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Abstract: The association between bivariate binary responses has been studied
using Pearson’s correlation coefficient, odds ratio, and tetrachoric correlation
coefficient. This paper introduces a copula to model the association. Numerical
comparisons between the proposed method and the existing methods are presented.
Results show that these methods are comparative. However, the copula method
has a clearer interpretation and is easier to extend to bivariate responses with three
or more ordinal categories. In addition, a goodness-of-fit test for the selection of a
model is performed. Applications of the method on two real data sets are also
presented.
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1. Introduction

When studying bivariate distributions, identifying and modeling the association structure
between correlated variables is crucial. This paper focuses on modeling the dependence
between the bivariate binary variables by using a copula. Due to Sklar’s theorem, copulas are
usually applied to model continuous data, and a discrete multivariate distribution has a copula
that is uniquely determined only up to the support of the marginal distributions. Consequently
this raises issues regarding the uniqueness of the copulas. We refer the reader to Genest and
Neslehova [1] and Swihart, Cao, and Ciprian [2] and references therein for more discussions.

Let z denote a finite dimensional covariate vector. Suppose that two binary random
variables X and Y have the following joint probability mass function,

{P(X =0,Y =0|z) = poo(2), PEX =0,Y =1|z) = po1(2), (1)
PX =1Y =0|z) = pyo(2), PX =1Y =1Jz) = p11(2),

and the marginal probability mass functions

* Corresponding author.
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{P(X = 0]z) = po(2), P(X =1[z) = p,(2), @
P(Y =0]|z) = qo(2), P(Y =1|z) = q:(2),

It is common in practice that observations are obtained individually from X and Y , and thus
marginal probabilities p; and g, can be estimated. To suppress notations we will sometimes
omit z. Commonly used estimates of the association include Pearson’s correlation coefficient,
Kendall’s t, and Spearman’s p, among others. In the past decades various efforts have been
made in order to model the joint probabilities based on marginal probabilities and some
correlation index. We briefly describe them below. Suppose that for a given covariate vector z a
logistic equation is used to model the marginal probabilities:

logit [p,(2)] = B3z and logitlqs(2)] = S ;2.

e Prentice [3] used Pearson’s correlation coefficient p = Corr(X, Y ) to determine the joint

probability
P11 = P191 + P/P1P09190;

e Dale [4] and Palmgren [5] employed the odds ratio ¢ = % to characterize the joint
10F01
probability
_{a—\/a b, if p#1,
P11 = ; _
P19, ifo=1,

where a =1+(p; + q1)(@ — 1) and b = ~4¢(¢— 1) p1q1;
* Cessie and Houwelingen [6] considered the tetrachoric correlation and set

P11 = P(W1 < d7(py), W, < 7 (gqy))
-1 -1
=/ ®0 | (q1)¢(t1't2'.0)dt1dt2'

where (Wi, W>) has standard bivariate normal probability density ¢ with the correlation
coefficient p, and ® is the univariate standard normal distribution function. In this
model the existence of latent variables is implicitly assumed.

Note that after the marginal probabilities p; and g, are obtained, the entire joint
probabilities of the two binary variables are uniquely determined once p;, is attained. As being
pointed out by many authors, the Pearson correlation coefficient is not a good dependence
measure in this case because its range may be very narrow when the marginal parameters are
different (McDonald [7]). So, we will only consider the odds ratio and the tetrachoric
correlation models in this paper. For convenience we call p and ¢ association parameters, since
they determine the joint distribution and hence the association between the binary variables.
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There are discussions in the literature about the use of copulas to model the dependence and
joint probability of bivariate binary variables. By our knowledge most existing studies assume
that the copula is independent of covariates, which might not be true in practice. In this paper
we consider that besides the marginal distributions the copula is affected by the covariates as
well. The organization of the paper is as follows. Section 2 introduces copula models and
related back-ground. Model selection is given in Section 3. Applications to two real data sets
are presented in Section 4. Concluding remarks and comments are provided in Section 5.
Detailed mathematical computation of the maximum likelihood estimation is given in
Appendix.

2. Copula models

Suppose that a random vector (W;, W,) has joint distribution function F. Let F1 and F2 denote,
respectively, the marginal distribution functions of W, and W,. If there exists a function C(u, v)
such that

F (Wi, wy)= C(F;(wy), F,(wy)) , for all wy and wy,

then C(u, v) is called the copula of (W,, W,).

Since the choice of copula is independent of marginal distributions, it provides us with a
convenient way to impose an association structure on marginal distributions. In the past two
decades, copula has become a common tool for modeling association in biomedicine, survival
analysis, financial engineering and econometrics, etc. A large number of excellent applications of
copulas can be found in the literature. See for example, Shih and Louis [8], Wang and Wells [9],
Wang [10] and Lakhal-Chaieb [11].

Two of the most popular copulas are Clayton copula (Clayton [12]) and Frank copula (Frank
[13]). Clayton copula takes the form

Cou,v) = (u™® + v=* — 1)"V*, yv € (0,1),
where o > —1 and a = 0, and Frank copula is defined by

—au __ 1)(6’_0”7 _ 1)
e *—1

1 e
Co(u,v) = —Elog (1 + ( >,u.v € (0,1),

where a # 0. For the above two copulas a is called the association parameter. Actually, for
Clayton copula, Kendall’s r can be obtained as a function of a by

o
o+ 2°

T =

and for Frank copula it is
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1 ot _ —at _ q
T=4/ c logE dt + 1.
Jo o e —1

It is seen that for both Clayton copula and Frank copula Kendall’s = is monotone with
respect to the association parameter a, and they both can model the pair of random variables
with either positive or negative association. To select a copula we in the beginning studied five
commonly used copulas (Clayton, Frank, Gumbel, AMH and independent copulas) and then
narrowed down to Clayton and Frank copulas based on the mathematical tractability, the
interpretability in statistics, our data, and the maximum likelihood principle. So from now on
we only discuss Clayton and Frank copulas. In the Appendix we use Clayton copula as an
example to illustrate the procedure of maximum likelihood principle. For more on copulas and
measures of association, we refer readers to Nelsen [14]. Spearman’s p was studied as well.
Similar to Kendall’s 7, Spearman’s p contains an association parameter and the p is strictly
increasing in the parameter for both Clayton and Frank copulas. So in terms of this property
Kendall’s = and Spearman’s p are alike. However, since Kendall’s = is more convenient to use
because of its explicit expression between the = and the association parameter, we shall from
now on focus on Kendall’s + alone.

Let Ca(z)(u: v) denote Clayton or Frank copula, where u,v € (0,1), and the association
parameter 0(z) is a function of the covariate vector z. Then, in terms of p;(2), q;(z) and Cy (),

the probability p;,(z) is determined by

p11(2)= Cu(z) (p1(2),q1(2)). (3)
As a consequence, other joint probabilities py1, p1o and pyo can be obtained by p,, q; and
P11-

3. The MLE and model selection

Two criteria were employed to help select a model: the maximum likelihood principle, i.e.,
the model that achieves the largest likelihood is selected, and a goodness-of-fit test. Remember
that we shall only consider four models: odds ratio, tetrachoric correlation, Clayton copula, and
Frank copula. We first formulate the likelihood. For the copula model, since the copulas under
study contain one parameter o and the association between the bivariate variables is
characterized by the copula, it is assumed that the copula (or the association) is affected by the
covariates through . Thus, the following three equations completely determine the joint
distribution of the underlying bivariate binary variables.

logit[p1(2)] = B2,
logit[q,(2)] = Bz, (4)
£(2) = P3z,
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where £(z) is a link function, and 1, #> and fs are the corresponding coefficient vectors of
z. For Clayton copula model, £(z) = log(1 + a(z)); for Frank copula model, £(z)= a(z); for the

odds ratio model £(z) = log ¢(z); and for the tetrachoric correlation model #(z) = log 1+EEZ; It

should be mentioned that the choice of the link function in each model is not unique. Note that
once a sample of data is provided, the MLEs f;’s of B;’s in (4) can be obtained, and
consequently the estimate of p,(z), q1(z) and a(z) (hence p;1(2)) can be obtained. For
convenience, we shall call the first two equations in (4) marginal probability equations and the
third association equation.

Suppose (X1, Y;), ---, (X,,, Yy,) are i.i.d. discrete random pairs with joint probability mass
function in (1) determined by (4). Denote z; the vector of covariates corresponding to (x;, ;).
Then, the log-likelihood function takes the form

n

L(O;x,y,z)= Z Miwi, 5)
i—1
where
01 Teth
B1 05 . rI
= ¢ = o zi(1l— )
" (?) RN o (1 — =)y
- Oa (1 —2)(1—w)
and
log p11(2;)
- log (p1(zi) — p11(2:))

log (q-l (z:) —Pll(zi))
log (14 p11(z:)) — p1(z:) — q1 (1)

The maximum estimator of 0 is
6 = argmax L(6; x,v,z). (6)

Generally, the optimization problem (6) has no analytic solution, and thus 8 has to be
numerically achieved by solving the following likelihood equations

i 'V, H(B)w; = 0, @)

-

where
p11(2i) 0 0 0
; 0 poi(z:) 0 0
Vi (6) 0 0 '}310(21') 0
0 0 0 poolz;)

and
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dp11 Opn Ip11

W o 5,

O O Op10

, _ | 86y by dba
Di(6) = Ipor  Opoi Ipoi
o e 5,

dpoo  Ipoo Ipoo

W o 5,

The estimated covariance matrix of the MLE 8 of € is given by

i
3 [Du(d)]' [Vid)] ' Di(6),
i=1

using the inverse of Fisher’s information matrix evaluated at 8.

In general, the log-likelihood function and likelihood equations can be rather complicated
and do not have explicit expressions. However, the likelihood equations with Clayton copula do
have explicit forms, which are presented in Appendix.

In order to select a suitable model (odds ratio, tetrachoric, or a copula) to fit a data set, we
used the maximum likelihood principle, i.e., the model that achieves the largest likelihood is
considered to be selected. The calculation is based on the log-likelihood equation (5). In
addition, a goodness-of-fit test was also used to help select a model. Since these three types of
models only differ from each other in the associate equation in (4), to compare their
performance, it suffices to test the hypotheses about p,,. For instance, for a copula model the
hypotheses are

HO : pij(z) = Coc(z) (pl(z)' ql(z))v for all Z,
Versus

Hy i pij(z) # Coz)(P1(2),q1(2)), for some z.

Using the expressions of p;4 in terms of the odds ratio and tetrachoric correlation models
in Section 1, one can write similar hypotheses for the odds ratio and tetrachoric correlation
models. This test can be done by implementing the classical Pearson’s x? test. In particular,
suppose the covariate vector z is m dimensional and each component has r; possible values, i
=1, ---,m. Then, there are a total of r; = []%,r; different subgroups with corresponding
covariates zx, k =1, 2,...,r. As an example, if m =2, z, has r;=2 categories (male, female), and
z, has r, = 3 categories (teacher, worker, farmer), then there are r =2 x 3 = 6 subgroups with
corresponding covariates z,=(male, teacher), ---, zg=(female, farmer). With these notations the
Pearson’s x?2-statistic is

= i T (O3 () — B (21))”

Esj(z)

k=11,j=0,1
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with 3r degrees of freedom, where O;; denotes the observed frequency and E;; the expected
frequency, i, j =0, 1. A large value of the test statistic is evidence against the null hypothesis.
We must point out that if there are continuous covariates they need to be discretized before
performing the goodness-of-fit test. As will be seen in Section 4 below, in which two data sets
are analyzed by using the maximum likelihood principle and the goodness-of-fit test, for
Colliers data, Clayton copula is selected and for Chronic bronchial reaction data, Frank copula
is preferred.

4. Two applications

In this section, we employ the copula model to analyze two real data sets of binary
responses and compare the results with those obtained from the tetrachoric correlation model
and the odds ratio model.

4.1 Colliers data

The data in Table 1 is from Palmgren [5] and was first presented by Ashford and Sowden
[15]. This table contains frequencies of two self-reported symptoms of pneumoconiosis,
breathlessness and wheezing, among working coal miners in Britain in a survey of the National
Pneumoconiosis Field Trial (Fay [16]). The respondents are grouped by age and classified into
nine equally spaced five-year age groups. A covariate is used for the age groups (the second
column in Table 1).

Table 1: UK coalminers classified by age and self-reported symptoms

Age group Breathlessness No Breathlessness

in years covariate Wheeze No Wheeze Wheeze No Wheeze Total
20— 24 -4 9 7 95 1841 1952
25 — 20 -3 23 9 105 1654 1791
30 - 34 -2 54 19 177 1863 2113
35 -39 -1 121 48 257 2357 2783
40 — 44 0 169 54 273 1778 2274
45 — 49 1 269 38 324 1712 2393
50 — 54 2 404 117 245 1324 2090
55 — 59 3 406 152 225 967 1750
60 — 64 4 372 106 132 526 1136

Table 2: Log-likelihoods for copula models

Clayton Frank
-12858.4592 -12861.8206
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than Frank copula, so between these two Clayton copula seems more suitable for this data.
In addition, the likelihood values of Clayton and Frank copulas are presented in Table 2. We
find that Clayton copula has a larger log-likelihood, although the difference is small. Based on
the above two points, Clayton copula is preferred.

Table 3 below contains the MLE of the parameters in equations (4) for all three models
under study. A score test was used to obtain the p-values. In this table, Breathlessness
represents the first logistic equation for marginal probability p;, Wheeze represents the second
logistic equation for marginal probability q,, and Association represents the correlation
equation for a corresponding model.

As expected, the estimations of corresponding regression parameters of the marginal
probabilities among the three models are nearly identical. Although the log-likelihood of the
copula model is slightly smaller than those of the other two models, we still prefer Clayton
model to the other two models for the reason that Clayton copula presents a simple, convenient
connection between o (hence Kendall’s 7 ) and covariates z by equation (4), which helps
interpret the result. For example, in Table 3 the estimated slope 0.0832 of the association
equation parameter of Clayton copula is significantly positive, which implies that the
association between

Table 3: Parameters estimations for Colliers data

Intercept  Age group

Model Log-likelihood
(p-value)  (p-value)
-2.2621 0.5140
Breathlessness 6 6001)  (<0.0001)

. . -1.4871 0.3253 [
Tetrachoric Wheeze (<0.0001)  (<0.0001) -12858.0485
Associati 2.0212 0.0192
ASSOCIANOn 0.0001)  (0.18016)

-2.2625 0.5145
Breathlessness 6 6001)  (<0.0001)
. . -1.4878 0.3254 -
0Odds ratio Wheeze (<0.0001)  (<0.0001) -12858.0138
Associati 3.0219 -0.1314
ASSOCIAMON (0.0001)  (<0.0001)
-2.2616 0.5141
Breathlessness — _ 6001)  (<0.0001)
-1.4880 0.3252
lay 3 Vhee -12858.4592
Clayton copula Wheeze (<0.0001)  (<0.0001) 12858.459
L. 0.7806 0.0832
Association

(0.00015)  (<0.0001)

Breathlessness and Wheeze increases as the coal miners get older. That is, the two symptoms will have a
higher probability to occur simultaneously as the age of a coal miner grows. Comparing to Clayton
model, the odds ratio and tetrachoric correlation models do not have this straightforward interpretation.
To perform the goodness-of-fit test, we used the cross validation method. Let us take Clayton copula
as an example to explain the procedure. The entire data set is composed of 9 age groups. There are 1952
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subjects in group 1 (age 20-24). We imagine that these 1952 subjects are labeled from 1 to 1952; the

second group has 1791 subjects and are labeled from 1953 to 3743 (1952+1791). Continuing doing this

for all other seven age groups labels all subjects from 1 to 16122.

Step 1. Equally divide the entire data into 20 sub-groups, roughly 806 subjects in each sub-group.
Subjects in each sub-group are selected randomly by tag numbers from 1 to 16122, like non-
replacement lottery numbers. The first 806 random numbers constitute sub-group 1, and the
second 806 constitute sub-group 2, etc. For each of the elements in sub-group 1, identify where it

was in the original data. Therefore, sub-group 1 is a random subset of Table 1, the original data set.

Similarly, all the other 19 sub-groups are random subsets of Table 1.
Step 2. Use one of the sub-groups to find the MLE of p;; based on (3) and the other 19 sub-groups as test

data sets. Thus, the x? goodness-of-fit test generates 19 p-values. Repeat it for every sub-group.

We have done the above for 20, 35, and 50 equally divided sub-groups for Clayton copula, odds

ratio, and tetrachoric correlation models. The result was that around 85% of the p-values were greater
than 0.10 consistently across all three models and all three different number of sub-groups. Our thoughts
on why 15% of the models did not pass the test include (a) the link function in equation (4) might not be
appropriate and (b) more covariate(s) may be needed; “age” alone is not enough. A more precise
comparison among the models has to be done by simulation studies. We will conduct the research in the
future.

4.2 Chronic bronchial reaction to dust

Table 4 contains a summary of the data presented in Tutz [17]. The research was supported
by the German Research Foundation. The objective of the research was focused on chronic
bronchitis and dust concentration in order to determine the safe limits for the dust exposure in
the workplace. All data were collected among the employees of a Munich factory (1246
employees) between 1960 and 1977. Each employee in the data had two responses: chronic
bronchial reaction (yes or no) and smoking status (smoking or nonsmoking) along with two
covariate variables: the concentration of dust z, in the workplace and the years of exposure to
dust z,. Both z1 and z2 are classified into four subgroups each. We use the midpoint of each
interval (subgroup) as the covariate value.

Table 4: Chronical bronchial reaction to dust

Concentration Years of Smoking (Yes) Smoking (No)

of dust exposure Yes No Yes No Total
0.20 — 4.00 3-30 71 309 16 129 525
0.20 — 4.00 31-66 46 148 15 47 256
4.01 —24.0 3-30 70 151 9 71 301
4.01 —24.0 31-66 54 72 11 27 164

The likelihood comparison in Table 5 shows a slightly larger value for Frank copula.
Meanwhile, as mentioned before Frank copula has no tendency for either positive or negative
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Table 5: Log-likelihoods of various copula models

Copulas Clayton Frank
Log-likelihood -1352.5238 -1352.2510

association. Thus, we select Frank copula to fit this data. Table 6 below presents the maximum
likelihood estimations of the regression coefficients of equations (4) and their corresponding p-
values using the traditional score test.

Note that in the association equations of all three models the estimated regression
coefficient of z; (dust concentration) is positive with a p-value around 0.05. It shows some
evidence that the association between smoking and chronical bronchial reaction to dust gets
stronger as the concentration of dust in the working place grows.

As far as the goodness-of-fit test is concerned, the data set was equally divided into 4, 6,
and 8 sub-groups. The result was similar to that of the previous example in terms of the test
rejection rate for all three models. Therefore, the conclusion is that Frank copula, odds ratio,
and tetrachoric correlation models are competitive for modeling this data set.

5. Discussion and concluding remarks

A copula procedure is introduced to model the correlation of two binary variables.Although
numerical examples indicate that the copula method does not outperform the existing odds ratio
model or tetrachoric correlation method, the copula-based method has the advantage of
extending easily to handle any discrete bivariate responses.

Pearson’s correlation coefficient p describes only the linear relationship be-tween two
variables. That is, two variables can have a value of p nearly zero, although they are perfectly
quadratically related. By contrast, odds ratio and copula models do not suffer from such a
problem, and instead they can describe all types of association. In terms of this, copula and
odds ratio models are more practical than Pearson’s correlation coefficient model. Although we
are restricting ourselves to the Archimedean family of copulas (McNeil et al [18]), the family
covers a wide range of copula selections and thus is capable of capturing various association
structures. Meanwhile recall that the tetrachoric correlation model uses a pair of bivariate
normally distributed variables to model the joint probability p;,, S0 itis less flexible in practice.
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Table 6: Estimations of parameters

Intercept  Concentration Exposure

Model (p-vale) (p-value) (p-value) Log-likelihood
Simoke 0.9963 0.0019 0.0016
(<0.0001) (0.46834) (0.42328)
Tetrachoric Reaction (;20—380%51} ([SIE?OSDIIOI] (30033;1} -1352.3828
- 0.5024 0.0708 -0.0096
assoclation g 18446)  (0.05568)  (0.27918)
Smoke 0.9971 0.0028 0.0015
(<0.0001) (0.44979) (0.40394)
. . -2.4884 0.0859 0.0395
Odds ratio Reaction (<0.0001) (<0.0001) (<0.0001) -1352.2431
N 0.8887 0.1068 -0.0191
assoCAtON () 02930)  (0.04790)  (0.10837)
Simoke 0.9969 0.0020 0.0015
(«<0.0001) (0.46379) (0.38817)
Frank copula  Reaction (;20%%%31) (3005(;81) (SODE}D)(?[_)I]) -1352.2510
1.6772 0.2079 -0.0352

assoclation

(<0.0001) (0.04690) (0.01695)

According to McDonald [7], the MLE's of g, and 8, obtained through the Pearson's
correlation coefficient model or through the odds ratio model are comparative, none of the
models are superior to the other. Cessie and Houwelingen [6] compared the odds ratio model
and the tetrachoric correlation model using a data set in Verloove and Verwey [19], and showed
similar results. Meanwhile, our calculations indicated that the MLE’s of $; and 3, obtained
by copula models considered in this paper do not outperform the MLE’s by either the odds ratio
model or the tetrachoric correlation model for bivariate binary data. Therefore, for binary data
all these models are competitive. However, when variables are ordinal with three or more
categories, copula models can be adopted straightforwardly to characterize the association just
like in the bivariate case, while the odds ratio model is less convenient in this scenario although
doable by using some transformations (McCullagh and Nelder [20] and Liang et al. [21]).

When Kendall's = or Spearman’s p is used to measure the strength of association between
two binary variables, copula models can provide an explicit expression between the covariates
and Kendall's = or Spearman's p. Clayton copula is a typical example. This explicit expression
can help us study more properties of the variables. By contrast, the odds ratio and other models
are not as convenient as copula models in this regard.

Likelihood equations in Clayton copula model

Recall that the association structure of Clayton copula is

Couv)=(u™® +v % -1V, yve©1), a>-1
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Based on equations (4) we denote

z1 Bk
z=1 By = : , k=123

Zm .Bm_.k
Then, d=3m and

9’ = (91; R Qd) = (ﬁl,l: rﬁm,lr 31,2: "-rﬁm,zr ﬁ1,3r rﬁm,S)
Let L(x) = ——

gt tom ((BB1a0) ™ (1(50) 1 1)
log (L(ﬁizi) — ((L(_gizi))—eﬁaz‘u N (L(ﬁézi))_eﬁ&zh"l ~ 1) _(_--f'ézla_l)
log (L(_ﬁézi) - (( L(_ﬁizi))_esaz‘ﬂ f (L (I%z%_))_ea;z%l B 1) ‘ﬁ)
log (1 — L(B1z:) — L(Byz:) + ((L(,Bizi-))—eﬁﬁzwl . (L(ﬁézé})_eﬁazgﬂ - 1)_ﬁ)

ni =

The elements of the likelihood equation (7) have the explicit forms:
—8'63 % 7 _g-ﬂ,"_!zt - 7:_
M(EP‘) = cliag { ([L(ﬁizz}] +1 + [L(ngﬁ)] +1 _ 1) P -1
ot ot —eﬁéz"—Fl 7] _g-ﬂ.'(sz’t_p]_ _#
L(Biz) - ([L(B1)] + [L(B3=0)] 1)
—eﬁgﬂza 7 _8.3{;2‘ N __éile—
L(By=) — ([L(81=0)] 7 + [L(Bhe)] ™+ = 1) T,
— L(ﬁiza) — L(ﬁéza) + ([L(ﬁizl)] —efa%i41 + [L(ﬁézz }] _efamiag o 1)_c§3z1_L } ,

and for j=1,...,m, the components of the jth column of D;(8) are
B4z,

a - - - _L‘z— —e'j{iz%-pl
( ;611)1 :l _'_z‘a‘“fﬁ’iz% [(L(ﬁizi}) e + (L(ﬁézl}) esnHl - 1] t.'S-'S 11 (L(ﬁizl}) '

S
:| —eP3% }
7
a4
Aaz;

(
(%E) e (ws) Bﬁﬁz‘“_1]‘M(L(ﬁ;zi})‘eﬁﬁz”+l,
(

3 i i ; , _cﬁl,;‘ 4 ; _eﬂfz% . % _e,ﬁ‘éz,
pon) = “:r ;;3312) {[L(.Blzz'}((L(.ﬁlzi)) Ly (L(B321)) e 1) ™ ‘—]_:| — 1} ,

Ip1oy _ zigL(Biz) B o oy =P e oy —eBA ‘.ﬁlea_
99; ) 1+ ePim {l [L(,S’lzg)((L(;Slzz}) + (L(Bh=4)) 1) AT -1
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forj=m+1,...,2m,

’
c-ﬂ3za

(a;fi:)f o [(L(B120) "+ 4 (L(Bz0) > — 1] 7750 (L(Bye) )
(%Jéo)% :zul—iiéffim {1 - [L(,Bng) ((Lfﬁizi))_eﬁézul + (L(ﬁézi))—eﬁiz‘ﬂ B 1) ﬁ} _e-ﬂaz‘} |
(B2), =g [(ea) ™™+ (L)~ 1] (i )

(a;g)s :zisil—riéfizi) { [L('Bézi) ((Lﬁﬁizi))_e%z‘ﬂ + (L (;3§z3-))—8‘35““+1 B 1) C-B’gig_li| e 1} |
and

(apn) P om
T

’ —efin ’ — ey l’z
90; /i _(61353' 1) [(L{ﬁlzz)) . + (L(ﬁgzi)) W _ ]_} 1-cP3%

. {k)g ((L(B120) ™+ 1 (L(8g) ™41 1)

(=B [ = LB (L) + (26 (£ - @)
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