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Abstract: This article addresses the various mathematical and statistical properties
of the Burr type XII distribution (such as quantiles, moments, moment generating
function, hazard rate, conditional moments, mean residual lifetime, mean past
lifetime, mean deviation about mean and median, stochasic ordering, stress-strength
parameter, various entropies, Bonferroni and Lorenz curves and order statistics) are
derived. We discuss some exact expressions and recurrence relations for the single
and product moments of upper record values. Further, using relations of single
moments, we have tabulated the means and variances of upper record values from
samples of sizes up to 10 for various values of the o and . Finally a characteriza-
tion of this distribution based on conditional moments of record values and
recurrence relation of kth record values is presented.
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1. Introduction

Record values are used in many statistical applications, statistical modeling and inference
involving data pertaining to weather, athletic events, economics, life testing studies and so on.
For example, Guinness World Records, fastest time taken to recite the periodic table of the
elements or shortest ever tennis matches both in terms of number of games and duration of time
or fastest in- door marathon, etc. People make several attempts to make records but records are
made only when the attempt is a success. Usually, we don’t get the data on all of the attempts
made to break the records around the world. The data that we have are the records. Because of
importance of record values in many fields of application, these kind of ordered data have been
extensively studied in the literature. There are hundreds of papers and several books published
on record-breaking data and its distributional properties (see, for instance, Chandler (1952),
Resnick (1973), Shorrock (1973), Glick (1978), Nevzorov (1987), Ahsan- ullah (1995),
Balakrishnan and Ahsanullah (1993, 1994), Grunzien and Szynal (1997) and Arnold et al. (1992,
1998)). Hence, it is pertinent that one has to study the properties based on records. The concept
of recurrence relations has  its own importance. They are useful in reducing the number of
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operations neces- sary to obtain a general form for the function under consideration. Furthermore,
they are used in characterizing the distributions, which is an important area, permitting the
identification of population distribution from the properties of the sample. Recurrence
relations and identities have attained importance as it reduces the amount of direct computation,
time and labour.

The Burr type XII distribution was first introduced in the literature by Burr (1942) and has
gained special attention in the last two decades or so due to its broad applications in different
fields including the area of reliability, failure time modeling and acceptance sampling plan and
so on. For instance, Wang and Keats (1996) used the maximum likelihood method for obtaining
point and in- terval estimators of the parameters of the Burr XII distribution. Abdel-Ghaly et al.
(1997) applied the Burr type XII distribution to measure software reliability. Zimmer et al. (1998)
also studied statistical and probabilistic properties of the Burr type XII distribution and described
its relationship to other distributions  used in reliability analyses. Moore and Papadopoulos
(2000) derived Bayesian estimators of the parameter and the reliability function for the Burr type
XI1 distribution under three different loss functions. Ali Mousa and Jaheen (2002) considered
Bayesian estimation of the parameters of the Burr distribution based on progressively censored
samples. Wu and Yu (2005) proposed pivotal quantities to test the shape parameter and establish
confidence interval of the shape param- eter of the Burr type XII distribution under the failure-
censored plan. Li et al. (2007) proposed the empirical estimators of reliability performances for
Burr XI1 distribution under LINEX loss function. Wu et al. (2007) used the maximum likelihood
method to derive the point estimators of the parameters for Burr type XII distribution. Prediction
of future observables from Burr type XII distribu- tion was studied by AL-Hussaini (2003), AL-
Hussaini and Ahmad (2003), Kumar (2016) have derived ratio and inverse moments of Marshall-
Olkin extended Burr type XII distribution based on lower generalized order statistics and
Constant partially accelerated life tests for Burr XII distribution with progressive type Il
censoring was investigated by Abdel-Hamid (2009) and Singh and Shukla (2017), among others.

The two parameter Burr type XII distribution which is denoted by Burr XII (a, B) has the
following probability density function (pdf ) of the form

flra,B)=af 2 11+ 22"+ 250, a,f>0
1)
and a cumulative distribution function (cdf )
Flra.f)=1—-(1+2YF. 250, a.f> p.
)

where o and B are shape and scale parameters, respectively. Note that the Figure 1
illustrate some of the possible shapes of the pdf of the Burr XII (o, ) for selected values of
the parameters o and .
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Figure 1: Burr XII(a, B) density function

Recurrence relations for single and product moments of kth record values from Weibull,
Pareto, generalized Pareto, Burr, exponential and Gumble distribution are derived by Pawalas
and Szynal (1998, 1999, 2000). Sultan (2007), Kumar(2015, 2016) and Kumar et al. (2015,
2017) have established recurrence relations for moments of kth record values for modified
Weibull, generalized Rayleigh, type-l generalized half logistic and Kumaraswamy-Burr 111
distributions respectively.

The rest of this paper proceeds as follows. In Section 2, we first describe briefly the
preliminaries of record values. We derive some mathematical and statical properties of this
distribution in Section 3. In Section 4, we derive the explicit expressions and recurrence
relations for single and product moments. In Section 5, characterization of the distribution
based on conditional moments  of record values and recurrence relation of kth record values
are established. Numerical results are presented in Section 6. Finally, in Section 7, we make some
concluding remarks.

2. Record Values and Preliminaries

Let {Xn, n > 1} be a sequence of identically independently distributed (i.i.d) random
variables with pdf f (x) and cumulative distribution function (cdf) F (x). The j—th order statistics

of a sample (X1, Xz, . .., Xpn) is denoted by Xj:n. For a fix k > 1 we define the sequence {U
(k)(n), n> 1} of k upper record times of X3, X4, . .. as follows:
U ®(1) =1,

U ®(n + 1) = min{j > U ®(n) : Xjjeer > Xu (KU ©O)+k 1}
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The sequences {Zflk), n> 1} with Z,Sk)z Xicu gomyek—1, N =1, 2, ..., are called the sequences
of kth upper record values of {X,,n>1}. For convenience, we shall also take Z'” = 0. Note
that k =1 we have Y,(ll) = Xum, n>1, i.e.record values of {X,, n>1}.

The joint pdf of kth upper record values Zik), Z;k), Cee Z,(lk) can be given as the joint pdf
of kth upper record values of {—Xn, n> 1}, Pawlas and Szynal (1998)

n—1
. . I1 Flzi) Y pre vk—dgpa -
f:%“. LB ) = k" (!:1 1 — F?[:a','l _I.—F'll'n,l]A : (Zn), 21 < 29 < ... < Zn.

cesgpy

In view of above equation, the marginal pdf of ijk()n) , n>11s given by

. T1

[ CE e TR B R =1 £
fy (@) = Gy IE@IT @)/ (@)
3
and the joint pdf of ng)) and X,(lk), 1 <m<n,n>2is given by
AL - -1
Yy .-'.-|{: 1Y) = —1 F{. 1 —
f-‘i;.-f‘ X Y (m—1)(n—m— 1}![ ()]
= L . T)
x[—InF(y) + InF(z)]" ™ 1 [F(y)]* ]J_P(, ’ff[-yj, T <,
) F(z) @

where F (x) =1 —F (x).
3. Statistical and Mathematical properties

In this section, we give some important statistical and mathematical measures for the Burr
XIlI(a, B) like quantiles, moment generating function, moments, hazard rate and mean residual
life functions, mean past lifetime, conditional moments, Stochastic ordering, mean deviation
about mean and median, Shannon and R"enyi entropy, order statistics, stress strength parameter.

Quantile functions are in widely used in general statistics and often find repre- sentations in
terms of lookup tables for key percentiles.From(2), it follows that the p—th quantile function
F ~!(p) of the Burr XII(a, B) is given by

p)=[1—-p) VP -1"* 0<p<1.
Q(p) =[(1 —p) ] I )

In particular, the first three quantiles, Q1, Q2 and Q3, can be obtained by setting p = 0.25, p
=0.5and p =0.75 in equation (5).

The effects of the shape parameters o and P on the skewness and kurtosis can be
considered based on quantile measures. The Bowley skewness (Kenney & Keeping 1962) is one
of the earliest skewness measures defined by
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Q3 +Q(H)—20(})

Q) -
where Q(3/4) = ((0.25) ' — 1)V«  Q(1/4) = ((0.75)# — 1)) and Q(1/2) =((0.50) "# — 1),

Since only the middle two quartiles are considered and the outer two quartiles are ignored,
this adds robustness to the measure. The Moors kurtosis (Moors 1988) is defined as
@) -e®+e{E -3

R(E)-Q() ‘

where Q(3/8) = ((0.625) "# — 1)V Q(1/8) = ((0.875) "F — 1)V, Q(7/8) =((0.125) ""f — 1)V and
Q(5/8) = ((0.375) F — 1)Ve,
Clearly, M > 0 and there is good concordance with the classical kurtosis measures for some
distributions. These measures are less sensitive to outliers and they exist even for distributions
without moments. For the standard normal distribution, these measures are 0 (Bowley) and
1.2331 (Moors).

We hardly need to emphasize the necessity and importance of the moments in any statistical
analysis especially in applied work. Some of the most important features and characteristics of a
distribution can be studied through moments (e.g., tendency, dispersion, skewness, and kurtosis).

If the random variable X having the Burr XII(a, B). It is easy to obtain the kth moment of X as
the following form

E(JYI"]I:/ ;”fu dx _ui
Jo

B =

M =

(=D (£ +1)
Opl"( +1—p)la(f+p)—k]

(6)

Hence in particular we have

o oo [—L}*"F (14+1)
ELYJ=[ rf(z)dr = af o -
i Z

}Jll_ —p) [a(B8+p)—1]

~ TR
EXE'zf dr = af a )
S v f(@)de = Z ol +1-p)[a(f+p)—2]

0

o [ ( J"F (2+1)
E(X? =f S f(x)dr = of
A5 0 f(z)dz =qf Z piT ( p) [a(B + p) — 3]

and

- 20 (—1) P]"( \]
E(XY= [ af B |
(X1 ﬁ v’ f(x)de =y Zpr( +1-p) [a(B+p) — 4]

p=0 o
The variance, skewness and kurtosis measures can now be calculated using the relations
Var(X) = E(X?) - EX(X),
E(X3) —3E(X)E(X?) + 2E3( (X)
Vard/2(X)

Skewness(X) =
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E(XY —4E(X)E(X?) +6E(XHEX(X) — 3EY(X)
Var2(X) '

Kurtosis(X) =
3.1 Moment Generating Function
Many of the interesting characteristics and features of a distribution can be obtained via its

moment generating function and moments. Let X denote a random variable with the probability
density function (1). By definition of moment generatmg function of X and using (1), we have

Mx(t) = E{f:‘”'}:j e f(z)dx
0
lJ}JJl"{ )

o0 o0
= -
Z Z p'l" =+ 1) [a(B+p) —i]

()
3.2 Hazard Function and Survival (reliability) function
The basic tools for studying the ageing and reliability characteristics of the system are the

hazard rate (HR) and the mean residual lifetime (MRL). The HR and the
Table 1 Mean,variance,skewness,kurtosis and coefficient of variation for f = 5and some values of a

Mean Variance Skewness  Kurtosis Ccv
0.814695 0.625704 0.007627 3.712924 0.970933
0.599551 0.455234 0.000202 0.876736 1.125359
0.520236 0.402862 0.031172 0.839334 1.220050
0.477495 0.371550 0.09062 0.899750 1.276556
0.450534 0.349823 0.149939 0.971513 1.312794
0.431915 0.333685 0.201877 1.038074 1.337427
0.418265 0.321175 0.245632 1.096193 1.354938
0.407820 0.311178 0.282115 1.145926 1.367842
0.399567 0.302999 0.312509 1.188334 1.377625
0.392879 0.296180 0.337962 1.224531 1.385221
It appears from the results that the mean of Burr Xll(«, ) is greater than its variance.

O© 00 NO Ok~ WDN PP

=
o

MRL deal with the residual lifetime of the system. The HR gives the rate of failure of the system
immediately after time x , and the MRL measures the expected value of the remaining lifetime
of the system, provided that it has survived up  to time X . Thus the hazard rate function of the
Burr XII(a, ) distribution is given by

flz) ofa™ (142 FHY r>0, a,f>0
1 —F(z) 1—(1+z2)-8 A L ©

hixz) =

The reliability function R(x), which is the probability of an item not failing prior to some
time t, is defined by R(x) = 1 — F (x). The reliability function of a Burr XII(a, B) is given by
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Riz) = (1+z%)75,
(x) = ( ) )

3.3 Conditional moments

For the Burr XII(a, ) distribution, it can be easily seen that the conditional moments, E(X"|X

> Xx), can be written as E(X"|X > x) = % Jn(X), where

_ -
Jnlz) = [ y" fly)dy = aff E \ }k (o ) [ : (z)] - ‘
Jr ! pIT(£+1—p)[ap+B5)—Fk

(10)
where T'(.) = f0°° t*'e’t dt represents the complete gamma function and S(x) = 1 — F (x)
defined in (9).

= | A o | . ; -
" w a.=1.5p=0.1 - 1 ' a=21p=15
o == a=20,p=15 o - = =35 p0d
]I‘n == w=15p=05 I. ‘! -=- o=55p=05
= Tl =08 p =15 o | | ! 015 5-08
= i o ] \
1 \' \ \
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N v 24 1 \
= 1T =1 | .
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Figure 2: Burr XII(a, B) hazard function
An application of the conditional moments is the mean residual life (MRL). MRL function
is the expected remaining life, X — X, given that the item has survived to time x. Thus, in life
testing situations, the expected additional lifetime given that a component has survived until time
x is called the (MRL). The MRL function in terms of the first conditional moment as
my(r)=FEX—z|X > x) =

S@) Ji(z) — .

(11)

where Ji(x) can be obtained from (10) where n = 1.
Another application of the conditional moments is the mean deviations about the mean and
the median. They are used to measure the dispersion and the spread in a population from the

center. If we denote the median by M , then the mean deviations about the mean and the median
can be calculated as
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{n &
dy = [ r—p| flz)dr =2pF (p) — 2p + 2J1(p)
J0

(12)
and

oy = / |z — M| f(z)der = 2J; (M) — p.

Jo (13)
respectively. Where Ji(n) and J1(M ) can obtained from (10). Also, F (u) and F (M) are easily
calculated from (2).

3.4 Mean Past Lifetime (MPL)

In a real life situation, where systems are usually not monitored continuously, we often
might be interested in knowing the history of the system e.g. when the individual components
have failed. Let us assume that a component with lifetime X has failed at or some time before X,
x > 0. Therefore the conditional random variable x — X|X < x will state the time elapsed from the
failure of the component given that its lifetime is less than or equal to x. Hence, the mean past
lifetime (MPL) of the component can be defined as

() - o Jo F(at
klr) = EFa-X|X<z|=2- “Fa)
3 - (—1)P T'(L +1
— e o, -_52 ll ) ( ‘|‘ ) . _
= +2)P g p T (3 +1-p) [alp+B) — 1]

., l—_u—d
x [{1—(1—;:-“}—-'-‘}“ —1].

3.5 Stochastic ordering

(14)

Stochastic ordering is a tool used to study structural properties of complex stochastic systems.
For example, it is useful for controlling congestion in information transfer over the Internet, for
deening treatment-related trends in clustered binary data, and ordering expected welfare income
under differentent mechanisms of allocating rewards. There are different types of stochastic
orderings which are useful in ordering random variables in terms of different properties. Here we
consider four different stochastic orders, namely, the usual, the hazard rate, the mean residual
life, and the likelihood ratio order for two independent Burr XII(a, ) random variables under a
restricted parameter space. If X and Y are independent random variables with CDFs FX and FY
respectively, then X is said to be smaller than Y in the

+ stochastic order (X <« (Y)) if Fx (x) > Fy (x) for all x

* hazard rate order (X <pr (Y)) if hx (x) > hy (x) for all x

* mean residual life order (X <mn (Y)) if mx (x) > my (x) forall x

* likelihood ratio order (X <y (Y)) if fx (X)/ fy (X) decrease in x.
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The following results due to Shaked and Shanthikumar (1994) are well known for
establishing stochastic ordering of distributions.

X<pY=X < Y=X<,Y
{
X <Y (15)
The Burr XII(a, B) distribution is ordered with respect to the strongest “likelihood ratio”
ordering as shown in the following theorem. It shows the flexibility of two parameter Burr XII(a,
B) distribution.

Theorem 1. Let X ~ BurrXIl(as, B1) and 'Y ~ BurrXII(az, B2).If 01 = a1 = a and B1 > B2,
then X <, Y, X <n Y, X <mn Y and X < Y . Proof. The likelihood ratio is

f.\' |;.'I‘:| k1 ."i] s 1 Ll + o ) —(B1—1)
fr(z)  agfe z22-1(1 4 z02)—(B2-1)

Thus,
') (81 + Dax®logx (B2 + 1)x™2logx
= (] — va) — )
1+ x™ 1+ x™2 (16)

i fxla

— g

dx o9 fy(x)
Now ifas =az =oaand f1 > 2 then %log
XSIrY,XSth,XSmrIY and X < Y .

IX®) — ), which implies that X <, Y and hence
fy®»

3.6 Bonferroni and Lorenz curve

Boneferroni and Lorenz curves are proposed by Boneferroni (1930). These curves have
applications not only in economics to study income and poverty, but also in other fields like
reliability, demography, insurance and medicine. They are define as

1 4
Bp) = —f xf(x)dx
ML
B Jo (17)
and
1 q
Lip) = —[ rf(x)dr,
HeJn (18)
respectively, where u = E(X) and q = F “}(p). By using (1), one can reduce (17) and (18) to
L aBg (—1Fr(L+1)
By = Egm T(L+1—k)ak+h) —1]

Ay L—k—8
P [{L—(Hq‘-‘r-j}" —1}.

(19)
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- vk UL
Lip) = ﬁz ]l: 1) l__[:f.tl—l_l) .
H k=) ILI 1_ [H + 1 — -Ir] _['l'lJi-.' I ,l-f,l — l]

J.— 1 + oy —f3 J_‘_}\_j _
[ q-) 1|,

X

(20)
respectively.

3.7 Entropies

An entropy provides an excellent tool to quantify the amount of information (or uncertainty)
contained in a random observation regarding its parent distribution (population). A large value
of entropy implies the greater uncertainty in the data. The concept of entropy is important in
different areas such as physics, probability and statistics, communication theory, economics, etc.
Several measures of entropy have been studied and compared in the literature. If X has the
probability distribution function f (-) Renyi entropy (Renyi, 1961) can be expressed as

Hy(z) = liﬁln( f'”"(;rjrf:r). 550, 641
[1]

| -
— — 1 T+ ';
— ﬁ-(ﬂ 1)Ina + plnf] + T35

r (—”"f”_.f :'_]) r (2 +p(B+1)— —*""f“_a”_])
Cp(B+1)+2)

% In

(21)
when 8 — 1, the Renyi entropy converges to the Shannon entropy.For furthers details,
see Song (2001).

3.8 Stress Strength Reliability

In reliability theory, the stress-strength model describes the life of a component  or item
which has a random strength X1 that is subjected to a random stress X,: The component fails
instantaneously when the stress applied to it surpass the strength, and the component will
function satisfactorily/acceptably whenever X; > Xz: So, R = Pr(X; > X;) is a measure of
component reliability. Its applicability is found in many spheres especially in engineering such
as structures, deterioration of rocket motors, fatigue failure of aircraft structures, the aging of
concrete pressure vessels, etc. Extensive work on estimation of reliability of stress-strength
models has been done for the well known standard distributions. However, there are still some
distributions (including generalizations of the well- known distributions) for which the form of
R has not been investigated. Here, we derive the reliability R when X; and X, are independent
random variables distributed with parameters (a1, f1) and (a2, 2), then
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R = PXy<Xq) fo][.?')F_J[;i'Jff.‘I'

?.(.'t'_—] 1
= o — |1 - —— ) dr.
L ]f(l—k.?"”]‘j'-"'] ( [l-l-.?"m]-‘ji)
0
If 01 = 02 = a then

R—3 [(1+8;—a) T(1+5 + 8- (.l])
~\TTa A T1+B1+p5) /)

(22)

(23)
3.9 Order Statistics

Moments of order statistics play an important role in quality control testing and
reliability to predict the failure of future items based on the times of few early failures. Thus,
the kth order statistic of a sample is its kth smallest value. For a sample of size n, the nth order
statistic (or largest order statistic) is the maximum, that is,

X(n) max {Xl, Xz, Cey Xn}

The sample range is the difference between the maximum and minimum. It is clearly a

function of the order statistics:
range{Xi, X2, . . ., Xn} = X(n) — X(1).

We know that if X(1) < - - - < X(n) denotes the order statistic of a random sample Xg, . . .,
Xn from a continuous population with cdf Gx (x) and pdf gx (x) then the pdf of X is given
by

n!

gx,, (¥) = ————gx(2) (Gx ()" (1 - Gx (x))" .

- (7 —1ln —3)! (24)
forj=1,...,n. The pdf and cdf of the jth order statistic for a Burr XII(a, B) distribution is given
by

Bt 1 vt i tm 11}
o) =5 = 11 )!(n —JHZ‘ ( )“ + @) An—irutl)-l
u=>0 (25)
and

Gjonl(z) ZZ{ ( ) (:‘ )[LH 2@y Blutn—t,
=g u= (26)
The kth moments of Xj:n can be expressed



520 THE BURR TYPE XII DISTRIBUTION WITH SOME STATISTICAL PROPERTIES

oo j—1

ko o3 n! it -1
EXG = o ;;
I'(k+1)
-pﬂ.l"( +1-p)a{Blu+n—jF+1)+p}—k @7)

3.10 Distribution of Minimum, Maximum and Median

Let X1, X2, ..., Xn be independently identically distributed order random vari- ables
from the Burr Xll(a, ) having first, last and median order probability density
functions are given by the following

gin(xr) = n[l_G{RI["]'{I}J]ﬂ_l.fl'{-??m-_'ﬁ}
= afnz® (14 %)~ Bntl)

(28)
gun(z) = n[G( (T(n). ‘i']']'F 9(x(n). P)
_ (_t',if'llj:fx_l [1 n ;rl:’.t}—l._'l 1?[1 _ {1 1 _rf.t}]ﬂ—l_.
(29)
and
2m+ 1) . . . . .
Jm+1m L) I:mTLIJ[GLJ ‘b.l']m[l - G(.‘I,‘_. ‘i"J']mg':.I[n}: ‘b.l'
_ af(2m + lJ!J,rx—l M — (1+ i,t’.t}-ﬁ]ﬂl{l QT :1‘0]_:3':”!-'-1:'_]_.
mlm! : (30)

where @ = (o, 5).
3.11 Joint distribution of the ith and jth order Statistics

The joint distribution of the the ith and jth order statistics from Burr XII(a, ) is

”! e i—1 . G— 1—1
DG =i D¢ @ PTG, @) — Gl @)

1 -Gz, )" Ig(z;. ®)g(z;.

l';|
?11(1 j1_ f:: I_lfx 1

gr}j:ﬂ(fh :l‘j,-]

X

x [(1+ -.1-;*}-5 — (1 +22) P11 4 29)~Aln—at D=1, (31)

If i =1 and j = n we get the joint distribution of the minimum and maximum of order
statistics
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Jinnl(T1,2n) = n(n—1)[G(zn, @) — G[.T].{i‘-'}]“_t‘}gl[:rm@)g;[:'n.@)
= a’Fnn— 1)[(1+ 1'”‘)_5 —(1+ Jﬁj_‘j:”_g

I:l-l—;:t'x —(5+ ]]Ll+?4}'_”+1 E.f].‘t—] _.].fr.:—]

x

(32)

4. Moments of record values

In this section we derive explicit expressions and recurrence relations for single and product
moments of kth upper record values from Burr XII(a, B).
4.1 Relations for Single moments

We shall first establish explicit expressions for single moments of kth upper record values,

E((ngl))f) = uﬂ Theorem 1 gives an explicit expression for single moments of kth upper

record valuesand r =1, 2, .. .. Theorem 2 gives an explicit expression for single moments of kth
upper record values and r a negative integer.
Theorem 1. For the Burr XII(a, B) given in (1) with fixed parameters a, B >0,k,n=1,2, ..,
andr=1,2,...,wehave
T/ o r
0 _ (g1mS (- [(L+1)
ik = (91 ; Y pr(L+1—p)(Bk—L +p)"
(33)

where T'(.) denotes the complete gamma function defined by I'(a) = , OOO te1 eldt.

Proof. Using (3), we have
. n
(r)

L = [”_1]1] 2" [—In(F(z))]" F (z)]* 1 f(z)da
_ _(BR)" fu tya 9 =)™ Ldt

n—lﬂ

ria

(£+1) Bk+p—T— i
= . PR g e
n—lﬂZ ;,ﬂl' +l—p)/ |

- (k)" Z[—I)P L {'J; h l] /L w1 e~ (Bktr—T)way,
L-n—lﬂ.p: Pl (Z+1—-p)Jo

where w = —Int and ¢ = [F ()]YB. The result follows from the definition of the

complete gamma function.
In particular, the mean kth record values and the variance kth record values ar
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(1) n r(L+1)
Nn;b - J'HLJ Z _m ETH 1 F
| +1—p) (Bk—L+p) 34)
and
tr]-E::,fc = “:f,:v - [“Jt'k]g
r {g + l:l 2
= JJEL} Z{— e 9 T [“n'k]_"
+ 1—p)(8k — =+ ;
respectively. If k=1 these reduce to the corresponding upper record values for the
Burr XII(a, B).
Theorem 2. For the Burr XII(a, B) given in (1) with fixed parameters a, § > 0,
k,n=1,2,... and ranegative integer , we have
o0 1
g = (BR)" Y (1) rE+)
" = pl' (L +1—p) (Bk—Z +p)
(36)

Proof. Similar to the proof of Theorem 1.

Theorem 3 establishes a recurrence relation for u( ) This result holds for positive as well
as negative r.

Theorem 3: Under assumptions of Theorem 1, and convention an)c =1, u(r)_ 0, we have,

(r) (r) r
g = My pg T aBk [; mn .L + “n L]
" (37)
Proof. Clearly, from (1) and (2), we see that
afF(r)=x(14+2 ") f(x) = 2f () + 27" f(x).
Therefore, from (3) we have
(r) k™ > 1 —
byl = —f "=In(F ()] [F(x)]* f(x)de.
' (n—1)! Jo (38)
Integrating by parts of (38), we obtain
(rp _ ") rk" L[ (B (e IN=1 [ F TR g
Mg = My gt m/{; 2" [=In(F(z)]"[F(x)] dx
(r) rk" R T P SR I - o i R
T Fm = 1] ]{; " [=In(F(z))]"[F(x)) ( e flx)dx
(r) rk” - n—1 k—1
xnja+ﬂﬂm_ljf in(F@)" F @) f @)
rk™ - gl n—1 k—1
afk(n —1)! ][ [HinE@)"F @] (2)da.

The result follows.
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In particular, upon setting n = 1 in Theorem 3, we deduce the following result.
Corollary 1. For the Burr Xll(a, f) given in (1),
(r) r (r—a) (r)
Hik = L5k [ﬂm T #H:k] -
- (39)
If k = 1 these reduce to the corresponding upper record values for the Burr XII(a, ).

4.2 Relations for Product moments

We shall first establish explicit expressions for the product moment of kth upper record
values, E (X ff('fr?,n);k) = yr(;;?k Theorem 4 gives an explicit expression for | <m<nand r,
s=1,2,.... Theorem 5 gives an explicit expression for 1 <m<n,r=1,2,...andsa
negative integer. Theorem 6 gives an explicit expression for 1 <m<n,s=1,2,...andr a

negative integer. Theorem 7 gives an explicit expression for 1 <m <n and both r and s negative
integers.
Theorem 4. For the Burr XII(a, B) given in (1) and for 1 <m<nandr,s=1,2,...,
slo o .
3 r(2+1)
_ (iiLﬂJrJ I;—l:l‘”_r: — cx _ .
ZZ Pl T (2 +1-p)T (£ +1—q)

(L+1)
(Bk+p— ;f‘;}”_m (Bk+p+q— risym’

a ]

[r.s)
o n:k

p=0 g=0

(40)
Proof. Using (4), we hav
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(r.s) _ k" R TS Jay T et 1] 1 f{ﬂ")
o oip = {_m__”!(_n_}n_U]L [r "y [—In(F(x))] F(2)]
X [—In(F(y)) + In(F(z)]" ™ ' [F(2))* " f(y)dydz

kﬂ

— - Pl T m—1 f{lj
 (m—=1)!n—m—1) L ¥ n(F@)] [F(x))

X (/1 v [—In(F(y)) +EH(F{T}J]”"”“'[F{ﬂ"}]}"_lfli-de-y) da

= K * Ll N P m—1 f{lJ
 (m—1)n—m—1)! ﬁ 2"[~In(F(z))] F@)]

o  fe—w 118 s/a
4 (/[; [1 {F{_Zﬁ[i"iia::ﬁ ] .wn—m—l [(_,.—JJ-F{I}]A-dw) dr

Mm-S pT(E+1-p) (k tE- iﬁ)ﬂ_m

X / " (P (2)" [F ()] f(2)de
0

_ L %(_np F(ﬁ-l-l}l

_l! mn—m
(m—1)! &= P!F{;—i*'l_f’)(kJF%_%)

1 .
% / {1 - 2.}?',.“fx[_snz.]m—1E.JSk—p—[’;'}—ldE.
0

n 3o l’l s J-
— 7(”1}‘; O (—1) (£+1) _
S p=0 P!F(%+1—p}(k+§—u—-})

]
r o

r oo ; s
x B™ Z[_l}er(ﬂ——i_l)/. e (Bktpta—{ =} ™ e,

| r 1 —
g=0 7 F [:D: + 1 q} 0 (41)

where w = —In(F(y)) — In(F (x)), z = [F (X)]"* and t = —Inz. The result follows by using
complete gamma function to calculate the integral in (41).
The proof is complete.

As a check, put s =0 in (40) and use (33), we have uf,ffl) = y,(lr).

For simplicity, we denote the (1, 1) — th moment of U, and Um, which are also called the
simple product moment of these records, by pumn).The simple product moments are used
for evaluating the covariances, in other words

Om,n — COV(Um, Un) = HUmn — UmHn.
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Theorem 5. For the Burr XII(a, B) given in (1) and for I <m<nandr=1,2,..., and and
S a negative integer,

a0 T T ( s 1)

(r.5) i@ \Pta @
My = (BE) (=1 T T
m,n:k ;; plg T(£+1-p)T(L+1—q)
I'(Z+1)
=M § oq. g\ T
(Bk+p—2) (Bk+p+q— =2=) (42)
Proof. Similar to the proof of Theorem 4.
Theorem 6. For the Burr Xll(a, f) given in (1) and for 1 <m<nands=1
2, ...,and and r a negative integer,
gfla s : .
(r,s - I'(£+1)
|.?“..\_:I TR v+ ¥
0 = (BE) —1)PH .
Hmne = ;;': S M TE+1-pT(L+1-4)
r(£+1)
n—M /oy gy
('ﬂ-_—}}l— ) (.'I)JEL‘FP‘I‘II}'—PQ) (43)

Proof. Similar to the proof of Theorem 4.
Theorem 7. For the Burr XII(a, B) given in (1) and for | <m <n and and both r and s negative
integers,

FC T o .x(_l_w L(£+1)
I (Z+1)
(Bk+p—2)""™ (Bk )™ (44)

Proof. Similar to the proof of Theorem 4.

Theorem 8 establishes a recurrence relation for ug:;):k. This result holds for positive as well
as negative values of rand s.
Theorem 8.For the Burr XII(a, ) givenin(l)and 1 <m< n—2,

(r.s) _  (rs) 8 (ra—a) (r,2)
Fonk = Hmn—1:k T o ﬂ{_ ok + Honn:k
(49)
Proof: From equation (4) for | <m<n—2,

(r.s) o Tmi—1 f
Hmnk = (m — l}l n—m— 1)! / f ~in(F(@)] [F(x }]
x  [=In(F(y)) + In(F(z))]™ ™ Y EF( r,r;]f‘ Lf(y)dydz.

By integrating by parts with respect to y, we obtain
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(r.s) (r.s) sk™ T -g 1 = —1 f':,?;"
e = bk (F(z))™
Hon nk Hm n—1:k + L(rn _ ” 1 — T — lj] ‘/[; / [ In (x)) ] -F':JJ

x  [~In(F(y)) + In(F(z))]* ™ [F (y)|Fdydz.
(r,s ‘fw‘“ )
B '“’.:’n.-”]‘”"_‘_ k(m —1){n—m — 1)1/ / "y [ In(F (@) 1{_{(3
0 ')
41
x [~In(F(y)) + In(F(z))]" ™" ][Fw 15~ 1(%) fly)dydz.
L
(r.5) sk™ % \1m—1 f':JJ
= s —In(F(z))]™ =
Him -1 T an’ﬁl{m — 1) (n—m —1)! A / Ty Hin(F)] [F ()]
x |[=In(F(y)) + In(F(x))]"~ ”'_][Fw 151 () dyda
sk™ T fs o m—1 f
+ o) :i.fr[m — 1) (n—m—1)! ] f —n(F ()] [F(z }I]
x [—In(F(y)) + In(F(x))]"" ”'_][Fw 1 lf y)dydz.

The result follows.
In particular, upon setting n = m + 1 in Theorem 8, we deduce the following result.
Corollary 2. For the Burr XII(a, B) givenin (1) and 1 <m <n—2,
(r.5) (r.5) g (r.s—ax) (r.s)
Hmm+1:k = Bmom:k +— a Bk |:I“m m+1:k “Jn.m+]:}¢]
(46)

5. Characterization

In this section, we characterize the Burr XII(a, ) based on conditional moments of upper
record values and recurrence relation of single moments of kth upper record values.

Let L(a, b) stand for the space of all integrable functions on (a, b) . A sequence (hn) c L(a,
b) is called complete on L(a, b) if for all functions g € L(a, b) the condition

]
/ glx)falr)de =0, mneN,

o+ 1
implies g(x) =0 a.e. on(a, b). We start with the following result of Lin (1986).

Proposition 1. Letno be any fixed non-negative integer, —co<a<b <o andg(x) >0
an absolutely continuous function with g'(x) # 0 a.e. on (a, b) . Then the sequence of
functions {(g(x))"e ¢®, n>ne}is complete in L(a, b) iff g(x) is strictly monotone on (a,
b).

U)sing the above Proposition we get a stronger version of Theorem 9.

Let {Xn, n > 1} be a sequence of i.i.d continuous random variables with df F
(x) and pdf f (x). Let X ,y be the n—th upper record values, then the conditional
pdf of XU (n) given Xym =%, 1<m<ninview of (3) and (4), is
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1 n—m— ]f?f
————[~InF InF . T
m—m— W)+ nE@) F(z) ! (47)

Theorem 5: Let X be an absolutely continuous random variable with df F (x) and pdf f (x) on
the support (0, ), then for m <n,

FXvm) | Xum) =) =

o0 171 . ; avp/ A
(—1)PFal (2 +1) (1 +z)P/F

o (8) T,

E[JYL I;'i'l :Ile{__r { m) = j'] =

if and only if
Fap)=1-1+x9"?, x>0, o 8>0.
Proof: From (47), we have

. 1 oo F(]._J n—m—1 f(y
E[XL- |;n]|XL- (m) =T = m / o [f (FW]‘ )] F[I)dy
(—1)P+=aT (1 +1)(1+z)p/8

a {u—m—l}fz ;fl'——l—p}

o0
% / ph—m+p— ] {I E_ dt. (49)
0

where t = In(?). The result follows by using the complete gamma function to calculate the

integral in (49). The proof is complete.
To prove sufficient part, we have from (47) and (48)

1 - — = e . _—
—(n—m—l}‘f y[—InF(y) + InF(z)]" ™ 'f(y)dy = F(z)H,(z),
o (50)

where

i —l p_u]__{——l J- (t}p j
p=0 plT" (; +l—p}| (1—
Differentiating (50) both sides with respect to x, we get

)n m "
1

—_— - n—m-— zf - E . . 0
[-‘u—m—?]!]I y[=tnF (y)+nF (z)] F(z f“f dy = —f(z)Hy(z)+F(z)H.(x)

=

or
flasa X)) H)(z) B a3
FlaN) @) - B@)] 21+ 2Ty

which proves that
Fa)=1-1+x97?, x>0 a g>0.
Theorem 6.Let X be a non-negative random variable having an absolutely continuous
distribution function F (x) with F (0) =0and F (x) >0 forall X >0. The
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P ‘o T fam P
L S ) | a0 [(r—ax) (r)
e = By 1k m ['“n:.’f + '“n:.[r] :

holds for fixed a, >0, positive integer k and all positive integer n if and only if

FGa H)=1-1+x)?, x>0, o B>0.
Proof. The necessary part follows immediately from equation (37). On the other hand if the
recurrence relation in equation (51) is satisfied, then on using equation (2), we have

Iil..n 20 _ _
0 / o [—In(F (z))]" HF ()] f(z)dx
= J0

(51)

(n—1
k?r
- (n—2)!,
'J'lIf”
_f.u.'fkl{n — 1)
W] TR O
+# [ a" = In(F(z)]" F(z))* 1 f(x)de.
afkin— 1! fy ’ (52)
Integrating the first integral on the right hand side of equation (52), by parts we get and
simplifying the resulting expression, we find that

rk” ‘/\x e —In(F(z))|" ' [F(z)]*ldz { F(x) — T 4 r f(z)y =0
Eln—1)Jy T ; T alf  af I
It now follows from Proposition 1

s 5
/ 2" [—In(F(x)]"2[F ()] f () dx
0

fx a" [—In(F(x)|" [F(2)]* 1 f(x)dz
1]

- r xr“ _
Flz)= (E _Fj flx),

which proves that
F(xa,p=1-1+xHP, x>0, a, g>0.

6. Numerical Results

The recurrence relations obtained in the preceding sections allow us to evaluate the means,
variances and covariances of all order statistics for all sample sizes in a simple recursive
manner. Means, variances and covariances of all order statistics can be used for various inferential
purposes; for example, they are useful in determining BLUEs of location/scale parameters and
best linear unbiased predictors (BLUPs) of censored failure times. More details on BLUESs and
BLUPs based on order statistics can be seen in Balakrishnan and Cohen (1991) and Arnold et al.
(1992).

In Table 1-2, we have computed the values of means forn=1,2, - - - 10 and = 0.5(0.5)3.5.
One can see that the means are decreasing with respect to n but increasing with respect to . In
Table 3-4, we have computed the variances and covariances for different values m and n and for
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different values of oo and .. We

increases.

can see that variances are decreases for both o and A values

Tables for the skewness, kurtosis, product moments and covariances of record values are not
presented here but are available from the author on request. All computations here were performed
using Mathematica. Mathematica like other algebraic manipulation packages allows for arbitrary
precision, so the accuracy of the given values is not an issue.

Table 1. Means of record statistics for a = 5.

n pf=05 p=10 p=15 p =20 p=25 p=3.0 p =35
1 0403713 0.67897 0.87816 1.02739 1.14182 1.23102 1.30142
2 0.400294 0.63927 0.77701 0.85292 0.89047 0.90386 0.90190
3 0371889 0.55633 0.63296 0.65103 0.63829 0.61004 0.57474
4 0.340351 047271 0.50165 0.48275 0.44415 0.39954  0.35533
5 0.310098 0.39770 0.39258 0.35298 0.30454 0.25775 0.21634
6 0.282122 0.33304 0.30514 0.25605 0.20703 0.16480  0.13052
7 0.256542 0.27825 0.23625 0.18483 0.13997 0.10476  0.07827
8 0.233242 0.23219 0.18248 0.13299 0.09429 0.06633 0.04674
9 0.212045 0.19363 0.14074 0.09549 0.06335 0.04187 0.02783
10 0.19277 0.16143 0.10845 0.06846 0.04248 0.02638 0.01653
Table 2. Means of record statistics for a = 10.
n p=05 p=10 p=15 p =20 p=25 p=3.0 p =35
1 0448409 0.82174  1.14275 1.42353 1.67183 1.89322  2.09188
2 0.446642 0.79519 1.06729 1.28084  1.44893 1.58124  1.68506
3 0.429914 0.73826  0.95424  1.10238 1.20091 1.26302  1.29830
4 0.410731 0.67723 0.84137 0.93487 0.98030 0.99334  0.98480
5 0.391566 0.61828 0.73726 0.78731 0.79434  0.77533  0.74123
6 0.373044 0.56325 0.64397 0.66050 0.64096 0.60249  0.55537
7 0.355320 0.51258 0.56147 0.55285 0.51585 0.46687  0.41489
8 0.338413 0.46623 0.48903 0.46208 0.41444 0.36109 0.30931
9 0.322302 0.42397 0.42567 0.38584 0.33258 0.27890  0.23027
10 0.306956 0.38548 0.37038 0.32198 0.26666  0.21521 0.17124
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Table 3. Variances of record statistics for a = 5.

n p=05 p=10 p=15 p=20 p=25 p=3.0 p =35
1 0167379 0.18670 0.24257 0.50531 0.75025 0.96801 1.15716
2 0.164047 0.15148 0.17206  0.32023  0.41989 0.47905 0.50834
3 0.144385 0.12165 0.09685 0.16464 0.19130 0.19283 0.18112
4 0.123282 0.11363 0.04886 0.07689 0.07888 0.06969 0.05732
5 0.104164 0.10124 0.02216 0.03309 0.02972 0.02262  0.01586
6 0.087666 0.01970 0.00847 0.01281 0.00989 0.00619 0.00342
7 0.073668 0.01654 0.00274 0.00406 0.00253 0.00105 0.00019
8 0.061864 0.01347 0.00072 0.00064 0.00013 0.00025 0.00038
9 0.051935 0.01075 0.00162 0.00049 0.00045 0.00041 0.00032
10 0.043591 0.00844 0.00170 0.00071 0.00046  0.00031 0.00019
Table 4. Variances of record statistics for a. = 10.
n p=05 p=10 p=15 p =20 p=25 p=3.0 p =35
1 0202642 0.21372 0.42774 0.99905 1.65322  2.35327  3.07455
2 0.200805 0.21869 0.36211 0.78764  1.20893 159646  1.93754
3 0.187063 0.16113 0.27761 0.56422 0.80391 0.98518 1.11085
4 0.171651 0.15407 0.20626  0.39123 0.51685 0.58719 0.61451
5 0.156774 0.14835 0.15098 0.26688 0.32645 0.34338  0.33308
6 0.142960 0.15129 0.16955 0.18022 0.20381 0.19824 0.17791
7 0.130290 0.14351 0.10792 0.12082 0.12613 0.11321  0.09386
8 0.118719 0.14119 0.05667 0.08052 0.07748 0.06405 0.04893
9 0.108166 0.10988 0.04045 0.05338 0.04726  0.03591  0.02519
10 0.098548 0.09673 0.02873 0.03521 0.02863 0.01993  0.01279

7. Concluding remarks

In this article, we provide explicit expressions for the quantiles, moments, moment generating
function, conditional moments, hazard rate, mean residual lifetime, mean past lifetime, mean
deviation about mean and median, the stochastic or- dering, various entropies, stress-strength
parameter, Bonferroni and Lorenz curve and order statistics. The explicit expressions as well as
several recurrence rela- tions for the single and product moments of record values from Burr XII(a,
B) model are established. We also computed the means and variances of the upper record values.

A future work may be to derive estimation procedures for the Burr XII(a, B) distribution based
on order statistics, generalized order statistics and dual gen- eralized order statistics. Another
future work may be to characterize the Burr XII(a, B) distribution based on order statistics,
generalized order statistics and dual generalized order statistics.
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