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Abstract: A new four-parameter model called the Marshall-Olkin extended generalized
Gompertz distribution is introduced. Its hazard rate function can be constant, increasing,
decreasing, upside-down bathtub or bathtub-shaped depending on its parameters. Some
mathematical properties of this model such as expansion for the density function, moments,
moment generating function, quantile function, mean deviations, mean residual life, order
statistics and Rényi entropy are derived. The maximum likelihood technigue is used to estimate
the unknown model parameters and the observed information matrix is determined. The
applicability of the proposed model is shown by means of a real data set.
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1. Introduction

The Gompertz distribution which was proposed by Gompertz (1825) plays an important role in
modeling survival times, human mortality and actuarial data. It is applied in several areas such as
biology, gerontology, computer and marketing science, among others. Some applications of the
Gompertz distribution can be found in Johnson et al. (1995). In recent years, some extensions of the
Gompertz distribution have been proposed in the literature. EI-Gohary et al. (2013) introduced the
generalized Gompertz (GG) distribution using the Lehmann (1953) alternative type | with cumulative
distribution function (cdf)

G(X) = (1 - e‘g(eax—l)r’ X, a, ,8, 1> 0. (1)

Jafari et al. (2014) defined the beta Gompertz distribution, using the beta-G generators
defined by Eugene et al. (2002), with cdf
B(e;Lx_l)

1 1—e 2
G(x) = f t?=1(1 - t)r'dt, x,B,1,60,y > 0.
0

B(6,y)
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Roozegar et al. (2015) introduced the McDonald Gompertz distribution, using the
McDonald-G generators defined by Alexander et al. (2012) with cdf

1-e 21(

)
G(x) = mfo( ) t0/8-1(1 — t)r~'dt, x,8,1,0,8,y > 0.

da Silva et al. (2015) introduced the Kumaraswamy Gompertz distribution with cdf
_Boax_ Al
G(x)=1—l1—(1—e 7(e 1)> l , x,5,4,08,y > 0.

A new method for adding a parameter to a family of distributions is proposed by Marshall
and Olkin (1997). The resulting distribution, known as Marshall-Olkin extended (denoted by the
prefix "MOE" for short) distribution. The MOE-G distribution gives more flexibility for
modeling various types of real data in practice. For any baseline cdf G(x), x € R, the cdf of the
MOE-G distribution is given by

G(x)

T 9+66(x) ’

F(x) 8> 0, 2)

where § = 1 — 6 is a tilt parameter. The probability density function (pdf) of the MOE-G
distribution is

___6g(®)
f(x) - [9+§G(X)]2’ 9 > 0;
where g (X)=dG(x)/dx is the pdf of G(x). The MOE-G distribution becomes the baseline
distribution when 6 = 1.

Several new distributions have been proposed by using the Marshall-Olkin method. For
example, the MOE normal distribution has been proposed by Garcia et al. (2010), the MOE Burr
type XII distribution has been introduced by Al-Saiari et al. (2014) (see also Kumar (2016), Ristic
and Kundu (2015) defined the MOE generalized exponential distribution, Okasha et al. (2016)
introduced the MOE generalized linear exponential distribution and Benkhelifa (2017) introduced
the MOE generalized Lindley distribution. Cordeiro et al. (2014) studied the general properties of
the MOE-G distribution.

In this paper, we propose a new four-parameter continuous model, so-called the MOEGG
distribution. We also provide several mathematical properties of the proposed model and apply it
to real data.

The remainder of this paper is organized as follows. In Section 2, we define the MOEGG
distribution and present some of its special cases. Some mathematical properties of the new model
are given in Section 3. In Section 4 we estimate the model parameters by the maximum likelihood
method and calculate the elements of the observed information matrix. In Section 5, we illustrate
the flexibility of the new distribution by using a real data set. Finally, we give some conclusions in
Section 6.
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2. The MOEGG distribution

By inserting (1) in (2), we get the cdf of the MOEGG distribution that is

FO) = —————— 3

The pdf corresponding to (3) is
1

a-
aﬁee)"‘e_g(elx_l)(1—6_%"’”_1))

m(l_e-%(e“—l))“r

f) = (4)

Hereafter, when X is a random variable following the MOEGG distribution, it will be denoted by
X~ MOEGG(q, p, 4, 0). Plots of the MOEGG density for selected parameter values are displayed
in Figure 1. We observe that the density function can take various forms, depending on the
parameter values. It is evident that the MOEGG distribution is much more flexible than the GG
distribution.

The hazard rate function defined by h(x) = f(x)/[1-F(x)] is an important quantity characterizing
lifetime phenomena. The hazard rate function for the MOEGG random variable is given by

aﬁ@elxe_g(elx_l) (1 - e_%(elx_1)>

[1 — (1 — e_g(elx—l))al Ie +6 (1 — e_g(elx_l)yl.

Plots of the hazard rate function of the MOEGG distribution for different values are given in
Figure 2. We observe that the hazard rate functions of the MOEGG distribution can be constant,
increasing, decreasing, upside-down bathtub and bathtub-shaped depending basically on the
values of the parameters.

a—-1

h(x) =

The MOEGG distribution includes as special sub-models the following distributions:

e |f 0=1, then we obtain the GG distribution.

e If =1 andtends to zero, then we get the generalized exponential distribution.
o If 8=1and a =1, then we get the Gompertz distribution.

e If#=1,a=1, and A tends to zero, then we get the exponential distribution.

o If a =1, then we get the MOE Gompertz distribution.

e If / tends to zero, then we get the MOE generalized exponential distribution.

o If o = 1and A tends to zero, then we get the MOE exponential distribution.
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Figure 2: The MOEGG hazard rate function for some values of o, 5, 1 and 6.
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3. Mathematical properties

In this section, we study some mathematical properties of the MOEGG model.
3.1. Useful expansions

In this subsection, we give useful expansions for the pdf and cdf of the MOEGG distribution.
If |z] < 1 and ¢ > 0 is a real non-integer, we have the expansion

(0]

(1—2)"5=Z(6+§_1)Zj. (5)

j=0
We can rewrite the pdf of the MOEGG distribution (4) as

Bler-1) (1 _ g Be-)
affe’*e” 1 (1—3 ) >

l ' é<1 - (1 _ e—g(eax_l))a> r

Then, if 6 € (0, 1), by applying the expansion (5), we get

_gf1- (1- e “)l_zz S ( L By “)j
[1 9(1 (1 e 7 1) ;(]+1)011 (1 ok 1>
w j |
= j:zo(j + 1)§/ ;(_1)1' (Jl> (1 _ e—g(e“—l))“’
Therefore

flx) = a’ﬁeelxe_g(e“‘l) i(j +1)6 Zj:(_l)i (Jl> (1 _ e—%(elx—l))
j=0 i=0

By interchanging Y%, 317_, with {2,352, in the last equation, we get

flx) =

a(i+1)—-1

FG) =) wigle ai +1),6,2) ©)
i=1

where

w; = Hg_l)ii (]) G+ 16/, fori=0,1,...

[

By integrating (6), we obtain
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FOO) = Y wiG(xali +1),,2)
i=1
Otherwise, if 6 > 1, we can rewrite the MOEGG density function (4) as
a—1
aﬁHe"xe_g(eM_l) (1 - e_g(elx_l))

0 ll —(1-6-1) (1 - e‘g(e”‘”yr

then by using the expansion (5), we get
fG) =) wigls ai+1),6,2) )
i=1
where v; = 871(1 — 871! fori=0,1,.... By integrating (7), we obtain

F(x) = z v;iGQa(i+1),B8,4).
i=1
It easy to verify that 72, v; = Y;2,w; = 1. Equations (6) and (7) show that the MOEGG
density function (4) is an infinite linear combination of GG density functions and have the same
form except for the coefficients which are w;'s in (6) and v;'s in (7). Hence, several mathematical
properties of the MOEGG distribution can be obtained directly from the properties of the GG
distribution.

fGx) =

3.2. Moments

Let X ~ MOEGG(«, g, 4, 6). The rth moment of X, say E(X"), is given by
E(X") = J x" f(x)dx.

0
From (7), if 6 > 1, we have

EM) = ) wiE(Xy),
i=1
where X;,, denotes a random variable having the GG density function g(x; a(i+1),B,1).
Then, we have
* B ax Br ax a(i+1)-1
E(Xi) = a(i+ 1)3] X" eMe 2 (1 — e —1)> dx.
0
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B ax
Since 0 < e"I(eA D < 1forx> 0, by applying the binomial expansion
SAx_ a(i+1)-1
(1 —e A( )) given by

(1 S )a(m) '
we obtain
E(X{,) =a(i+1)p Z <a(z t1)- 1> (_1)je§(j+1) fooxr eﬂxe—g(j+1)e’1xdx.
0
By substituting z = e** i |n the above integral, we get

- o) '
E(X{y,) = a(i+ 1)[32 (a(l = 1)%[ (Inz)" e‘g(“l)zdz.
1

By integration by parts, on the above integral, we get

e} . [,’ )
a(i+ Dr! a(i+1) =1\ (=1)/eal*V
EXl) =——— ;( i )—(].+ R < G+ 1))

z (a(l + 1) >( 1)] __(e)Lx )’

j=0

where

Ek(2) = iJoo(lnx)k xS dx
S k'
4

is the generalized integro-exponential function (see Milgram, 1985). Therefore

0 . B

a(i+1) — 1\ (1)l a(i + 1)verd ™V

E(X") = E <(+j1) 1>( )rg.(:)l)rv : Ef_1<§(i+1)>.
i,j=0

In a similar way, if 4 € (0, 1), the rth moment of X is obtained from (6), by replacing w; with
v; in the above equation.

The first four moments can be used to describe any data. The first moment or the mean is a
measure of the center of the distribution. The second moment about the mean is equal to the
variance which measures the spread of the distribution about the mean. The skewness measures
the symmetry of a distribution while the kurtosis measures the peakedness of a distribution. The
skewness and the kurtosis, respectively, are

M3 Hq
V1= 3/2 and Y2 =2,
T 2

where u,, 13 and u, are the second, third and fourth central moments.
Table 1 lists the first four moments, variance, skewness and kurtosis for selected values of the
parameter ¢ of the MOEGG distribution for « = 0.5, f=1and A = 2.
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Table 1; Moments of the MOEGG distribution.

E(X") 0=15 0=5 0=05 0=01
E(X) 0.37187 0.58696 0.20827 0.06695
E(X3 0.22837 0.44545 0.10431 0.02598
E(X3 0.16956 0.37802 0.06976 0.01583
E(X% 0.14115 0.34539 0.05456 0.01183
Variance 0.09008 0.10093 0.06094 0.021498
Skewness 0.65217 -0.06003 150583 121.95925
Kurtosis -0.40545 -0.78352 89.26947 831.79977

3.2. Moment generating function

Let X ~ MOEGG(a, f3, 4, 6). The moment generating function M(t)=E(e*¥) of X is
M(t) = f e™ f(x)dx.
0

In this subsection, we give two representations for M(t) only for the case 6 > 1, since the
case 4 € (0,1) is completely analogous.

A first representation, using the Maclaurin series expansion of an exponential function, is

M(t) = Z%E(Xr),
r=0

where
S fa(i+1) -1 (—1)fr!a(i+1)vie§<f“) B
E(xT) = Z( j > G+ Dn Efﬂ(z("“))'
i,j=0
Then
o . N (AN £ (i L)
M(t) = Z (a(l +j1) 1>( Dt g(ii)ljrvlel E{_1<§(i+1)>.
i,j,r=0

A second representation for M(t) follows from (7) as
©o

M@© = ) v M ©),
i=0
where
a(i+1)-1

M1 (t) = a(i + 1)B J et et (e-1) (1 - e—%(eﬂx—l)) dx.
0
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By using the binomial series expansion, we get
M, (t) = ai+ 1B z (a(l - ) (_1)fe§<j+1) f " e B g
0
The change of variable z = e yields
M, (t) = wzw: (a(i + .1) — 1> (_1)je§(j+1) fooz% e—g(j+1)zdzl
j=0 J !

Then, by settingy = g(i + 1)z, we obtain

t
att a(i+1)—-1 1 Jeﬂ(”l) t
Miss® = i + 1) (£) Z( TR e (f+1 kg )
=0 J G+ DI
where I'(.,.) is the incomplete gamma function defined by
I'(u,v) =f x4t e *dx.
v

Therefore, if 8 > 1, we have

00 . _ LY NG (i _e£(1'+1)
M(t) = Z (“(”,1) 1)@)1 () ali + vied r<%+1,§(/+1)>.

& J A G+ It

3.3. Quantile function

The quantile function of the MOEGG distribution is given by

. 1 B Bu \“
0(w) = F (u)=zln<1—zln<1—(1_éu) )) ue (01),

where F™.) is the inverse distribution function. It is easy to simulate the MOEGG
distribution.

Let U be a continuous uniform variable on the unit interval (0,1). Thus, using the inverse
transformation method, the random variable X = Q(U) ~ MOEGG(q, S, 4, 6). We can use this
equation to generate random numbers from the MOEGG distribution when the parameters «a, S,
J.-and @ are known.
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3.4. Mean deviations

Let X ~ MOEGG(«, f, 4, 6). The mean deviations of X about the mean x=FE(X) and about the

median M can be used as measures of spread in a population. They are defined by

(0]

51=foo|x—ulf(X)dx and 62=f lx — M| f(x)dx,
0 0

respectively. These measures can be expressed as

oo

61=2,uF(,u)—2/,t+2fooxf(x)dx and 62=—/x+2f x f(x)dx.
U M

We consider only the case ¢ > 1, since we can replace w; by v; when ¢ € (0,1). Then, from
(7), we have

a(i+1)—1
) dx.

@ B - ) . © By (Lo
jn xf(x)dx—aﬂQ;(L+1)vlJ x eMe 2\ ! (1 A

n

Ix a(i+1)-1
By using the binomial series expansion of (1 —e A(e - )> , We get

] xf(dx = apt Z <a(l Fo- >(_1)j(i + Dv; fOOXe’lxe_W(eb‘—l) dx
n

i,j=0

By using the substitution z = e?* in the above integral, we can get
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] n

0 0~ [a(i+1)—1 . B [© B
f x Foydx = B8 z <a(l 1 > (1) (i + 1)v;erd*D J e 2020 g
n e

By changing variable and integrating by parts yield

e 0 [ai+1)-1 . 8. 5
J xreax= = <a(l j) ><—1)J(i + et [ me 100
n

i,j=0
+T (0,%(]' + 1)e7“7)],

where I'(.,.) is the incomplete gamma function.

Therefore

20B0 ~ [a(i+1)—1 . B,

ij=0

B,.
x [/we‘ﬂ”““” 4T (0,% G+ 1)e’1”)],

and

200~ [a(i+1) —1 . B B,
8, =—u+ /,lf E ( ( .) )(—1)’(i+1)viea(’“) [AMe 70+
j
ij=0

+T (Oé(j + 1)&’”)].
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Table 2 gives 9, and J, for selected parameter values of the MOEGG(q, 3, A, 6) distribution.

Table 2: Means deviations of the MOEGG distribution.

a I p 0 o1 52
2 15 05 05 0.31524 0.01137
2 15 0.5 0.8 0.34505 0.10172
2 15 0.5 5 0.40255 119131
2 15 0.5 15 0.39132 150232

3.5. Mean residual life

The mean residual life, also known as the mean remaining life, plays an important role in
many fields such as industrial reliability, biomedical science, life insurance and demography
among others. The mean residual life function, at point t > 0, of a lifetime random variable X ~
MOEGG(«a, S ,4, ) is

1 (o]
u(t) = 1——F(t)f [1—F(x)]dx
t
6 + 5(1 - e‘g(e”*))

- _ Bt af _ B oax «
—1+29+9(1—e_7(e ‘1)) t 9+6(1—e_7(e ‘1))

Numerical values of x(5) and «(0.5) for some values of the parameters a, $, 1 and 0 are
presented in Table 3.

_ Bl orx_\°
w—1+20+0 (1 —e 2l ‘1))
dx.

Table 3: Mean residual life of the MOEGG distribution.

@ B A 0 #(S) 1(0.5)

2.5 15 0.5 0.1 0.05543 0.29961
05 0.25 0.3 0.1 0.71577 1.09276
25 1.5 0.5 0.8 0.05029 0.47139
0.5 0.25 0.3 0.8 0.72227 1.57295
25 1.5 0.5 25 0.04995 0.67338
05 0.25 0.3 25 0.73767 2.21551
25 1.5 0.5 8.5 0.04984 0.95539

0.5 0.25 0.3 8.5 0.78810 3.16767
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3.6. Rényi entropy

The entropy of a random variable is a measure of uncertainty variation and has been used in
various situations in science and engineering. In the literature, several measures of entropy have
been studied. Here, we give the Rényi entropy for the MOEGG distribution. The Rényi entropy
for the MOEGG distribution is

Iz(s) = 1

1 [ee]
Sln(f fs(x)dx>,s>0,s¢1,
- 0

where
s(a—1)

(apoyersre (D) (1 - o4l )

l9+9(1—e fer=- 1)) l

By applying the expansion (5) to the denomination of the previous equation, we can rewrite
after some algebra f* (x) for 8 €(0,1), as

fo0) = (apo)’ Z z Z (25 - 1) (]) (k ) §I (—1)k+ighsxg—qler(e 1)

=0 i=0 j=i
and for 8> 1, we get

reo= () R33N

k=01i=0 j=i

f5 ) =

X (1 — Q—l)J (_1)ke/1$xe—§(k+s)(elx_1).
Thus, the Renyi entropy is
1 (o)
—s .
where, if 6 € (0,1)

Ir(s) = 1
[roaan = ooy Y55 (51 ) () S e n (s o)

k=01i=0 j=i
andif6>1
(0.0) (0.0) oo

[0 oy 35 (34171 (40 979)

k=0 i=0 ]=l

( ) ( 1)k B(k_+S)1—~< ﬁ(k_l_s))

A(Bk + Bs)S
with T°(.,.) is the incomplete gamma function.
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Table 4 gives I, (0.2) of the MOEGG distribution for different choices of parameters a, 4, 1 and 6.
Table 4: Rényi entropy of the MOEGG distribution.

a B P 6 1,(0.2)
5 2 15 0.1 0.05879
0.2 0.7 0.9 0.1 0.12745
5 2 15 0.8 0.14771
0.2 0.7 0.9 0.8 0.42179
5 2 15 12 0.15798
0.2 0.7 0.9 12 0.47002
5 2 15 75 0.17568
0.2 0.7 0.9 75 0.62701

3.7. Order statistics

The order statistics play an important role in reliability and life testing. Let X4, ..., X, be a
simple random sample from MOEGG distribution with cdf and pdf as in (3) and (4), respectively.
Let Xy 5, ..., X denote the order statistics obtained from this sample. In reliability literature, the
kth order statistic, say Xy ,,, denotes the lifetime of an (n-k+1)-out-of-n system which consists of
n independent and identically components. The pdf of X, ,, is given by

|
x) = : O[FCO 1 -FQ)™ %,  fork=1,..,n
fin®) = G rae = WIF @I L - F G
Since 0 < F(x) < 1 for x > 0, then by using the binomial series expansion of
[1— F(x)]™¥, we obtain

n—k

_ n! n—k . e+ ie
fen) = oI =D Jz (") v retreor
Then, from (2), we have
n—k .
on! g(x) n—k o [Go)]EHT
/i ,n(x) = , (-1 — 1
k (n—k)!(k—l)!;( J ) [9+96(x)]k+]+1
For 8 € (0,1), by using expansion (5) in the above equation and after some algebra, we get
o n—-k i
fin®) =) 7 cipgluath+j+0,8.2, ®
i=0 j=0 1=0
where !

e - o) (") (D
A ) TH Ry TNy )

for k=1, ...,n.

In a similar way, if 6 > 1, we get
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o n-k
finG) = ) ) tygGialk +j+0,8.2), ©

i=0 j=0
where

o n! (6 — 1) (n;k) (i+j;+k)(_1)j

R for k =1, ..
USRItk —DIn—k) k+j+D) renlt

It is clear that

oo n—k i oo n-—k
DDA DI
i=0 j=0 l=0 i=0 j=0

Equations (8) and (9) show that the pdf of the MOEGG order statistics is an infinite linear
combination of GG density functions. So, several mathematical properties of the these order
statistics can be obtained directly from the properties of the GG such as the ordinary moments,
inverse and factorial moments, moment generating function, mean deviations. The rth moment
of the kth order statistic is determined from (8) and (9) as

o n-k i
E(Xin) = Z Z Z ciiiE(Xisjn),  if 6 € (0,1),
i=0 j=0 1=0
and
oo n-k
E(XI:,n) = Z Z tijE(X£+j+i). ifg > 1,
i=0 j=0
where
. a(k +J+m)r' o (a(k + +m)—1 (=1)]e20+D (B
E(Xk+j+m)_ Z( WEI 1 I(]_l_l) )

3.8. Stochastic orderings

Stochastic order is the most common notion of comparison of random variables. This
concept can be applied in several areas, such as insurance, operations research; queuing
theory, survival analysis and reliability theory (see Shaked and Shanthikumar, 2007). Let
X and Y are two random variables with distribution functions F and G and density
functions f and g, respectively. We say that
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X is smaller than Y in the stochastic order, denoted by X < Y, if F(x) <
G(x) for all x.

X is smaller than Y in the likelihood ratio order, denoted by X <;,. Y, if
f(x)/g(x) is decreasing in Xx.

X'is smaller than Y in the hazard rate order, denoted by X <, Y, if
(1-F(x))/(1-G(x)) is decreasing in X.

X is smaller than Y in the reversed hazard rate order, denoted by
X <;nr Y, If F(X)/G(X) is decreasing in x.

We have the following implications (see Shaked and Shanthikumar, 2007)
X<  YEX<,Y=2X<5,, Y=2X<,Y. (10)
Theorem. Let X ~ MOEGG(q, £, 4, 1) and let Y ~MOEGG(a, S, 4, 62). If 61 < 65,
then
X< Y EX<,Y=2XS, V=2X<,Y.
Proof. We have

f@) 6 [1-6,0-0a-09)
g 6 [1-6,(1-(1-6)D)]"
where t = e‘g("’lx‘l). It easy to verify
d lf(x) 6 (6, +0,(1 — )N apet(1 - t)*!

— =2—(6,—6 —
ax|gt| = 5, 01 7 %) 6: 7 0,(1— D)7
. a [f&) fx) . S .
Then, if 8, < 6,, we have - @] < 0. So, ) is decreasing inx i.e., X <, Y.

From the implications (10), we get the remaining statements.

4. Estimation

In this section we present the maximum likelihood estimate (MLE) and derive the asymptotic
confidence intervals of the unknown parameter vector ® = (a,8,4,0)T of the MOEGG

distribution. Let x4, ..., x,, be a random sample of size n from MOEGG distribution with pdf (4),
then the likelihood function is

a—-1

n aﬁ@e’lxie_g(elxi_l) (1 - e_%(elxi"l))

L(O)::l:l l94-é(1-e-§@k“—n>alz

Taking the logarithm of equation (11), we get the log-likelihood function

(11)
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n n
£(0) = nlna + nlnp + nlnd + AZ xX; — %Z(e/lxi _ 1)
i=1 i=1

+(a - 1)271: In (1 _ et ”)
i=1

—2 z In <9 +0 (1 - e‘g("’“i*)y).

i=1

The components of the score vector are given, by taking the partial derivatives of £(®) with

nt _ By _Blerxi_q)
et Suomoten) S T )
= 9+9<1—e 2ein)
v 1)e-Bletio)
=i ren L
n fa(e?i—1)e” fleri- 1)( e_%(eﬂx"_l))

- Z p <9 +8 (1 - e'%”i—l))“)

respect to a, S, 4 and 6, as follows

a—-1

i=1

n ﬁ n
U)l = in + ﬁZ(elxi - 1)
i=1 i=1

_B
- - (Axie’“‘i —eMi 4 1)e 7

B x;
- x;e*i + (a — 1)ﬁ; 12 (1 B e-g(em—l)>

i=1
aff(Ax;e? i — e?xi + 1)e—§(em_1) (1 B e—%(elxi—1)>

(elxi—l)

a—-1

_2; ,12<9+9<1—e feM- 1)) )

and
a
1-(1- e—%e“f—l))

Z 9_(1 —e (elxi—1)>a .

CDI:

)
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The MLE © = (&,5,4, 9)T of ® = (a,B,1,0)T is obtained by solving the nonlinear
likelihood equation U, =0, Ug =0, Uy = 0and Ug = 0. Since these equations cannot be
solved analytically, then we use the statistical software to solve them numerically via iterative
methods such as a Newton-Raphson technique.

The normal approximation for the MLE of @ is used for constructing approximate confidence
intervals, confidence regions and testing hypotheses of the parameters «, f, A and 6. Under
conditions that are fulfilled for parameters in the interior of the parameter space but not on the
boundary, the asymptotic distribution of vn(® — @) is N,(0,171(®)), where I(@) is the
expected information matrix. This asymptotic behavior is valid if 1(®) is replaced by J(®©),
where J (@) is the observed information matrix, given by

Uaa UaB UaA Ua@

j@ =—| - Ugp Upar Upe ,
. . UAA UAQ
Ugg

whose elements are given in the Appendix.

Therefore, an 100(1-w)% asymptotic confidence intervals for the parameters a, 8, 2 and 0
are given by

@+ Zoyvar(@),B + Zw /var(,@),/fiZg /var(i) and 6 + Zw /var(é),
2 2 2 2

respectively, where var(-) is the diagonal element of J ‘1(@), corresponding to each
parameter and Zw is the quantile (1-w/2) of the standard normal distribution.
2

5. Application

In this section, we give an application of the MOEGG distribution to one real data set to
demonstrate its superiority. We consider the data set given by Birnbaum and Saunders (1969) on
the fatigue time of 6061-T6 aluminum coupons cut parallel to the direction of rolling and
oscillated at 18 cycles per second (cps). The data set is: 70, 90, 96, 97, 99, 100, 103, 104, 104,
105, 107, 108, 108, 108, 109, 109, 112, 112, 113, 114, 114, 114, 116, 119, 120, 120, 120, 121,
121, 123, 124, 124, 124, 124, 124,128, 128, 129, 129, 130, 130, 130, 131, 131, 131, 131, 131,
132, 132, 132, 133, 134, 134, 134, 134, 134, 136, 136, 137, 138, 138, 138, 139, 139, 141, 141,
142, 142, 142, 142, 142, 142, 144, 144, 145, 146, 148, 148, 149, 151, 151, 152, 155, 156, 157,
157, 157, 157, 158, 159, 162, 163, 163, 164, 166, 166, 168, 170, 174, 196, 212.

We compare the MOEGG model with the Gompertz, GG, beta Gompertz (BG), McDonald
Gompertz (McG), Kumaraswamy Gompertz (KwG), Marshall-Olkin extend Gompertz (MOEG)
and generalized exponential (GE) models. The pdf of the GG (EI-Gohary et al., 2013) distribution
is
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a-—1

flx) = aﬁelxe_g(elx_l) (1 — e_g(elx_l)) ,  xaB,,A > 0.

For o = 1 the GG distribution becomes the Gompertz distribution. The pdf of the BG
distribution (Jafari et al., 2014) is

0 ﬁeme—%(eu_l) (1 _g(em_l))
x) = —e

B(8,7)
The pdf of the McG distribution (Roozegar et al., 2015) is

6-1

, x, 5,40,y > 0.

-1

_Beax_ _ 14
— Spetre A _B(erx_y) - Berx_y) °
f& =—5w/5.7 (1_6 ! ) <1_<1_e ! ) ) ’

for x, S, 4, 6, y, 6 > 0. The pdf of the KwG distribution (da Silva et al., 2015) is

y—1

-1 0
Fx) = Byetee 2D (1 - e‘g(e“‘l)) (1 - (1 - e‘%@“-l)) ) ,

for x, g, 4, 6, y > 0. The pdf of the MOEG distribution is

ﬁ@e“e—%em_l)
f(x) = ., x,1,0>0.

lo+a(1- e_g(em_l))r

The model selection is carried out using the maximized log-likelihood (-In(L)), Akaike
Information Criterion (AIC), Consistent Akaike Information Criteria (CAIC), Bayesian
Information Criteria (BIC), Kolmogorov-Smirnov (K-S) statistic with its respective p-value,
Cramér-von Mises (CM) statistic and Anderson-Darling (AD) statistic. The better distribution to
fit the data corresponds to smaller values of these statistics and the large p-value for the K-S test.
The MLEs and the corresponding standard errors in parentheses are listed in Table 5. The values
of the -In(L), AIC, BIC, CAIC and K-S with its respective p-value are listed in Table 6 whereas
the values of the CM and AD are given in Table 7. So, we conclude that the MOEGG distribution
gives an excellent fit for the data set. In addition, the plots of the densities together with the data
histogram (Figure 3), cdfs with empirical distribution function (Figure 4) and the probability plots
(Figure 5) confirm that the MOEGG model yields a better fit.

The asymptotic variance-covariance matrix of the MLEs of the MOEGG model parameters,
which is the inverse of the observed information matrix J~1(®), is
7.6787 x 10713  —2.7685x107° 1.1529x107° 2.1213 x 10712
—2.7685x107° 1.0026 x 10> —4.1536x 107® —7.6789 x 107°
1.1529 x 107° —4.1536x 107%. 1.8129x 107°® 3.1946 x 10~°
21213 x 10712  —-7.6789x107° 3.1946 x 10™° 5.8834 x 10712
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Therefore, the 95% asymptotic confidence intervals for o, B, A and 6 are 42.1460 +

1.7142 x 107 , 0.0281 + 0.0062 ,
respectively.

0.0069 +4.7541x 107° and 10.9770 +0.0026

Table 5: MLEs of the model parameters and the corresponding standard errors given in parentheses.

Model a B A 0 Y )
MOEGG 42.1460 0.0281 0.0069 10.9770 - -
(8.7457x 1077) (0.0032) (0.0013) (2.4256x 107%) - -
MOEG - 0.0071 0.0161 26.342 - -
- (0.0013) (0.0018) (5.2376 x 1077) - -
KwG - 0.0066 0.0125 9.9103 1.7043 -
- (0.0010) (0.0041) (0.1768) (1.2965) -
BG - 0.0081 0.0196 15.4744 0.3253 -
- (0.0016) (0.0041) (0.00096) (0.1693) -
McG - 0.0045 0.0148 6.3659 1.7887 9.4524
- (0.00072) (0.00315) (0.3446) (1.0539) (0.0547)
GG 0.7901 0.0014 0.0183 - - -
(0.0982) (0.000456) (0.0027) - - -
GE 174.6500 0.0421 - - - -
(3.9676x 1078) (0.00086) - - - -
Gompertz - 0.0010 0.0229 - - -
- (0.00047) (0.0037) - - -
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Table 6: The statistics: -In(L), AIC, CAIC, BIC, K-S and p-values.

Model -In(L) AlC CAIC BIC K-S p-value
MOEGG 456.1970 920.3940 920.8107 930.8545 0.0599 0.8614
KwG 456.7241 921.4482 921.8649 931.9087 0.06738 0.7488
BG 457.5082 923.0164 923.4331 933.4769 0.0798 0.5409
McG 458.1217 926.2435 926.8751 939.3191 0.0765 0.5957
MOEG 465.4312 936.8624 937.1098 944.7078 0.1143 0.1431
GG 516.6602 1039.32 1039.568 994.2344 0.3730 1.25 x
-12
GE 463.4165 930.833 930.9554 936.0632 0.10291 32351
Gompertz 492.5021 989.0041 989.1266 1047.166 0.29477 4.78x1078

Table 7: The statistics CM and AD.

Model CM AD
MOEGG 0.0473 0.3513
KwG 0.0695 0.4701
BG 0.1003 0.6288
McG 0.1012 0.7219
MOEG 0.2639 2.0088
GG 4.1928 20.2110
GE 0.9843 5.8964
Gompertz 2.6406 13.3170
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Figure 5. The probability plots of the fitted models.

6. Conclusion

In this paper, we have proposed a new four-parameter continuous distribution called the
Marshall-Olkin extended generalized Gompertz distribution. This distribution is generated by
using the Marshall and Olkin method. It includes as special sub-models the Gompertz,
exponential, generalized Gompertz, generalized exponential, Marshall-Olkin extended Gompertz,
Marshall-Olkin extended generalized exponential and Marshall-Olkin extended exponential
distributions. We have provided some mathematical properties of the proposed model. The
estimation of the unknown parameters of this model is approached by the method of maximum
likelihood and the observed information matrix is derived. We have presented an application to
real data to illustrate the application of the proposed model. The results of this application suggest
that the new model provides consistently better fit. We hope that the new proposed model may
attract wider applications in several fields.
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Appendix: Observed information matrix

_B(oAx;_ . . .
Letz; =e 2(¢™1=1) The elements of the observed information matrix J(@) are

& (1- z)%n(1 - z) 4+ 242 Zn: <(1 — z)%n(1 - Zi))Z’

Ua = ——5 — _ =
ae a? & 0+6(1- z)“ - 04+0(1— z)“
Z (e —-1)z 2 aﬁz (e —1) z,(1 - z)* 'In(1 — z)
1—zl 0 +0(1— z)c
20 (e’lxt -1)z
A (1 - z)[0+ 61— z)%]?
2 a@zz (e?i —1) z;,(1 - z)** Un(1 - z)
[0+ 6(1— z)%]2 ’
Z (Axe™*i — e’lxl +1)z
1- z
ézn: [1+ aln(1— z)](Ax;e?i —e?i+ 1) z;(1 — z)*!
A 6+6(1~ z)“ '
(1- z)%n(1 - Zl)
Ugg = ZZ
[0 +6(1— z)]?
g (a — 1)2 (e’lxl — 1)2 zi (a— 1)2 z2(eMi —
[ 1— z (1- 21)2

2 Haz (elxi — 1)2 z;(1— z)* 1
‘ 0+ H_(l - Zl')a

20ela 1) g (e 1)°72(1 = 27
Z 0+0(1— z)°

N 26%a? Z < (e’lxl —1)z;(1— Zi)“‘1>2
i=1

A? 0+ 9(1 - Zi)a
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n n
(=1~ (12— peti+ B) zix;e*
Ummzz(e“‘*)— PR > =
i_

1_Zi

=1
,B(a -1) (e’lxi — 1)2 zi (a—1) . (e?i— 1)z
z 1—2 2 Z 1- z
i=1
,B(a — D) (et — e i 4 1) (e — 1)7?
z (1— z)2
200~ xielxlzi(l — 7)1
2 6+0(1— z)“

i=1
2 éaﬁzn: (Axeti —eMi + 1) (e — 1) z;(1 — z)*?
3 = 0+ 9_(1 - Zl')a
2 éaﬁ(a - 1)Zn: (Ax;e?¥i — e 4 1) (eM*i — 1)z2(1 — z)* 2
0+ 9_(1 - Zl')a
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