the quantities aq, ..., a:.

In fact, ¢;; can be given explicitly in terms of the coefficients a;, although it is not necessary for
programming numerically our expansions in any algebraic or numerical software.

By expanding the exponential function and using (14), we have (see Appendix A)

1 —exp ( ia,.u"/”) =1- ip.,. wle

r=0 r=0

where the p’s are defined there. We can write

Qaen(u) =p+oQn (1 - ZIJ,M"'/“) :
r=0

By using equations (13) and (14), we can obtain from (12)

QGN(U) =M +ao Z[_)J }L_j‘?, u"/a’ (16)

r=0

where =Y, Z; o (1) w, () and his = (i)~ Zin:(][n?’(j +1) =] pm hj‘iimSOme algebraic

detalls about (16) and others quantities of interest are given in Appendix A. Equations (13)-(15) are the
main results of this section.

5 Moments

Here, we obtain the ordinary and incomplete moments of X. They can be immediately derived
from the moments of Y following the EN(a,u,o0) distribution. Hereafter, let Z be the standard GN(a,0,1)
random variable. First, we obtain the moments of Z. Thus, we can write from (7)

= B(Z") Zm] £ D) o) do
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Further, we can express/ in terms of On(u) as
T Zb;\ [ Qn (u)" u*Fdu.
=0 J0

Using (13) and (14), we can rewritep, as

o0

r bk €n,s (17)
Hn = }.:..gll (a+k+s)
Where the quantities e, ; are determined from (13)-(15) as e, s = (iwg) > Xi=1[m(n + 1) —

Slwm ens—m TOr s > 1, e,0 = W%, Wy = Do (—2)™" "(\/_)""( )dk and the quanity d; was
defined in Section 3.
The moments of X immediately follow from the moments of Z as E(X™) = ¥7_, (Z) W o g

The second representation for p'n is based on (n,r)th probability weighted moment (PWM) (for n
and r positive integers) of the standard normal distribution given by

Hh = Z?r:o bk5r+1(a + k)Tn,r (18)
Where s,.(a)is given by (10) and t,,,- can be expressed as (Nadarajah,2008)

_ gnf2_—(r+1/2) - I pfr n+7‘7p+]
Tar = 2/ > (3 (p)r(—g x

p=0
(n+r-p)even

—pyfn+r—p+1 1 13 3
ploro (2T o —= .., - —1,..., -1 ) (19)
A 5 ) 157 g 15 5
where
, aQ (b ) n (b )m Tyt
f"(”)(u,, bi,..., bpicl.. .., Cphidy, .. Myt +m L L L L
A i ' i Z Z (‘1 mq " (Cn)mn ?711[ ttt Tn'n!

m1=0 mp =0

is the Lauricella function of type A (Exton, 1978) and the Pochhammer symbol (a)k =
a(at+1)...(a+k—1) indicates the kth rising factorial power of a with the convention (a)0 = 1.
We derive three formulae for the nth incomplete moment of Z given by E(Zn|Z <vy) = Tn(y) =

Jo @ F(@)dx_ First, based on equation (11), with i = 0 and 6 = 1, Tn(y) reduces to

T.(y)=>_ d, / 2" ¢(z) B(z) dx. (20)
r=0

(o}

We can write ®(x) as a power series §(z) = Z © 0@ 23, where ao= (1 + \/2/7'[) 1/2, azj+1
=(-1)i/[V2m 2i(2j + 1)j!] for j = 0,1,2... and az= 0 for] 1,2,... Further, using (14), we have

z)" = Z crj T (21)
j=0

where the coefficients c,;can be determined from the recurrence equation (15) with these a’s. Thus, using
(21) and changing variable in the last integral, it follows from (20)
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. +i+1 3
T gnti—lg o o (2L T2 YY), 22
Next, we derive a second representation for the moments. The integral A(j,q) = [ 27 ex*/2 dx can

be determined for ¢ > 0 and ¢ < 0. We define

> .
Gl) = / 2o ¥ dx = 20-D/2T (HT])
0

AGq) = (1Y 6() + 1 HGq)

For ¢ <0 and ¢ > 0, we have

and

A(iq) = (-1YG() + H(q),

respectively, where the integralfy(j, ¢) = [dad e ?/2 dx can be easily computed (Whittaker and Watson,
1990). The details are given in Appendix B. After some algebra, we can write 7,,(y) as

1
\/2_

where . . . is given by (10
er = (jao) Zm m(r + 1) — jlam ¢ j—m, for j > 1, ¢,0 = af, coo =1, s,(a) g y (10)

and the quantities a’ss are defined in Section 4. Some details about (23) are given in Appendix B.

Tu(y) = Z bi crj srv1(a+ K)A(G +n,y), (23)

k.r,g=0

A third representation for 7,(y) is based on the normal quantile function. Thus, equation (21) becomes

P$(y)

Zd’ Qn(u)"u"du.

r=0

After some algebra, using (13) and (14), we have

o0

) (I)(y)ﬂ+r+l
W) = s 24
Tu(y) =Y dren. GrriD) (24)

r.8=0

where e, is given before. More details about (24) are addressed in Appendix B. The
nth incomplete moment of X follows after a binomial expansion

n n y_ g
E(X"X <vy) Z,un Lo () (T’u)
k=0 k

We can derive the mean deviations of Z about the mean, /| and about the median M in terms of its first
incomplete moment. They can be expressed as

Yy I} I} ’ N 7 Ty 25
b =2y ()~ Ta()] by = iy — 203 (M) @)
wherey| = E(Z)andTy(q) = [* “ 2 f(x) dz. The quantity 71(¢q) can be obtained from (22) (or (23) or

(24)) with n = 1 and the measures J1 and J- in (25) are immediately determined by setting; — ;/ and g =
M, respectively.
For a positive random variable X, the Bonferroni and Lorenz curves are defined by (7)) = T (¢)/(7ps})
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and[,(z) = Ty (q)/ ), respectively, where g = F~ () = Qon() comes from the quantile function (12) for a
given probability 7.

Next, we obtain the probability weighted moments (PWMs) of Z. They cover the summarization and
description of theoretical probability distributions. The primary use of these moments is to estimate the
parameters of a distribution whose inverse cannot be expressed explicitly. The (s,p)th PWM of Z is
formally defined as

&.p=E|Z°F(Z)"] = A 22 F(2)P f(2) d=.
Using (8), (11) and (14), we obtain

o0
1 (j4nts)
2

. _ — jH+n+s+1

7.n,r=0 (26)

where dyis definedin Section 3,f, ; = (jeo)™* Z{;zl[v(p + 1) — jleyfp jom forj = 1.f, 0, e = qic; and
Gt = Y 1o b si(a+ k). The quantity ¢, ; was just defined after equation (23).

Equations (17)-(19), (22)-(24) and (26) are the main results of this section. Some algebraic details are given in
Appendix B.

The skewness and kurtosis measures can be calculated from the ordinary moments using well- known
relationships. Plots of the skewness and kurtosis for selected parameters values as function of a are displayed in
Figure 2. In the plots of Figures 2a and 2c, ¢ = 10.50, whereas in those of Figures 2b and 2d, u = 2.50.
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Figure 2: (a) Skewness of X as function of a for some values of u. (b) Skewness of X as function of a for some
values of o. (¢) Kurtosis of X as function of @ for some values of u. (d) Kurtosis of X as function of a for some
values of o.

6 Generating function

The generating function M(—¢) = E(e %) of Z ~GN(a,0,1) is given by

00 00 2
M(—t) = ﬁ Z by sr41(a+ k) / d(x)" exp (—tm - ‘1;2 ) dux.

k,r=0 Ve

Inserting equation (21), we obtain

o0 00 2
M(—t) = ﬁ Z b sr41(a+ k), f 2’ exp (—t:r - 1‘7) dr.
I —00o

Based on Prudnikov et al. (1986,Eq.2.3.15.8), the above integral can be rewritten as
J(s,7) = /w r’ exp —er—ﬁ dT:(—l)"i\@a—j(osz/z)

J 0o S

,r,3=0

Thus, the moment generating function (mgf) of Z becomes

M(—t) = ﬁ S beseia(a+k) ens J(s, g 27)
.

;=0

A second representation for M(¢) can be based on the quantile function. We have

1
M(t) :/0 exp [t Qan(u)] du.

Expanding the exponential function, using (16) and after some algebra, we obtain
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M(t) = Z (fi*'l) £ 28)

where and the

dpr = (rgo) ' Y0 i m(k+1) = r| gmdyr—m for r > 1, dio = gk, dor =1,9; =D by,
quantities p;and 4;,are given in Section 4.

Equations (27) and (28) are the main results of this section. The mgf of X is simply given by
MX(t) = ep M(ot), where 1 = \—1. The characteristic function (cf) has many useful and important
properties which gives it a central role in statistical theory. Its approach is particularly useful in
analysis of linear combination of independent random variables. Clearly, a simple representation for
the characteristic
function (chf) gx(f) = Mx(it) of X, where i = -1, is given by
ox(t) = / cos(tz) f(z)dx +1 j sin(tx)f(x)dx.

JO 0

From the expansions cos(tx) = Y7 %(Tx)'}’ and sin(tz) = > 7 (é;—i)l;!(tzl')rz"ﬂ, we obgtain

. o0 (_l)rtmv 0 , o0 (—1)"‘[‘21“*'1 "y
ba(t) =) 5 E(X? )H;WE(XZ 1)

7 Entropies

An entropy is a measure of variation or uncertainty of a random variable X. Two popular entropy
measures are the Rényi and Shannon entropies (Shannon, 1951; Rényi, 1961). Here we consider
therandom variable Z ~GN(a,0,1). Thus, the Rényi entropy is defined as

1 e
Ir(y) = ] logf f(x)dx

— A
/ [o.o]

fory>0and y+1.
First, we consider y=n=2,3,..., L =0, o = 1 and the rth moment of the standard normal

distribution given by
+oo .
ml = \/%[w aTe /2, (29)

We have two cases: m'r =0, if risodd, and m'r =1 x 3... x (r — 1), if r is even.
Using (21), we can write from (11) and (21)

1 I\ Foo o ag
In(n) = log 4 [ —— o4
r(n) — Un{(\/ﬁ) Eﬁ On.; /709 v’ e (x}

1 (n-1) . (j+1) -
- {— 5 log(2m) — 5 log(n) + log Z ©n -Jm.,i y (30)

=0

¥

Where 9. = (1€0) ™ 325y [m(n+1) =l €m onjm, €5 = 32720 dr €y 9n0 = € and the mj s
are given by (29). The quantities dr’s are defined in Section 3, whereas the cr,j’s and the av’s are given
in Section
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We can write Ix(y) = (1 — y) ' E{AZ)'}. Let 6 = E(Z). For y real positive, we have
B2} =5 B+ 0 a1y

where 8 =§!. From the generalized binomial expansion, we obtain

{1+0[f(Z) -}~ 1_1+29:‘:’” — 4",
n=1
whereon ~ I Ly —1— gy Further,
o Hrtt\-”
E{f(z) '} =6"" (HZ = E{[f(Z)ﬁl”'})- (31)
n=2

We now obtain E{[f(Z)]n} for n > 2. From equation (11) and using the binomial expansion, we
can write

(e}

pu = E{F(2)"} = u s

=0

where y,;= E{Z §(Z)"}. Thus,

—0o0

Setting \( + 1)x =y, we can easily determine the last integral and then rewrite p, as

n oo i+1
n.j ( _) 'H’?rv (32)
= (7)) R ()

By expanding the binomial term in (31), we can obtain an explicit expression for Iz(y), which holds for
any y real positive and y = 1, given by

In(v) = (1776 [HZ )" "( )p.'.], (33)

where pk is determined from (32). Algebraic details can be found in Appendix D.

Next, the Shannon entropy of a random variable Z is defined by E{—log[f(Z)]}. It is a special case
of the Rényi entropy when y 1 1. Equation (30) is very complicated for limiting, and then we derive
an explicit expression for the Shannon entropy from its definition. We can write

gl ()] = o { ~—o) (o1 - 2(a))"
= —log[oT(a)] + log[¢(z)] + (a — 1) log {—log[1 — ®(x)]} (34)

So, we first calculate E {log[¢(X)]} and E [log{—log[1 — ®(X)]}]. Setting L =0 and o = 1, the first
quantity is easily calculated as follows

X2

E {loglo(X)]} = 3 lon(zr) — (%

) = —% [log(27) + p5) (35)

wheret2 comes from (17) or (18) with n = 2.
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396 A new extension of the normal distribution

The second gquantity E [log{-log[1 — ®(x)]}] is obtained from the expansion of log{—log[1 —
d(x)]}. We can write (for 0 < u < 1) from MATHEMATICA

log { log[1 I} = log(u) + u N Hu? N u? N 251u* N 19u® N 1908718 N 751u” N 107001748
0g 1 — log — U = loglu — —
s1Tloslt —u OB TS T O TR T 9880 ¢ 288 | 362880 | 17280 | 29030400
2857u? 26842253110
+ O(u'l). (36)
89600 958003200 (u™)

From equations (34)-(36), we obtain the Shanon entropy E{-log[f(Z)]} using the ordinary
moments given by (17), (18) and (21). Equations (30), (33)-(36) are the main results of this section.

8 Order statistics

Order statistics have been used in a wide range of problems, including robust statistical estimation
and detection of outliers, characterization of probability distributions and goodness-of-fit tests, entropy
estimation, analysis of censored samples, reliability analysis, quality control and strength of materials.

Suppose Z1,...,Zn is a random sample from the standard GN distribution and let Z1:n < --- < Zi:n
denote the corresponding order statistics. Using (7) and (8), the pdf of Zi:n can be expressed as

n—i

fz:n,(Z) = (jilnlni? 'Z j ( ) ( )F( )zl'j 1
nl S itj—1
N (i — 1Y 1—2'2 ( )[Zb (a+7)®(2)*T 1 ][Zbﬁq)zrwk} .

k=0

Based on equations (14) and (15), we obtain

[e's}

i+5—1
[Z b;‘ n+}\‘| Z Miti—1.k (I) (+.‘ l)fi+}.

k=0

i+j-1

where ;4 ;10 = by’ and nyyj_qy = (kbo) "t Xk _1[m(i + j) — k]bmniyj—1 k-m. Hence, the pdf of

Zinreduces to

FinlD=p(2) TI2 Biveo My jor P(2) FHIaTkAT=1 (37)
where

(*1)" ((1, + T‘) n! b,. Miti—1,ke
(i — 1) (n—1i—34)7!

M o =

Equation (37) can be expressed as

fin(2) = Z Zk ij krh(t+])a+k+r(z) (33)

where
My ke r

ke = T pas kTl

Equation (38) is the main result of this section. It reveals that the pdf of the standard GN order
statistics is a triple linear combination of EN densities with parameters (i+j)atk+r, p =0 and ¢ = 1.
So, several mathematical quantities of the GN order statistics such as ordinary and incomplete
moments, mgf and mean deviations can be immediately obtained from those quantities of the EN
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distribution. It gives the density function of the GN order statistics as a power series of the standard
normal cumulative function multiplied by the standard normal density function.
As an application of (37), the sth ordinary moment of Zi:n becomes

n—i

.'n 2 E My korTs,(iti)atktr—1

1=0 r.k=0

where 1s,(i+j)atk+r—1 can be obtained from (19).
Another closed-form expression for£(%;.,.) can be derived using a result due to Barakat and
Abdelkader (2004) applied to the independent and identically distributed case. Thus,

Bzt =s Y (1)'+-'f-"»—‘(i‘§) ("?).;J(sy

/ J
j=n—i+l
where/;(s) = fooo 2571 — F(2))/dx. By expanding [1-F(z)} and using (8) , we obtain J(s). For any real a > 0, we
can write from equations (8) and (15)

() fm 21 (ibk <I'(:)a'+k) dx

( )dek's lma—l—k*ZZ{ 1m<'.> Am .k Ts—1,ma+k:

k=0 m=0

JJ{H) =

J
z"j
where d,«is defined in Section 6 and the quantities 7, -are given in equation (19).

9 Estimation
Here, we consider estimation of the unknown parameters of the GL distribution by the method of

maximum likelihood. Let x1,...,xn be a random sample of size n from the GN(a,u,c) distribution. The
log-likelihood function for the vector of parameters 6 = (a,1,6)T can be expressed as

1(8) = —nlog(o)—nlogl'(a)] + Z log [O ( )]

+(a1)§]ng{log [1@ (*;’“)]} (39)

The components of the score vector U(0) are given by

U.(0) = —nyla +ZIOO{—10g[1—(I)( a“)]},

..,

v, = -4t - (Tw —H-)Q (a—1) i (—L""";,{) ¢ (=) —
g 933 7 7 [1_(1)(7"‘)]10%[1_(1’(%)]

where y(+) is the digamma function.
Setting these expressions to zero and solving them simultaneously yields the maximum likelihood

estimates (MLES) of the three parameters. We use the matrix programming language Ox ( MaxBFGS
subroutine), see for example, Doornik (2006) and the procedure NLMixed in SAS to compute the

397



398 A new extension of the normal distribution

MLE 6. For interval estimation of the model parameters, we require the expected information matrix.
The 3bx 3 total observed information matrix J(6) is given by

J(?(r J«}t ']rm'
.](8) — . -]p.‘u '],':‘d 4
. R

whose elements are listed in Appendix E. Under conditions that are fulfilled for parameters in the
interior of the parameter space but not on the boundary, the asymptotic distribution of \n(6b—6) is
N3(0,K(0)-1), where K(0) = E{J(0)} is the expected information matrix. The multivariate normal
N3(0,J(6)—1) distribution can be used to construct approximate confidence intervals for the parameters.

The likelihood ratio (LR) can be used for testing the goodness of fit of the GL distribution and for
comparing this distribution with the normal model. We can compute the maximum values of the
unrestricted and restricted log-likelihoods to construct LR statistics for testing some sub-models of the
GL distribution. For example, we may use the LR statistic to check if the fit using the new distribution
is statistically “superior” to a fit using the normal distribution for a given data set. In any case,
hypothesis tests of the type HO : y = w0 versus H : y =/ y0, where v is a vector formed with some
components of 0 and 0 is a specified vector, can be performed using LR statistics. For example, the
test of HO : a = 1 versus H : HO is not true is equivalent to compare the GN and normal distributions
and then the LR statistic reduces to w =2 {€(a,u,c) — £(1,u,06)}, where a, i and ¢ are the MLESs under
H and p and o are the estimates under HO.

10 Applications

In this section, the potentiality of the GN model is illustrated in two applications to real data. An
alternative analysis of these data can be performed using the normal distribution. The beta-normal
( BN) (Eugene et al., 2002) and Kumaraswamy-normal (KwN) models extend the normal model and
they can also used to fit data that come from a distribution with heavy tails reducing the influence of
aberrant observations.

The BN distribution

The BN density function with parameters x4 and ¢ and two extra shape parameters o > 0 and > 0 is
given by

f@) = fﬁ{;;& [m (;*)] [1_¢(?‘f;“)r_l @(*‘;“). C<z<oo  (40)

For a = = 1, we obtain the normal distribution. Recently, Alexander et al. (2012) and Cordeiro
etal. (2012) proposed the generalized beta-generated and McDonald normal distributions, respectively.
The first generated model contains, as special cases, several important distributions discussed in the
literature such as the normal, exponentiated normal, BN and KwN distributions, among others.

Kumaraswamy-normal (KwN) distribution
The KwN density function with parameters ¢ and ¢ and two extra shape parameters a > 0 and b > 0

is given by
ab  (x—p z—p\1"" x—u\]"
fz)=L¢ ( ") [q) (—‘)] [1 — (—’)] , 0 << oo 1)
a a a

For a = b =1, we have the normal distribution. Clearly, equation (41) is much simpler than (40).
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10.1 Application 1: Carbohydrates data

The first example refers to the data from on agronomic experiments (Matsuo, 1986) conducted at
the Federal University of Parana. The main objective was to verify the content of carbohydrates (in %)
of the corn farms. Some summary statistics for the CO data are: mean=66.34, median=66.64,
minimum=62.35 and maximum=68.46.

The parameters of each model are estimated by maximum likelihood (Section 9) using the
subroutine NLMixed in SAS. We report the MLEs (and the corresponding standard errors in
parentheses) of the parameters and the values of the Akaike Information Criterion (AIC), Consistent
Akaike Information Criterion (CAIC) and Bayesian Information Criterion (BIC) in Table 2. The lower
the values of these criteria, the better the fit. Since the values of these statistics are smaller for the GN
distribution compared to their values for the other three models, we can conclude that the new
distribution is the best model among the four to explain the current data. An analysis under the GN
model also provides a check on the appropriateness of the normal model and indicates the extent for
which inferences depend upon the model. For example, the LR statistic for testing the hypothesis HO :
a=1versus H: HO is not true, i.e. to compare the GN and normal models, is w =2{-63.05 — (65.20)}
= 4.30(p-value = 0.0381), which provides support toward to the new model.

Table 1: MLEs and information criteria.

Carbon monoxide a I o AIC  CAIC BIC
GN 0.1454  68.3276  0.7443 | 132.1 1329 136.9
(0.0277)  (0.2963) (0.0388)
Normal 1 66.3379  1.4800 | 134.3 134.8 1376
- (0.2467) (0.1744)
o 3 I o
BN 0.1167 0.0678  65.5745  0.3683 | 137.3 138.6 143.6

(0.0471) (0.0129) (0.3649) (0.0475)
a b 2 a
KwN 0.1859 0.0309  66.6857  0.3460 | 132.2 133.3 1383
(0.2023) (0.0281) (1.1912) (0.1034)

399

Figure 3 displays the estimated densities and cumulative functions and the empirical cdf for the GN and normal

models. These plots reveal a better GN fit to these data.

10.2 Application 2: Carbon monoxide data

Here, we work with carbon monoxide (CO) measurements made in several brands of cigarettes in
1998. The data have been collected by the Federal Trade Commission (FTC), an independent agency
of the United States government, whose main mission is the promotion of consumer protection. For
three decades the FTC regularly has released reports on the nicotine and tar content of cigarettes. The
reports indicate that nicotine levels, on average, had remained stable since 1980, after falling in the
preceding decade. The report entitled “Tar, Nicotine, and Carbon Monoxide of the Smoke of 1206
Varieties of Domestic Cigarettes for the year of 1998 at http://www.ftc.gov/reports/tobacco includes
the data sets and some information about the source of the data, smoker’s behavior and beliefs about
nicotine, tar and carbon monoxide contents in cigarettes.

The CO data set can be found at http://home.att.net/ rdavis2/cigra.html. The data include n = 384
records of CO measurements, in milligrams, in cigarettes of several brands. Some summary statistics
for the CO data are: mean=11.34, median=12.00, minimum=0.05 and maximum=22.00. In each case,
the parameters are estimated by maximum likelihood using the subroutine NLMixed in SAS. We
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400 A new extension of the normal distribution

report the MLEs (and the corresponding standard errors in parentheses) of the parameters and the
values of the AIC, CAIC and BIC statistics in Table 2. Since the values of these statistics are smaller
for the GN and KwN distributions compared to those values for the other models, the new distribution
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\
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04 4

o
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° \
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Figure 3: (a) Estimated densities of the GN and normal models for carbohydrates data. (b) Estimated cumulative
functions and the empirical cdf for Carbohydrates data.

is a very competitive model to explain these data and it is more parsimonious. The LR statistic for
comparing the GN and normal models is w =2{=962.9 — (—1946.4)} = 20.6(p-value =< 0.0001), which
yields favorable support toward to the first model.

Table 2: MLEs and information criteria.

Carbon monoxide a 0 o AlIC CAIC BIC
GN 0.1432 16.9819  2.0889 | 1931.8 1931.9 1943.3
(0.0085) (0.2476) (0.0378)

Normal 1 11.3425  4.0626 | 19504 1950.5 1958.1
- (0.2187)  (0.1547)
o 3 I a
BN 0.2143 3.1422 18,5092  2.8673 | 1932.9 1933.0 1948.3
(0.0906) (0.4851) (0.4680) (0.5866)
a b Iz a
KwN 0.2242 0.0730  11.8209  1.2921 | 1929.1 1929.2 1944.5
(0.0420) (0.0262) (L.1516) (0.1306)

Figure 4 displays the estimated densities and estimated cumulative functions and the empirical cdf for the BN
and normal models. So, the proposed model provides a better fit to these data.
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Figure 4: (a) Estimated densities of the GN and normal models for carbon monoxide data. (b) Estimated cumulative
functions and the empirical cdf for carbon monoxide data.

11 Concluding remarks

In this paper, we propose a new model called the gamma-normal distribution which extends the
normal distribution. The proposed distribution is very versatile to fit real data and could be a good
alternative to the normal and two recent generalizations of this distribution. We study some of its
structural properties. We provide explicit expressions for the ordinary and incomplete moments,
guantile and generating functions, mean deviations, Rényi entropy, Shannon entropy, order statistics
and their moments. We derive a power series expansion for its quantile function which is useful to
obtain alternative formulae for several mathematical measures. The model parameters are estimated
by maximum likelihood and the observed information matrix is determined. The potentiality of the
new model is illustrated by means of two examples.

Appendix A: Quantile function

We derive a power series for the QGN(u) in the following way. First, we use a known power series
for Q—1(a,1 — u). Second, we obtain a power series for the argument 1 — exp[-Q—1(a,1 — u)]. Third,
we consider the power series for the normal quantile function given in Steinbrecher (2002) to obtain a
power series for QGN(u).

We introduce the following quantities defined by Cordeiro and Lemonte (2011). Let Q—1(a,z) be
the inverse function of
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402 A new extension of the normal distribution

a2 =1 v(a, z) _ [(a,z) .
Qla,2) =1 [(a) T(a) '

The inverse quantile function O Y(a,1 — u) is determined in the Wolfram website ' as

w? (3a + 5)w? [a(8a + 33) + 31]w?*
a+1 2a+1)2a+2) 3a+1) a+2)(a+3)
{a(ala(125a + 1179) + 3971] + 5661) + 2888} w®
24(a+ D*a+2)%(a+3)(a+4)

Q Ma,1—u) = w+

+ O(w®),

where w = [ul'(a + 1)]"“. We can write the last equation as

z=Q Ya,1—u) Z() u'’e, (42)

r=0

where §,’s is given by 6;= b;I'(a + 1)”. Here, bo= 0, b; = 1 and any coefficient b;+; (for i > 1) can be
obtained from the cubic recurrence equation

2 1—s+1 i

5.,41:,1‘{2 Z b,b.bi sqos(i—r—s+2) BE,—,.+2-r[ra.(1a,)(i+2r)]}-

i(a+1) r=1 s=1 r=2

The first coefficients are b2 = 1/(a + 1), b3 = (3a + 5)/[2(a + 1)2(a + 2)], .... Now, we present some
algebraic details for the GN quantile function, say QGN(u). The cdf of X is given by (6). By inverting
F(x) = u, we obtain (12). The normal quantile function can be expressed as (Steinbrecher, 2002)

Qn(u) = Zd;, { (u— 1/2)] , (43)
where the coefficients dis are defined by di= 0 for k = 0,2,4,... and dx= ey—1) for k = 1,3,5,... The
quantities ey’s are determined recursively from

o1 2*: 2r+1)(2k —2r + 1) e, exr
R IC R S GRSV CTEY

Expanding the binomial term in (43), we obtain

YW Y (2 —()u_zz ‘ot () e

k=0 s=0 k=0 s=0

ChangngA =0 Zs o by Zs, =0 Eﬂ. , we have

Qf\u = ii 271' ? 'Ld;\ ('Il> u

s=0 k=s

and thenQy (u) = 32 w, u*, Wherews = Y- (—2)* % (v2m)* ( )dk and the quantity di was defined

above.

! http://functions.wolfram.com/GammaBetaErf/InverseGammaRegularized/06/01/03/
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By replacing (42) in equation (12), we can write

Qan(u) =p+oQN {1 — exp [_ Z 5, uf'/(z] }
r=0

By expanding the exponential function and using (14), we have

oo oo 1 1 fore) (5? r/a l
1 —exp ( Z 5, u."/“) -1 Z (1) (Z,;U u/®)
r=0 !

1y co r/a 00
( 1) Z-r:() fi!?' u o .,‘/a
= l_z N =1- EU‘P:- [ (44)

Wherepr' = Z,?iu Iﬁ - f r = (T‘OU) Zq 1[ ”+ 1) - I"] ()m fi' r—q for r > 1 and f[ 0= ()I Comblnlng
(12) and (44), we obtain

r=0

Using the know result for Ox(u) in the last equation and expanding the binomial term, we have

oo oo 8 oo s ) oo i
Qan(u) = p+o {ZU W, (1 — Zup.,. u"/“) } =p+a {an“ ZO(—l)j (;) (Zupru’/“) }
s=( r= s=C j= r=

Now, using (14), we obtain

Qen(u) =p+o {ZZ ( )w th u'/"} =p+o { i i(—l)jws hjr (j) -u"/r’},
s=0 =0 r=0 s, =0 45=0

Where hj, = (rpo) ™" Xm=olm( + 1) = r1pmh rom. Fmally,

Qan(u) = +02p hjru r/a

r=0

) s
Where p, = Yso Z?:o(—l)lws (j)'

Appendix B: Moments

Here, we use equation (14) and the power series &(z) = Z;‘io a;x’ given in Section 5. We have
Y
T.0) = [ o f(ode
0

Inserting (11) (with 4 = 0 and ¢ = 1) in the last equation gives
o u
y)=> d. f z" () B(x) dx.
o 0
From the power series for ®(x) and equation (14), we have

1 Y
d cr :rnf]' M x)dr d cr '/ .T”+j e*x2/2 dX,
= > deers [ w000 m Z i

7,r=0
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where dr is defined in Section 3 and the quantities cr,j are obtained from (15) using the ai’s of the
power series for d(x). Setting z = x2/2, we obtain

o0

2 je )
1 v /2 nti-1 1 = i n+j+1 y?
) = 7w o [ @™ = o S ey (L)
e ‘

j.r=0

where y(-,-) is the gamma incomplete function.

The second representation for Tn(y) is based on the integral AlGg) = J1 2! O_xwdx, which is
determined for g > 0 and q < 0. We define

o0 5 ) _+1
G(7) = J e 20x = oli-1/2 T (J )
(7) [U T e dx 5 |

Forg<0andq>0, we have
A(,q) = (1Dj G(G) + (Djt1HG,9)  and A(,q) = (-1)j G() + H(.q),
. . . TG %2/ . . R
respectively, where the integral / (7.9) = Jo @7 ¢ %dx can be easily determined as (Whittaker
and Watson, 1990)
2_7'/4+1/4q_-,/2+1/28—f,2/4 )
GRT1DG+a) @ /)
0i/4+1/4i/2-3/2p—a /4 ‘
j/QQ i N;jassa/a+3/4(0°/2)

H(j,q)

where Nim(x) is the Whittaker function (Abramowitz and Stegun, 1972, p. 505; Whittaker and Watson 1990, pp.
@k 2
(b)k kY’
Kummer’s function U(a,b;z) = z-92Fo(a,1 + a - b;-z1), where (a)rxwas defined inSection 5. We have

339-351) given, in terms of the confluent hypergeometric function F;(a; b; z) = Y17, or in terms of the

Km+ 1/2

r?n+1/2 1
Nem=——1F ( +m— k14 2m; a:) and Ny, =
A C_x/g ¢ s

N - -k, 14+2m:x ).
2 8 (2+m k,1-+2m \)

e—X/2

Combining (11) and (21), we can write

1 oo y Io's)
T.(y) = Wor Z bL»Sr'+l(H+k)[ g e X /2 Zcr,iXidX
kr=0 V0

i=0
1 - Y 74n ‘(2/2
= NeT Z b syp+1(a+ k) ey /e Edw

k=0

where i . and co0= 1 and the quantities a’s

Crj = (ja(J)il ;mzl[m(r + 1) - ]] Ay Cr j—my for J 2 ]-,- Cr0 = Q
are defined in Section 5.
Computing the last integral, we can write

1 ,
T.(y) = ﬁ ) ;::U bi. ¢rj spe1(a+ k) A(G +n,y)
where A(-,-) is determined as before and s,(a) is given by (10).
The third representation for 7,(y) is based on the normal quantile function. We have

0 Y

Tuy) =Y d, / " §(z) ®(x)"dx

=0 —o0
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The last integral can be rewritten according to the normal quantile function QN(u) given in
Section4.Thus, using equations (14) and (13), we have

Zd /‘1’(:9) (i Wy ?_1_5) u"du = Zd [11 Y ien Lu e du,

=0 s=0 r=0 - s=0

where .and the quantities w,’s are

€n,s = ('3 1“0)71 Z:n:l [TTL(?Z + 1) - 3] Wi €ns—m (fOI' s> 1):61?,‘0 = Wy
given in Section 4. Finally, we obtain

(I) )r+s+1

2:: r Ens (r+s+1)
Appendix C: Generating function

Here, we present the algebraic details of the second representation for M(t) based on the quantile
power series of X. Using (16) with y = 0 and ¢ = 1, we obtain

1
M(t) :f exp [t Qan (u)] d'u:/ expl (Zp hjru” Q)] du,
0

Where 5=30 Z-o(~ 1) () ws 05 = Bz s(V27)“ (=2)57* die(5) and by = (i)™ ZhneolmG + D= il

h;—m. Other quantities are well-defined in Section 4.
Expanding the exponential function, we have

o0 k ru [oo]
]'1 th (527 (]pjh”u/ :Z d]\)
' :

k=0

where dpr = (rgo) V320 _ [m(k + 1) = 7] g Ay (for 7 > 1), dio = g5, doo = 15 the quantities g’s
are given by g;= p; h;-and the other quantities p; and 4;, are defined before.

Appendix D: Rényi entropy

The Rényi entropy of a random variable with pdf f(x) is defined as

+oo
Ir(y) = i - log/ f(x)dx

1 o0
for y > 0 and y =/ 1. We provide details about the Rényi entropy for y positive integer first and then for
positive real.
First, assuming y=n=2,3,..., 0 =0 and 6 = 1, we can write from (11) and (21)
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Ir(n) =

Letting y = Vnx and using equation (29), we have

In(n) = - 1_ - { (n; 1) log(27) + (J -;— 1) log(n) — log {Z g:),,,d-rrz"j-] } ,

j=0

where¥n.i = (J EU)_l '3;1:1 [NE(n +1) - .}] Em Pn,j—m (for j = 1), pn.o = ep, €5 = Z?iu d, Crj and m’_] is

the jth moment of the normal distribution. The quantities dr’s are defined in Section 3 and the av’s and
cr,j’s are given in Section 5.

We can write IR(y) = (1 —y)—1 E{f(Z)y—1}. Let & = E(Z). For vy real positive, we can write
E{f(Z)y—1} =dy—1 E{1 + 0[f(Z) — 8]}y—1,

where 0 = 6—1. From the generalized binomial expansion, we obtain

O
9” \S-”

oz oy =143 E3n 2y g

n=1 ’

n—1 .
whereS» = [1i=0 (v = 1= 3), Further, we have

By} = o (1 + Y T B(A(2) - fﬂ”})

n!
n=2

We now calculate E{[f(Z)]n} for n > 2. From equation (11) and using the binomial expansion, we can
write

Prn = E{[f(Z)]”} = Z ©n,j Un,j

§=0

where yn,j = E{Zj ¢(Z)n}. Then,

o0
Ynj = / z! o(z)" T dx
o —00 .

Setting V(n + 1)x =y, we can easily determine the last integral and write pn as

1 n oo 1 i+1
U
n— |\ — — Ing \ — —— m;
’ (vzw) ;)6 ’ (\/n+1) g
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By expanding the binomial term in (31), we can obtain an explicit expression for IR(y), which holds for
any v real positive and y =1, given by

where pj is determined from (32).

Appendix E: The observed information matrix

The elements of the observed information matrix J(0) for the three parameters (a,u,0) are given by:

o 15 $(2:) 1 26(2)
Joa = —19(a), Jou =2 ; [1— ®(z)] log[l — ®(z)] Jon =5 ; [1— ®(z)] log[1 — ®(z)]
_on (a—1) u zi0(2;) (a—1) - 2 (z; {1 + log[1 — ®(z;)]}
T ==+ 53 ; [1— ®(z)]log[l — ®(z)] ; )2 {log[1 — ®(z;)]}2’

2 e (FoDe) (a—1) s 2zl + logll — B()])
e = =g ) at 2 =0 Tloall - 8] o 21— B(e) P {logll — B0}

)},
)}

~n 3 2 afl 2i0(2;) a1 ¢ zg*)zz){l+100[17<1)(
oo = Z Z [1—®(z)]log[l — P(z)] a? Z [1—®(z)]*{log[l — (=

where z;= (“,;7*) and y/(+) is the trigamma function.
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