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Abstract: We analyze the cross-correlation between logarithmic returns of 1108
stocks listed on the Shanghai and Shenzhen Stock Exchange of China in the
period 2005 to 2010. The results suggest that the estimated distribution of
correlation coefficients is right shifted in the tumble time of Chinese stock market.
Due to the large share of maximum eigenvalue, the principal correlation
component in Chinese stock market is dominant and other components only have
trivial effects on the market condition. The same-signed corresponding vector
elements enable us to propose the maximum eigenvalue series as an indicator for
collective behavior in the equity market. We provide the evidence that the largest
eigenvalue series can be used as an effective indicative parameter to describe the
collective behavior of stock returns, which is found to be positively correlated to
market volatility. By using time-varying windows, we find the positive correlation
diminishes when the market volatility reaches both highest and lowest level. By
defining a stability rate, we display that the collective behavior of stocks tends to
be more homogeneous in the context of crisis than the regular time. This study has
implications for the arising discussions on correlation risk.

Key words: cross-correlation, collective behavior, financial volatility, correlation
risk.

1. Introduction

As representative complex systems, financial markets are organized by various unexpected
phenomena according to non-trivial interactions among heterogeneous agents. Recently, more
and more methodological tools are introduced from physicsto economics and finance. A new
subject, as called “Econophysics”, is developed. This interdisciplinary field is pioneered by
thegroundbreaking work by Mantegna and Stanley(1999), Dragulescu and Yakovenko (2000),
Sornette (2002), Bouchaud and Potters (2003) and etc.

This paper focuses on the collective behavior of equities in the stock market using the
pairwise correlation matrix of individual equities. The correlation between equities is important
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for both investment strategy and risk management (Driessen, Maenhout and Vilkov, 2013). In
the turbulent time of financial crisis, in particular, the collective behavior of stocks in the
market is different from usual conditions. In economics and finance, traditional Markowitz’s
theory of optimal portfolios has the strict hypothesis of combination normal distribution with
constant correlation between each asset (Buraschi, PorchiaandTrojani, 2010). In the recent
literature, the importance of taking into account the time-variation of correlations is highlighted
by Aneja, et al. (1989), Chesnay and Jondeau(2001), and Jea, et al. (2005). These authors
estimate the average correlation coefficient of a group of stocks in the portfolio analysis. Other
researchers focus on the study of co-movement of international indexes as well as stocks within
a market, see Agmon (1972), Polleta and Wilson (2006), Arouria, et al. (2006), and Bekaert, et
al. (2009). The correlations between international equity markets are investigated to determine
whether they would increase during periods of high volatility. However, the existing literatures
in economics mostly concentrate on the pairwise correlation between two indexes or stocks.
Few consider all the individual stocks in a market and analyze the time-variation of the
collective phenomenon.

In physics, researchers explore this issue in a different perspective, see Laloux, et al. (2000),
Sharifi, et al. (2004), Petersen, et al. (2010), Podobnik, et al. (2007, 2009, 2010), and Plerou, et
al. (2000, 2001). Most of the literature in physics applies Random Matrix Theory (RMT) on an
empirically measured financial correlation matrix, which examines the sensitivity of the
spectral properties of a random matrix. Other researchers concentrate on the long-range power-
law autocorrelations in the correlation matrix. Liu, et al. (2011) and Tse, et al. (2010) study the
cross correlation matrix in the network perspective, and some properties about stock network
constructed are found. For example, Liu, et al. (2011) suggest the level of resemblance of the
scale-free structure of the stock network (indicated by the fitting error of the power-law
exponent) is an indicator of the normality of the market. However, these studies do not consider
the time varying pattern of correlation distribution. According to the discussion of Liu, et al.
(2011) and Tse, et al. (2010), stocks whose correlation coefficients higher than a constant
threshold are connected. And more edges will weaken the scale-freeness of the degree
distribution. Our results in this paper show that in the time of fierce volatility, the distribution of
correlation matrix elements are is right shifted, which naturally brings more edges in the
network and leads to the so-called disrupted scale-freeness. The evidence in this paper exhibits
the fundamental reason and underlying mechanism for the pattern observed in prior studies.
And we suggest that the statistical properties of equit returns is necessary before employing
new approach in the data analysis.

Maskawa, et al. (2009) suggest the probability of large price movement conditional on the
maximum eigenvalue can be taken as a measure of risk. In this paper, we propose a similar but
more delicate approach to analyze the cross-correlation of stock returns in the Chinese stock
market. By diagonalization, we obtain the eigenvalue and eigenvector series from the
correlation matrix. Eigenvalues indicate the proportions of different independent correlation
components in the markets. The element in the eigenvectors corresponds to the contributions of
each individual stock. The magnitude of eigenvector elements thus denotes the contribution of
each stock to a certain independent market factor.
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Using the real data in China, we find that the maximum eigenvalue accounts a large share
of matrix trace and the elements of the eigenvector according to the maximum eigen-value are
mostly same-signed. In this regard, the principal correlation component in the Chinese market
is dominant. Thus, the maximum eigenvalue can be taken as an indicator for the degree of
collective behavior. In the turbulent time of bear market, the maximum eigenvalues reach the
record-high level. The Spearman correlation coefficients between market volatility and
maximum eigenvalue series are all significantly positive across different windows. But the
positive correlation effect weakens in the context of highest and lowest level of market
volatility. The trough of varying correlation between market volatility and collective behavior
indicator enable us to describe the changes of market risk. By defining a stability rate, we find
the collective behavior of stocks tends to be more homogeneous in crisis than usual time. The
evidence suggests the correlation risk is very important in understanding the mechanism of
stock co-movement. Investment strategy and pricing method accounting correlation risk need to
be further explored according to our study.

The article is organized as follows. Section 2 describes the data set we use and briefly
introduces the methodology. In Section 3, we analyze the data and interpret the results. Section
4 concludes.

2. Data and Methodology

We analyze 1108 time series with 1457 daily records in the 6-year period, 4 January 2005
to 31 December 2010. 1108 individual equities cover most of the stocks listed before 2005 and
traded in the “A” shares of Shanghai and Shenzhen stock exchange. The logarithmic change
(“returns”) will be considered for further discussion. It is defined as

R;(t) =log(P;(t)) —log(P;(t — 1)), (2.1)

whereP; (t)denotes the price of individual stock i at time t. We believe that the logarithmic
change is a suitable measure for reflecting the performance of investors, which is directly
related to the investment strategy and risk management.

To quantify the linear relationship between individual stocks, we apply the general
correlation coefficient as follows. Consider the N-variable time series X = {X;(t):i =
1,...,N;t =1,...,T},idenotes different individual stocks we choose, t is the time period.
The correlation matrix for the time series is

Cov; (1)

COT'T'ij (t) = T, (22)
tJ

where Cov;;(t) =< X;(0)X;(t) > — < X;(t) >< X;(t) >,0; = \/< XE> —<X;>? is

the standard deviation of X;. X;(t) and X;(t) denote price returns R(t) of stock i and stock j,
respectively, in the period t =1 to T. For correlation matrix, the elements corr;; are restricted to
the domain [-1,1], where corr;; = 1 corresponds to perfect positive correlations, corr;; = —1
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corresponds to perfect negative correlations, and corr;; = 0 corresponds to insignificant
correlations of stock pairs.

We apply the diagonalization of correlation matrix and differentiate the independent market
factors. The diagonalization of Nx N symmetric matrix C, denoting matrix series corr;;(t), can
be briefly explained as follows

P~ICP = diag(14,15,...,Ay),
then,
CP = P x diag(A4,1,,...,Ay).

Write P as a block matrix of its column vectors

P = (G, ,dy),
or
Cc_il- = /L-c_ii,i = 1,2,...,N.

The column vectors of P are eigenvectors of C, and the corresponding diagonal entry A; is
the corresponding eigenvalue. The eigenvalues denote the different importance of components
for the tendency in the market. The invertibility of P determines that the eigenvectors are
linearly independent. So through diagonalization, independent correlation components within a
system are obtained. Moreover, the distribution of eigenvalues contains more information of
components. Each element in the eigenvector denotes the contribution of a certain individual
stock and the positive or negative sign of the element reflects the direction of the contribution
and the magnitude denotes the degree of the contribution. In addition, the turnover rate of the
individual stocks within the peak zone of the eigenvector through the time can reflect the
stability of the collective behavior.

The market return evolvement is expressed by average return of market index, which is
defined as

kAt

1
AVI(E) = EE 1(tD), (2.3)
i=0

where At denotes the step of the window that we calculate the cross-correlation matrix and
also the window we use to calculate the standard deviation of market index. In our case, the
index we applies is Shanghai Stock Exchange Composite Index (SCI), the key index of Chinese
stock market, and I(ti) is the logarithmic return of SCI. And the 4¢ is one day, thus kAt is the
width of the window. In order to measure the volatility of the market, we define the standard
deviation of index as follows

kAt
1
Stl() = | > [U(t)= < 1(5) >)?], (24)
i=0

To identify whether the correlation exists between the collective behavior indicator and
market volatility, Spearman’s rho statistic is introduced, which is a measure of rank correlation
in terms of the integral transforms of two series, X and Y, formulated as

ps = % zn: (rank(xi) - nT-l-l) (rank(yi) - nT-I-l) . (2.5)
i=1
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Here x is the market volatility, i.e. Stdl, and y is the maximum eigenvalue series.
3. Results
3.1 Evolvement of correlation matrix and eigenvalue spectrum

First we discuss the shifted distribution of cross correlation matrix elements. We plot the
evolvement of correlation matrix distribution with 30 days moving window (k = 30) and 30-day
step. Figure 1 is the top view of the time-varying kernel density of correlation coefficients.
Each curve in the figure denotes correlation coefficient distribution of 30days. The red curves
denote the correlation distribution in the tumble time of Chinese stock market from December
2007 to October 2008. The distributions of correlation coefficients are significantly right shifted
in the crisis representing a strong collective behavior of individual stocks. The side view of the
evolvement of correlation matrix is plotted in Figure 2 that also clearly shows this pattern.

In order to further analyze the independent correlation factors in the market, we examine
time-varying feature of the proportion of maximum eigenvalue and other eigenvalue to the
trace. We report the spectrum of eigenvalue in the whole period in Figure3 as many researchers
do. We find that basically the maximum eigenvalues hold largest proportion of trace. The
principal component denoted by the maximum eigenvalue is dominant. In other words, the
maximum eigenvalue accounts a large proportion of trace, while other market factors denoted
by other eigenvalues are less important. This graphical pattern is consistent with existing
literature, but our interpretation is rather different. Finding a similar distribution shape as in
Figure 3, Podobnik, et al. (2001, 2007, 2009, 2010) introduce random matrix theory (RMT) to
filter the randomness of cross-correlation matrix. We believe in contrast the analysis of trivial
market factors indicated by small eigenvalues is not convincing. The maximum eigenvalue
holds the most important information of equities correlation in the market. Before adopting
maximum eigenvalue as a collective behavior measurement, we need a close examination of the
eigenvectors corresponding to eigenvalues.

As we discuss above, each element in the eigenvector corresponds to each individual stock
and the magnitude of element denotes the contribution of each stock to the market correlation
proportion indicated by eigenvalues. The distributions of eigenvectors elements are plotted in
Figure 4.
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Figure 1: The evolvement of correlation matrix distribution (top view). With 30 days moving window
and 30-day step, the top view of the kernel density of correlation coefficients through the time is plotted.
Each curve in the figure denotes correlation coefficient distribution of 30 days. The red curves denote the
correlation distribution in the tumble time of Chinese stock market from December 2007 to October 2008.
The distributions of correlation coefficients are significantly right shifted in the time of crisis
representing a strong co-movement of individual stocks.

1]
correlation coefficent, x

Figure 2: The evolvement of correlation matrix distribution (side view). The side view of the kernel
density of correlation coefficients through the time is plotted. The right-shifted distributions of
correlation coefficients in the financial crisis are clearly observed.
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Figure 3: The distribution of eigenvalues of correlation matrix in the whole period. The maximum
accounts the most of the share of trace, and other small eigenvalues denotes trivial factors in the market.
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Figure 4: Kernel density distribution of eigenvector elements according to corresponding eigenvalues in
the whole period. Vertical axis is the probability density function. In the whole period, the overwhelming
majority of the elements in the maximum eigenvalue is positive, while for other eigenvectors the
elements have mixed signs. In other words, for the principal component of correlation matrix, the
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elements of corresponding vector representing individual equities are on the same direction. Thus, the
maximum eigenvalue, as the same fluctuated market correlation component, is appropriate to reflect the
collective behavior.
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Figure 5: The evolvement of average return, standard deviation of SCI and the maximum eigenvalue
series. The maximum eigenvalue series are negatively related to return of SCI and positively related to
standard deviation of SCI, with sharp spikes well matched. Both the maximum eigenvalue and volatility
indicator (standard deviation of SCI) reach the historical high level (highlighted by red line and solid
rectangle) in the tumble time of Chinese stock market.

Figure 4 shows that compared with other eigenvectors, the overwhelming majority of
vector elements responding maximum eigenvalue is positive. For the principal component of
correlation matrix, the elements of corresponding vector representing individual equities are on
the same direction. According to the above discussion, the proportions of eigenvalues, except
for maximum eigenvalue, are rather small and reflect the trivial factor of market equity
correlation. Maximum eigenvalue, as the same fluctuated market correlation proportion, is
appropriate to quantify the collective behavior effect.

3.2 Correlation between market volatility and collective behavior
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With 30-days moving window (k = 30) as in Figure 1 and 2, we adjust the step to one day
for further analysis. The evolvement of average return and standard deviation of SCI as well as
the maximum eigenvalue series is displayed in Figure 5. On the whole, the maximum
eigenvalue series are negatively related to return of SCI and positively related to standard
deviation of SCI, with sharp spikes well matched. Both the maximum eigenvalue and volatility
indicator (standard deviation of SCI) reach the historical high level (highlighted by red line and
solid rectangle) in the tumble time of Chinese stock market. The collective behavior of equites
has been strengthened in the turbulence of financial crisis.

Because market volatility directly reflects the risk level in the portfolio analysis, we next
examine whether the correlation really exists between market volatility and collective behavior
indicator (the maximum eigenvalue series). Market volatility and collective behavior indicator
are regarded as explanatory variable and response variable, respectively. Kolmogorov-
Smirnovtest (Struart, et al., 1999, Goldstein, et al., 2004) shows that distributions of both the
explanatory and response variables deviate from normality. Hence, the correlation between
explanatory and response variables should be determined by rank correlation coefficient, and
here we adopt Spearman’s correlation coefficient (Hollander and Wolfe, 1973), test settings of
which are as follows.

e  Null hypothesis Hy : p = 0 which denotes there is no significant correlation

between explanatory variable and response variable.

e  Alternative hypothesis H; : p # 0. the alternative hypothesis is accepted if the

statistic is larger than the critical value.

Here we use the significance level a = 0.001. We calculate the maximum eigenvalue and
market volatility series in the circumstances of different window ranging from one week to two
years. At each window width, Spearman’s correlation coefficient is calculated and tested. The
results reported in Figure 6 show that there are significant correlations across all range of
windows. Figure 6 displays a clear pattern that correlation effect between market volatility and
maximum eigenvalue increase with a decelerating speed as the window widens. At the 1.5-year
window width the correlation reaches the highest point, while in the circumstance of window
wider than 1.5 year, correlation between market volatility and collective behavior indicator
inversely weakens. We believe that due to the fact that wider windows actually average out the
trivial information and focus on the long term pattern, correlation effect is more clearly shown.
However, extremely wide window will average out essential information and reduce the
observed correlation coefficient. Hence, the evidence suggests that the correlation between
market volatility and collective behavior indicator exists and the degree of correlation increases
as the observation window widens. The correlation risk generated by the collective behavior
may play a vital role in portfolio strategy, especially in the crisis period.

3.3 Correlation between market volatility and collective behavior through the time
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In this subsection, we examine whether correlation between market volatility and collective
behavior evolves through the time, a neutral extension of the analysis in the last subsection. We
apply the moving window method to reflect the time variation feature of the relationship
between market volatility and collective behavior. Figure 7 displays market index volatility and
the varying Spearman’s correlation between market volatility and collective behavior indicator.
Basically there are two troughes for varying correlation. First is around 2006 the historical low
point of market volatility and second is around financial crisis the highest level of market risk.
In general, the correlation between market volatility and collective behavior indicator becomes
weak at the inverse point of market risk. In other words, the trough of varying correlation
between market volatility and collective behavior indicator enable us to describe the changes of
market risk.
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Figure 6: Spearman’s correlation coefficient across different windows. In the circumstances of different
window ranging from one week to two years, the correlation matrixes are constructed and the eigenvalue
series and market volatility indicator are calculated for Spearman’s correlation coefficient. The
correlation coefficients are significant across all range of windows at the 0.001 level. The degree of
correlation increases as the width of window broadens, while at 1.5 year window reaches the highest
level.
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Figure 7: Correlation between market volatility and collective behavior through the time. The varying
Spearman’s correlation between market volatility and collective behavior indicator weakens in 2006 the
lowest point of market volatility and 2008, the highest level of market risk. The trough of varying
correlation between market volatility and collective behavior indicator tends to coincide with inverse

point of market risk trend.
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Figure 8: Distributions of elements in eigenvector corresponding to Maximum eigenvalue. In 2006, the

distribution is less peaked than other years, while in 2008, eigenvector distribution is the most peaked
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indicating the concentrated contributions from individual stocks. In other words, in the market anomalies
period of Chinese stock market, the magnitudes of contribution from equites are clustered within a narrow
area.

Here we point out that correlation between market volatility and collective behavior
varying through the time does not conflict with the pattern that collective behavior co-moves
with market volatility. Although the degree of correlation weakens at the lowest and highest
level of volatility, the co-movement relationship is still significant through the time. And the
analysis of time variation feature also confirms that market volatility strengthens collective
behavior of equity returns.

3.4 Distribution of elements in eigenvectors and stability indicator

Two facts need to be highlighted again. Each individual equity is represented by element of
eigenvectors. And elements of vector corresponding to maximum eigenvalue are same-signed.
This pattern suggests equities contribute to principle correlation proportion on the same
direction. However, in terms of other stock factors, the contribution of stock correlation is not
on the same direction. This is the reason why we adopt the maximum eigenvalue as the
indicator. Next, we analyze the turnover of individual equites contribution to principle
correlation proportion in different periods to reflect the stability of the system in the context of
the collective behavior.

The distributions of elements of vectors corresponding to maximum eigenvalues through
years are plotted in Figure 8. In 2006 the distribution is less peaked than other years, while in
2008, the eigenvector distribution is most peaked indicating concentrated contributions from
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Figure 9: Evolvement of stability indicator. Defined as the number of stocks from the peak at time (t — 1)

divided by the number of stocks in the peak at time t, S, reaches the highest level in financial crisis

period of 2008. Thus, the collective behavior is more homogeneous in the tumble time of market.
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individual stocks. In other words, in the crisis period of Chinese stock market, the magnitudes
of contribution from equites are concentrated within a narrow area. In order to capture the
stability of stock system in the context of collective behavior, we analyze the turnover rate of
vector elements in the peak area through the years. The kurtosis of distribution varies through
years. To hold the same number of equities within the peak area, we consider 30% of the
equites in the neighborhood of peak value. The stability rate is defined as follows.

n.—1

S = N,

where N; denotes the number of stocks in the peak at time t. In our case, N; is 332, 30% of
all individual stocks. n, — 1 is the number of equities in the peak area at time t also in thepeak
at time(t —1). Thus S; reflects the turnover of vector elements in the peak area through the
years. Higher S, indicates higher degree of the stability of stock system evolvement. In Figure 9,
we report the stability rate.

The stability rate clearly shows that in the tumble time of Chinese stock market, the
stability of stocks reaches the highest point, while in regular time the homogeneity is slightly
weak. In this regard, in the context of equities collective behavior in financial crisis, the
elements of vector have less turnover rate through the years. The stock system in the tumble
time of crisis tend to be moving on the same direction. According to the discussion above, the
market volatility is positively correlated to the collective behavior indicator and the stability
indicator is generally accorded with this pattern. Therefore, fierce volatility strengthes
collective behavior and the homogeneity of individual equities movement.

(3.1)

4. Conclusion

In this paper, through detailed eigen-analysis of correlation matrix, we find several
interesting statistical properties of Chinese stock market. The key finding is that fierce volatility
strengthens the collective behavior of equity returns. We present the results and related
intuitions for investment strategy in the following statement.

First, the estimated distributions of correlation coefficients are right shifted in the tumble
time of Chinese stock market. Stock market crashes stimulate high correlations among financial
equities, which is consistent with many empirical results of existing literature. For portfolio
managers and financial regulators, this statistical pattern is of great importance. As highlighted
above, the combination normal distribution with constant correlation between each asset is an
indispensable hypothesis of traditional Markowitz’s theory of optimal portfolios (Buraschi,
Porchiaand Trojani, 2010). In real financial markets, however, the correlations are time-varying.
It leads to a concentration of so called “correlation risk”. As confirmed by our analysis, during
periods of market turbulence, correlations significantly increase and risk adjusted allocation of
assets with a focus on “correlation risk” in stock crashes will be necessary.

Second, the maximum eigenvalue takes dominant share of the trace. The evidence reflects
that the principle correlation component for Chinese stock market plays a vital role. Other than
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analyzing the spectrum of eigenvalues through general applied random matrix theory (RMT),
we focus on the statistical properties of correlation matrix and large eigenvalues. We find that
the maximum eigenvalue takes large share of the trace indicating the dominant market factor,
while other eigenvalues which take small share of the trace can be considered as trivial factors
of the market. In this sense, the spectrum analysis of eigenvalues may provide limited
information for correlation matrix. Moreover, after investigating the directions of eigenvector
elements, we find that only in maximum eigenvalue vectors the elements are all same signed
through the years. The contribution of individual stocks to the principal correlation proportion
are all on the same direction. So we propose that the maximum eigenvalue can be taken as an
indicator for the degree of collective behavior. In the turbulent time of the market, the
maximum eigenvalues reach the record high level. The Spearman correlation coefficients
between market volatility and the maximum eigenvalue series are all significantly positive
across different windows. But the positive correlation effect turns weak in context of highest
and lowest level of market volatility. The trough of varying correlation between market
volatility and collective behavior indicator enable us to describe the trend changes of market
risk. After defining a stability rate, we find the collective behavior of stocks tends to be more
stable and homogeneous in the period of crisis than regular time.

Last, the existing literature usually adopts more complicated methodology (Liu, et al., 2011
and Tse, et al., 2010). We in contrast investigate the underlying mechanism of eigenvalues and
eigenvectors. The proposed measure of collective behavior is rooted in the statistical properties
of correlation matrix. The evidence provides the fundamental reasons for existing patterns
observed, for example, disrupted scale-free network. The high correlated equities returns in the
period of crisis will harm the interest of investors who use the traditional portforlio thery for
asset pricing.
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