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Abstract: : In this paper, we discussed classical and Bayes estimation procedures
for estimating the unknown parameters as well as the reliability and hazard
functions of the flexible Weibull distribution when observed data are collected
under progressively Type-II censoring scheme. The performances of the maximum
likelihood and Bayes estimators are compared in terms of their mean squared errors
through the simulation study. For the computation of Bayes estimates, we proposed
the use of Lindley’s approximation and Markov Chain Monte Carlo (MCMC)
techniques since the posteriors of the parameters are not analytically tractable.
Further, we also derived the one and two sample posterior predictive densities of
future samples and obtained the predictive bounds for future observations using
MCMC techniques. To illustrate the discussed procedures, a set of real data is
analysed.
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1. Introduction

The probability density function of the flexible Weibull distribution is defined as follows

fx)= (a+ B)exp(ax—E)exp(—exp(ax—g)) ; x>0,a>0,6>0. (1)

x2 x

The flexible Weibull distribution is proposed by [3] and has the nice closed forms of
reliability and hazard functions are given by

R(x) = exp (exp (—e“x_g));x > 0,a,f > 0. 2)
and
h(x) = (a + %) exp (—e“x_g); x>0,ap>0. 3)

* Corresponding author.
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[3] has discussed the some statistical properties of the flexible Weibull distribution and
shown its applicability to a set of real data of times between failures of secondary reactor pumps.
They have also shown that this distribution is able to model various types of data with IFR
(Increase Failure Rate), IFRA (Average Increase Failure Rate), and MBT (modified bathtub)
shaped hazard rates. Therefore, this distribution provides an alternative platform to lifetime data
analysis over other existing well- known lifetime distributions such exp, gamma, and Weibull
etc. Recently, [19] discussed the inferential procedures for estimating the parametersand future
order statistics of the flexible Weibull (FW) distribution under the Type-Il censoring scheme.

There are many situations where the experimental units may damaged or lost accidentally or
intentionally removed for some other purposes from the life-test at the time before
completion of the experiment. For making the inference from such type of data thus obtained,
the conventional Type-1 and Type-1l censoring scheme are found to be inappropriate. To
overcome such a difficulty arise in survival studies, [6] introduced a methodology of the
sampling mechanism for life-testing procedures which facilitate to incorporate the accidental
breakage into analysis. Since then, the estimation procedures based on the progressively
censored samples have been widely discussed in the literature. For a comprehensive review of
progressive censoring, the readers may be referred to [2, 1]. The estimation of the parameters of
various lifetime distribution based on the progressive Type-11 censoring scheme can also be found
in[7,8, 12, 13, 18, 24, 15] and references cited therein.

[11] and [22] have discussed the prediction problems of future order statistics from Weibull
distributions in case of progressive censoring scheme under symmetric and asymmetric loss
functions respectively. Very recently, [20] developed the estimation and prediction procedures
for the generalized Lindley distribution under the progressive Type-Il censoring scheme with
beta-binomial removals (PT- IICBBR).

In this paper, first we will discuss the estimation of the parameters, reliability and hazard
function of FW distribution when only the progressive Type-Il censored sample is available
for the analysis purpose, and secondly, the predictive inference will be performed for the future
samples censored due to the consideration of the progressive Type-1l censoring scheme.

Under the above considerations, we organized the rest of the paper as follows: In section 2,
the construction of the likelihood function of the FW distribution is described while the
progressively Type |l right censored sample is observed. Section 3 deals with maximum
likelihood estimation (MLE) of the parameters as well as reliability and hazard functions. In
section 4, Bayes estimation for the parameters, reliability and hazard functions have been
discussed. In its subsections, Lindley’s approximations and Markov Chain Monte Carlo (MCMC)
techniques have been utilized to compute Bayes estimates. Section 5 deals with simulation study
to compare classical and Bayes estimators. For illustration, a set of real data is discussed in
Section 6. In sections 7 and 8, one and two sample prediction problems have been considered
for FW distribution respectively. Section 9 provides the conclusions.

2. Sampling mechanism and likelihood function
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Let an experiment starts with n identical experimental units at time 0. Here, the number of
failures corresponds to the stages of the experiment, then, to reach at the m the stage of the
experiment, we progressively proceeds in the following way. As soon as the first failure x; is
observed, some units say r; are removed/lost from the remaining (n-1) surviving units at the first
stage of the experiment. At the second stage, x, is observed and r, units are removed/lost from
remaining n — 2 — r; units, and so on, and finally at mth stage, failure of the mth unit x,,, is
observed and experiment is stopped removing all the remaining r,,,=n — m — }’;‘11 7; units from
the experiment. Such a sampling mechanism is termed as the progressive Type-Il censoring
scheme. Here, x4, x5+, x,,, be a progressively Type Il censored sample with progressive
censoring scheme R = (rq, 1y, -+, I'y)-

To get a progressive Type-Il censored sample of size m from the flexible Weibull distribution,
we used the algorithm given in [2], which can be described as follows: If W;~ Uniform(0, 1); i =
1,2, ---,m. The PT-IICS from standard uniform distribution can be obtained by using the following
relationship

Uu=1-V,
Uy=1-A-Ui_))Vp_izsi = 2,3,...,m,

14y )t
where, V; = i( jm=is17)

Using the uniform PT-IICS, the PT-1ICS from the FW distribution is thus obtained using the
probability integral transformation as defined below:

X; = % [log(— log(1 - Uy)) + \/(log(— log(1 —Uy)))? + 4aﬁ] ;i=12,...,m

Therefore, based on progressively  Type-ll  censored sample (PT-IICS),
(x1,11), (x2,13), (x3,73), -, (X, Tim), the likelihood function can be defined as:
20, @, BIr) = " [1i21 f(x)[R(x)]™ (4)

where ¢* = 7‘:1(11 — 2{2—11 r—j+ 1), and0 <r7; < (n -m— 25-;11 rj) fori =1,2,3,..
m —1landr, = 0,and f(.) and R(.) given in the equation (1) and (2) respectively.

3. Maximum likelihood estimation for a, §, R (.) and h (.)

In this section we obtain the maximum likelihood estimates (MLEs) of the parameter,
reliability and hazard functions of the flexible Weibull distribution using progressively Type Il
censored sample. The likelihood function (4) can be written as

ri+1
2(x,a,Blr) =TI, [(a + %) exp (axl- — xﬁl)] [exp (— exp (axl- — xﬁl))] (5)
The log-likelihood function is given by
£06,0, ) = log(c") + Ei%, log (& + 5) + B2, (cx; = £) = B4 + Dexp(ax = 2) 9)
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Let @ and Bdenote the MLEs of the parameters a and  respectively, and can be obtained by
solving the following log-likelihood equations:

dLogt(x,a,B) ~ B
oglal)| 5 =0= 31, e )+zl = SR+ xep (an-5) =0 ()
a+— i
dLogt(x,a,B) (1+1p) ~ B
Aoatrel)| 5= 0= Sl s - S L+ 3 e (ax - 5) =0 @)

The MLEs @& and f cannot be obtained directly from (7) and (8). Thus, MLEs & and j of
aand f respectively can be obtained by using the numerical iterative procedure such as fixed
point iteration method, for the complete algorithm of the fixed point iteration method, see [19].
Once, the MLEs @ and S are obtained, we can easily obtain the MLEs of reliability and hazard
function at epoch t as follows:

R(t) = exp (—exp (&t - g)) 9

he)=(a+%) (exp (at- §)> (10)

4. Bayes estimation
In this section, we discuss the Bayes estimation of the parameter, reliability and hazard
functions of the flexible Weibull distribution using progressively Type-1l censored sample

while the unknown parameters a and $ have the gamma priors with the density function of the
following forms:

g(a) x e %aqb=1; 0 >0, a,b >0 (11)
g(B) x e~ R B >0, ¢,d >0 (12)

Using the likelihood function (5) and the priors in (11) and (12), the joint posterior
distributions of a and f is then given by

m (@ Blx) o< a® 2Bt exp (~B(ZT i + ) exp(~ala ~ Tty )
exp ( (ri+ 1) X%, exp (axl - E)) exp ( . log (a + %)) (13)

Since it is not easy to summarise the above posterior analytically, we proposed the use of the
Lindley’s approximation and Markov Chain Monte Cralo (MCMC) techniques for obtaining the
Bayes estimates of parameters as well as reliability and hazard functions of flexible Weibull
distribution in the next two subsections.

4.1 Lindley’s approximation

The ratio of integrals often occurs in Bayesian analysis is given by
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[u(@)exp(L(0)+p(0)}d0

I (JNC) = gexp{L(9)+p(9)}d§ (14)

Where,

0 = {6,,05,...,0, },

u(6@) = function of 6,

L(0) = log-likelihood function, and
p(0) = log of joint prior of 6,

In 1980, Lindley [14] provided the asymptotic solution for the ratio of two integrals that is
encountered in Bayesian calculation as given in (14). Many authors have proposed the use of
Lindley’s approximation for obtaining the Bayes estimates of the parameters of various lifetime
distributions, see [16, 17] and references cited therein. For large sample and under some
regularity conditions, the above expression can be approximated by the following expansion

I(N) ~u+> Z 121 1(ut]+ Zulp])o-l]-l_ 2 12] 120ke1 D= 1 Lij10i0%. (15)

Inour case, 8 = {a,B}i.e.m = 2, where,

03Logt(a, ﬂ) m 2

_B
m+r)xd e(axl xi),

Ly = dadada =1 (a+£2)3 -
x.
L 1 1 __ 9%Log#(a, B) m Zm (1+1) (axi—xﬁi)
221 — k212 — 122 aﬁaﬁaa i= 1(0.’9( +ﬁ)3 X !
B
(1+r) (axi—+ d3Logt(a,B)_
Lypp = Zm ( 2+B) Zm _T ( ) yL112 = L1p1 = Lp11 = %—
B
2x axi——— b—1 d-1 du Ju
ﬁlW"‘Zz 11+ 1) xe ( l x‘)'Pl e T AT
2 2
Uiy = Upq = az_gﬁ'“ﬂ = ;—;ﬁ,ull = ;{—61:( and g; ; = (i,j)th element of the matrix A~1
defined as
d%Logf(x,a,B) 9%Logf(x,a,B) -1
A-l= [011 012] _ da? dadp
T log1 093] T\ 82Logt(xaB) 0%Logtf(x.a,B)
EYEE: 3p2
with
B
9*Logt(x,a,B) 1 axi—-
Toogt il - 1 Ey, it n)xfe( ) (16)
7
9%Logt(x,a,B) m (1+rl) (a’xi—é)
T Zl 1 (ax +B)2 — Z : i (17)
B
2 Wl
0°Logt(x,a.fB) _ m + Z 1(1 + rl)e( xi) (18)

apoa L= 1(ax +,3)
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Note that all the above terms and derivatives are calculated at the maximum likelihood
estimates of « and . Thus, the value of I(x) is calculated by [ (x) =1- (x)

~’aB
4.2 Bayes estimates of a and P using Lindley’s approximation
If u(a,B)=a, then uy =1,uy, = Uy, = uUy; = Uy, = uyq = 0. Therefore, the Bayes
estimate of a is then defined as follows:
Qup = Gy + 011p1 + 012p1 + 02505 + 0.5{L1110F; + 3L112011012 + L122(01102, + 2055)} (19)

If u(e,B) = p, then u, = 1,u; = Uy = Uy = Uy, = ug; = 0. Therefore, the Bayes
estimate of § can be calculated by the following formula:

Bip = Bur + 021p1 + 022P2 + 0.5{L 32202 + L115(011052 + 20 + 3L122012025 + L111011015)} (20)
4.3 Bayes estimates of R(.) and h(.) using Lindley’s approximation

B
If u(a, ) = exp (exp (—e“x_§>), Bayes estimate of R(t) is given by

~ 1 1
Rip(®) = u” + 5%ty YL, (uf; + 2ufpj)oy; + > Liz1 Xje1 Lk=1 Li=1 Liji 01 0. (21)
Here,

uj = —t(u") exp (at — g)

r_ @") _B
U, = . exp (at t),
uf, =uby = —exp (at — &) (@h)e —un),
1 B

Uy, = exp (at — ?) (uht —u"),

uj; = —texp (at — é) (tu” —uf),
In the same way, we can also obtain the Bayes estimate of the hazard function as follows:

hra(t) ~u” + %Z?il Z;ﬂ:l(uirj + Zulhpj)aij + %Zﬁl Z’jﬂ=1 Yk=12i=1 Lijiu 005, (22)
By expending the summation terms, we have
hup(t) ~ ut + 0-5[011(11?1 + Zufpl) + GlZ(uilZ + Zu{Pz) + 021(u§1 + 2u£‘p1) + 0g(ud,
+2ullp,)] + 0.5 [Llll(uilo-lzl + u£l<711<712) + L112 (371?011012 +ul (011055 + 20122))]

+0.5[L32; (uélgzzz + u?012022) + L2, (Bub 01202, + uf (01102, + 2053)) ] (23)
where,

ho_ B _EB
u" = (a + tz) exp (at t),

u? = exp (at — [—:) + uht,
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ul, =texp (at -

B
t
exp(at—%) _ u_h

) + uft,

h _
Uz = t2 ¢’
exp(at—g) h
ho _— T\ ) U2
Uz2 = 3 ¢’
B
exp(at——)
h _.,h _ _ t h
Uy = Uy = ———= + Uy,

t

4.4 MCMC techniques

The MCMC techniques are the most widely used computation tools in the Bayesian analysis.
Basically, we draw a sample based inference to the posteriors of the parameters of interest. So
doing this, we need to have a posterior sample and in many situations it not an easy job to
draw a sample from the posterior, specially in the multivariate case. Therefore, the reduction
of the dimensionality of the problem is the only possible solution. In such away, we can generate
the sample from the joint posterior using the algorithm known as the Gibbs sampler which
reduces the k dimensions problem into a single dimension. If we are interested to draw a
sample from m(a, B|x), two stage Gibbs ~algorithm can be utilized as follows:

Stepl.
Step2.

Step3.
Step4.

Step5.
Step6.

and

Set starting points, say a(® , B(© and then at ith stage
Generate a;~m, (a|¢ Y, x)

Generate B;~m, (B|a;, x)

Repeat steps 2 and 3, M(=1500) times to get the samples of sizes M from the

correspondings
Obtain the Bayes estimates of a and 8 using the formulae @y, = ﬁ
—Mo

Similarly, the Bayes estimates of R(t) and h(t) are

1 M .
Ryc(t) = Z exp| —exp| a;t — &
me M — My i j=my+1 / t

M
~ 1 B; Bj
hMC(t) = M — Mo] ; <aj +t_2> exp (ajt —7
=Mo+1

respectively.

Here,

1 (a|B, x) and m,(B|a, x) are the full conditional posteriors of & and S respectively

and given by

YA (0»’|.8,

’f) o b1 exp (-a (a — i xi)) exp (—(ri +1) r_n exp (axl- — g)) exp (i log(a + xﬁf))

i=1 i=1
(24)
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T, ([)’|a, Jf) x 4 texp| —B (i x7t+ c) exp (—(ri +1) i exp (axi - x£>> exp (i log (a + %))
=t i=1 ' i=1 i

(25)

The full conditionals (24) and (25) are not the standard distributions from which the

simulation is easy. Therefore, we use the independent Metropolis Hastings (MH) algorithm to

generate the samples from (24) and (25) in Steps 2 and 3 of the above algorithm. For more detail

on the implications of the MCMC techniques i.e. Gibbs sampler and MH algorithm, readers may
be referred to [4, 10, 9, 21].

5. Simulation study

In this section, we studied the behaviour of the proposed estimators on the basis of simulated
sample from FW distribution. Using the algorithm given in section 2, different progressive Type-
Il censored samples have been generated from the FW distribution for given values of n = 20, 30,
50, a = 2 and g = 2. For this study, we considered different removal patterns for given n and m
as follows:

Scheme 0. No censoring i.e. complete study,

Scheme 1. All (n — m) items are removed at first stage,

Scheme 2. All (n — m) items are removed at mth stage,

Scheme 3. Items are removed at some beginning stages,

Scheme 4. Items are removed at some last stages, Scheme 5. Items are removed at some
middle stages.

All considered censoring schemes are summarised in Table 1. In Table 1, (a =r) represents
the vector of containing r times a. For example, consider a censoring scheme (0 x 2, 3 * 2, 0 * 3)
gives (0,0, 3,3,0,0, 0).

Applying the procedures discussed in the previous sections on each sample, we calculated
the maximum

Table 1: Progressive censoring schemes used in simulation study

e Scheme
(1) (2) (3) (4) (5)
20 12 (8=1,0=11) (0=11,8%1) (2+4,0%8) (0%8,2%4) (0+4,2+x4,0%4)
16 (4x1,0%15) (0=15,4%1) (1x4,0%12) (0%12,1=%4) (0x4,1+4,0%4)
30 18 (12%1,0x17) (0=x17,12%1) (2%6,0%12) (0%12,2=*6) (0%6,2%6.0%6)
24 (6%1,0%23) (0=23.6%1) (1*6,0=18) (0*18,1%6) (0«9, 1%6,0%9)

50 30 (20%1,0%29) (0x29,20%1) (2=%10,0%x20) (0%20,2%10) (0=%10,2%10,0=10)
40 (10*1,0x39) (0x39,10*1) (1=10,0x30) (0%30,1%10) (0=*15,1*10,0=15)

likelihood and Bayes estimates of the parameters, reliability and hazard function at t=
1. This process is repeated 1000 of times and, average estimates and corresponding mean square
errors of all estimators are reported in Tables [2,3,4,5,6]. Where A(.) and M (.) represent the
average estimate and mean squared error respectively, if 8;,8, ,-- -, 81000 are the 1000
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estimates of @ obtained from 1000 different samples, then average estimate and mean square

error can be calculated by the following formulae,
1000 1000

A(B®) =555 Y (5.0)).M ($(®)) = 7555 > (B.(6) ~ 9(6)2),
i=1 i=1

where § () is an estimate of ¢(8). For Bayes estimation, we take two combinations (0, 0,
0, 0) and (3, 6, 3, 6) of the hyper-parameters (a, b, c, d) respectively. The values (0, 0, 0, 0) of
the hyper parameters corresponds to the vague priors of the unknown parameters of the flexible
Weibull distribution while the combination (3, 6, 3, 6) is taken under the consideration of the
informative gamma priors by setting the prior means equal to the true values of the parameters.
From the above study, we can made the following conclusions.

» In all considered censoring schemes, as sample size increases, the mean square
error (mse) of all estimators decrease.

» Bayes estimators obtained under informative priors show smaller mean square error
than maximum likelihood estimators. However, Bayes estimators obtained under
non-informative behave more or less same as maximum likelihood estimators.

»  When the non-informative prior is considered, Bayes estimators obtained by using
MCMC techniques are superior than Bayes estimators obtained by using Lindley’s
approximation.

» Under the assumption of informative gamma priors, Bayes estimators obtained by
using Lindley’s approximation perform well than Bayes estimators obtained by
using MCMC techniques.

* Lindley’s approximation is useful for obtaining the Bayes estimates when sample
size is large enough.

* The maximum likelihood and Bayes estimators of reliability function show
relatively small mean square errors. The maximum likelihood and Bayes estimators
of hazard function show large mean square errors. That signals, we should take care
in estimating the hazard function.

» Finally, we can conclude that Bayes estimates can be superiorly preferred for
estimating the parameters, reliability and hazard functions of flexible Weibull
distribution.
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Table 2: The ML estimates and MSE of the estimators of the parameters, reliability and hazard function for
a=2,p=2

nms  Ala) M@ A(8) M(8) a(my) M(rm) A(km) M(k)
30,121 205266 0.31166 2.21085 034933 035108 001435 406236 5.50080
20,122 243746 0.84740 231816 0.51574 033270 001818 647918  9.37716
20,123 226206 033820 221498 0.32104 035312 001421 500433  9.62653
20,124 241985 0.78754 2.30682 048010 033441 001765 631333  8.84607
20,125 232482 049926 2.24605 035855 034388 001523 556478 4.13324
20,16,1 218544 0.24703 2.16360 0.26308 036070  0.01000 463203  3.00218
20,162 224335 0.38300 2.19820 0.31580 035319  0.01083 406261  T7.68584
20,163 218677 024867 216045 0.25348 035019 001002 466186  4.23171
20,164 229833 0.36702 210450 030714 035360 001072 403501 731618
20,165 220783 028702 2.17222 0.26160 035615 001010 478246 545588
20,200 215162 0.18648 2.13706 0.21600 0.36302  0.00830 447000 268446
30,181 215440 010020 2.13006 010731 035070 000862 455158  3.28057
30,182 226265 044804 218457 0.26486 034267 001130 520730  13.1861
30,183 215019 0.19635 2.12351 017520 0.35503  0.00853 463018 388814
30,184 2325205 041006 217790 0.24056 0.34384 001003 52208  12.1460
30,185 219538 0.23836 2.14199 08530 035017 000924 485471 641431
30300 211434 011701 211492 014720 036816 000537 420018 118537
30241 212637 0.13953 211600 06163 036434 000688 438711 186424
30242 216460 021462 2.13755 08727 035868  0.00716 458647 341353
30243 212606 0.13887 211200 015251 036306  0.00678 440540  1.05800
30244 216057 02038 2.13445 08061 035808 000710 456823  3.23454
30245 213050 0.15010 211808 015520 0.36080  0.00682 447505 241710
50,30,1 210040 0.10326 2.00349 011000 036550  0.00507 420265 118720
50,302 216710 0.23313 2.12333 04675 035275 0.00655 460285  3.87615
50303 210145 0.10420 208565 010208 036234 000403 433055 137006
50304 215031 021135 211844 013702 035370 000624 464553 343057
50305 212241 0.13300 200505 010540 035830  0.00524 445423 1.00738
5040,1 207076 0.06835 206710 0.08510 0.36662 000378 410790  0.73444
50402 200104 010283 207750 0.00362 036311 000381 420792 117785
50403 207020 006783 206304 0.07953  0.36560  0.00360 420845  0.76426
50404 208000 000758 207602 0.00008 036330 000377 428848 111511
50405 207783 007672 206720 0.08000 0.36437  0.00367 424376 0.88827
50,500 205830 0.05280 205873 0.07160 036805  0.00327 414933 055219
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Table 3: Using Lindley’s approximation, Bayes estimates and MSE of the estimators of the parameters,
reliability and hazard function for a = 2, # = 2 and hyper-parametersa = b= c=d =0

nom.s  Alg)  MI(d) A(ﬁ] M(ﬁ) (3[1]) M(R[l]) (m;u) M(hm)
121 212017 0.26618 213781 020181 037503 001216 4.63746 747606
20,122 2.20115 061132 217535 0.38011 0.36728 001371 613164  7.60653
20,123 2.11053 0.27518 212043 0.26553 0.37302 001101 473518  8.03865
20,124 218045 0.56703 216721 0.36064 0.36776  0.01346 500800  7.02008
20,125 2.13088 0.36555 213424 0.28082 037031 0.01225 510707 8.43006
20,16,1 2.07808 0.20070 208746 0.22477 0.37107 0.00870 438813  3.34746
20,162 210437 0.30308 210277 0.25045 0.36925 000904 466375  6.61522
20,163 2.07772 020185 208501 0.21592 0.37138 000862 441002  3.54140
20,164 210050 020077 200054 0.25231 0.36938  0.00806 463451  6.23080
20,16,5 2.08335 0.22883 208600 0.21796 0.37017  0.00865  4.40504  4.52603
20,200 2.06037 0.15483 206653 0.18684 037051 000720 4328407  2.20110
30,18,1 2.06834 0.16040 207643 0.17444 037150 000763 434660  2.83015
30,182 2.11276 0.35883 200550 0.21870 0.36556  0.00023 502702 125473
30,183 2.06661 0.16407 206014 0.15437 0.36005 000748  4.40565  3.33073
30,184 210561 0.32708 200053 0.20600 0.36305 0.00801 493311  11.3401
30,18.5 2.07670 020812 207127 0.15706 0.36784 000781 457001  5.46686
20,24,1 2.05604 0.11965 206583 0.14406 0.37166 0.00623 423106  1.63050
30,242 2.07450 018088 207508 0.16284 0.36023  0.00634 430673  3.01105
30,243 2.05488 011910 206203 0.13612 037112  0.00614 424608  1.71072
30,244 207112 017147 207307 0.15608 0.36035 0.00620 437680  2.83560
30,245 2.05866 0.13434 206318 0.13627 037003  0.00611 420531  2.08840
30,300 2.05432 010163 206832 0.13192 0.37300 000405 416576  1.05155
50,30,1 2.04800 000174 206045 0.11021 0.37210 000472 417502 1.06642
50,302 2.07972 020081 207154 0.12030 0.36613 0.00574 453185  3.54708
50,30,3 2.04678 0.00220 205353 0.00382 037063 0.00457 421151  1.22004
50,304 2.07381 0.18140 206751 0.12140 0.36664 0.00540 447500  3.00028
50,305 2.05200 0.11582 205370 0.09454 0.36860 0.00474 420430  1.74042
50401 2.02011 006194 203715 0.07915 0.37080 000356 410826  (0.67108
50402 2.03834 0.00228 204170 0.08575 0.36935 000354 418020  1.07303
50403 2.02828 0.06153 203513 0.07407 0.37040  0.00348 411666  0.60810
50404 2.03650 0.08T42 204022 0.08332 0.36943  0.00351 417868  1.01184
50405 2.03021 0.06824 203516 0.07372 0.36985 0.00343 414020  0.80311
50,500 2.02300 0.04841 203148 0.06713 037008 000312 407674 0.51262
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Table 4: Using MCMC techniques, Bayes estimates and MSE of the estimators of the parameters, reliability
and hazard function for & = 2, # = 2 and hyper-parametersa = b = c =d = 0

nms A(@ M(@ABMPB AR(D) M R(1) Ah(1) M h(l)

20,121 205406 023278 2.04054 025330 036471 0.01151 455647 6.05007
20,122 204782 050703 2.04297 031780 0.37086 0.01300 5.13310 7.10088
20,123 206476 024572 204871 023506  0.36425 0.01139 464358 7.21650
20,124 205925 047764 2.04946 030790  0.35808 0.01275 510771 6.06234
20,125 208396 032055 206325 025148 036381 0.01182 4.89140 347467
20.16.1 203112 0.18342 201520 020542 036317 0.008309 435827 200348
20,16,2 202819 026947 201649 023103 0.36503 0.00855 446430 5.05216
20,163 203428 0.18545 201843 0.19839  0.36302 0.00834 437965 3.16671
20,1644 203161 026039 201808 022640 0.356466 0.00852 4 46401 488167
20,165 204116 021187 2.02535 020185 0.36329 0.00838 443823 3.94036
20.20.0 2.02415 0.14355 201015 0.17389  0.36333 0.00711 427195 2.12003
30,181 202808 0.14732 201358 015981 036341 0.00738 4.32396 2.57472
30,182 202191 031919 201395 0.19409 0.36729 0.00886 4.60838 8.19453
30,183 203531 015208 2.01892 0.14352 0.35294 0.00730 4.37860 3.02401
30,184 203007 029507 2.01893 0.1849% 0.36603 0.00859 4.60023 T.77448
30185 2.04691 019560 2.02874 0.14719  0.36280 0.00769 440730 4.68078
30,241 202733 011216 2.01974 0.13464 0.36542 0.00608 4.22608 1.54817
30,242 202678 016601 2.02022 0.14917  0.36610 0.00610 4.20427 2.58840
30,243 202885 0.11210 202056 012787 036521 0.00601 4.24033 1.62522
30,244 202892 0.15842 202171 0.14474  0.36584 0.00608 4.29368 248643
30245 203390 012690 202404 0.12833 036508 0.00590 427634 1.95643
30,30,0 203216 0.09623 2.03221 0.12431  0.36800 0.00434 4.16759 1.01726
50,30,1 202630 008680 2.02322 0.10360 036692 0.00461 4.17331 1.02808
50,30,2 202856 0.18543 2.02425 0.11384 036702 0.00556 4.34079 288506
50,303 203046 008834 2.02499 008937 036614 0.00450 4.20823 1.18814
30304 203278 0160912 202690 0.11280 036642 0.00534 433119 2.60397
50,305 203851 0.11161 2.03035 0.09067 036532 0.00460 427245 1.65420
50401 201299 0059534 2.01040 007609 036703 0.00350 4.10978 0.65327
50402 201132 008773 2.00048 0.08154 036739 0.00345 4.13801 0.90007
50403 2014053 005937 2.01091 0.07148 036686 0.00343 411785 0.67928
50404 201320 008347 201102 007958 036722 0.00344 4.13008 0.04510
50405 201695 006657 2.01357 0.07132 036679 0.00330 4.13492 0.77641
50,50.0 201067 004699 201070 0.06504 036793 0.00307 4.08021 0.50373
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Table 5: Using Lindley’s approximation, Bayes estimates and MSE of the estimators of the parameters,
reliability and hazard function for a = 2, # =2 and hyper-parametersa = ¢ =3, b= d =6

nms A(@ M@APMPB AR(D) M R(1) Ah(l) M h(l)

20,121 191595 0.04732 191364 004890 0.36825 0.00856 4.00157 1.65609
20,122 154841 040202 1.65268 031047 030532 000001 0.61262 1.96028
20,123 192254 0.04740 192831 004641 0.37007 0.00872 4.05651 1.76788
20,124 161176 036403 1.69863 024581 0.39123 0.00881 1.35039 1.27013
20,165 1.85532 0.06590 1.83024 005040  0.37608 0.00877 3.51519 1.70063
20,161 195602 0.04738 194967 004624 0.36632 0.00673 415189 1.37231
20,162 188484 004207 189150 004508 0.37082 0.00656 301233 1.48658
20,163 195976 0.04942 195521 004714 0.36699 0.00678 4.15572 1.30000
20,164 1.89527 0.04742 100046 004344 037033 0.00660 3.04842 1.27192
20,165 194446 0.04204 194338 004470  0.36825 0.00677 4.10624 1.30581
20,200 197777 004921 197050 005480 0.36573 0.00587 4.14927 1.18557
30,181 1098833 0.05538 1938752 005443 0.36826 0.00620 4.18090 1.40070
30,182 186810 0.04845 190037 003762 0.37906 0.00626 3.65245 3.23003
30,183 190197 006134 199301 005514 0.36007 0.00635 419804 1.50777
30,184 189211 0.04847 191765 003759 0.37696 0.00631 3.76872 2.88262
30185 197258 006118 197791 004834 0.37067 0.00643 414711 137119
30,241 200401 0.05199 200560 0059212 0.36874 0.00534 4.14926 1.06879
30,242 108238 005228 198504 004740 036966 0.00532 412039 1.00373
30,243 200534 0.05402 200745 005893  0.36890 0.00533 4.15679 1.10539
30,244 108607 005320 198017 004026 036048 0.00532 413651 1.10350
30,245 200109 0.05633 2.00282 005615  0.36893 0.00533 4.16096 1.15783
30,300 201445 005164 202072 006240 0.37028 0.00431 411711 0.81259
5030.1 2.01804 005180 202477 0.05879  0.37050 0.00424 412012 0.83047
50,302 199185 006375 200034 004256 037155 0.00451 4.16139 1.13017
50303 201944 005581 2024090 005505 037014 0.00420 41527 0.93276
50304 199823 006548 200514 0.04514 0.37097 0.00443 417313 1.15699
50,30.,5 201590 006332 201964 005164 036067 000420 418058 1.10494
50401 201197 004121 201689 0.05057 0.36977 0.00320 4.08659 0.58178
50402 200002 005207 201273 004774 036945 0.00330 4.11900 0.76238
50403 201230 004190 201688 0.04880 0.36067 0.00325 4.00294 0.60054
50404 200052 005095 201316 004785 036941 0.00328 411616 0.74162
50405 201167 0.04545 201542 0.04760 036041 0.00323 410475 0.65837
50,500 201135 003499 201734 004723  0.37009 0.00290 4.06390 0.46182
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Table 6: Using MCMC techniques, Bayes estimates and MSE of the estimators of the
reliability and hazard function for & = 2, # = 2 and hyper-parametersa =c =3, b=d =6

parameters,

nms A(@ M@ABMPB AR(l) M R(1) Ah(l) M k(1)

70,121 201656 000246 100611 000077 036200 000072 441504 300817
20,122 198576 0.1113%8 108318 008373 036873 000065 430817 352810
20,123 202251 009658 200235 009519 036223 000060 444625 323334
20,124 199202 011010 198738 008437 036770 000066 441677  3.56846
20,125 202322 010518 200532 008940 036327 000972 448338  3.64233
20,16.1 200728 008420 108742 009004 036149 000732 420842 1024900
20,162 199483 009892 198150 008480 036402 000737 420882 227404
20,163 200968 008591 108084 008859 036153 000732 430807 108957
20,164 199802 009763 108380 008486 036369 000737 430488 226143
20,165 201109 009098 109283 008562 036218 000735 432408 216039
20200 200671 007396 108861 008662 036188 000628 424065 148163
30,18.1 201083 007898 109280 008305 036208 000660 427718  1.74804
30,182 198011 0.11146 108392 007326 036710 000698 420050 258040
30,183 201650 008320 1090812 007761 036205 000650 430714 193830
30,184 190641 0.10820 108837 007323 036607 000693 431403 256344
30,185 201986 009402 200276 007362 036269 000675 434786 233001
30241 201361 006560 200269 007686 036425 000552 420422 118565
30242 200677 008233 100887 007405 036548 000552 421848 151240
30243 201526 006661 200411 007450 036418 000540 421280 122906
30244 200020 008042 200070 007446 036522 000552 422247 149026
30245 201752 007213 200662 007201 036433 000548 422000 136068
30,300 201906 006041 201569 007516 036681 000441 415434  0.85148
5030.1 201640 005788 201080 006700 036607 000428 415058  0.86659
50302 200827 0.09427 200609 006241 036753 000474 421830 156054
50303 202068 006067 201388 006047 036565 000423 418460  0.97032
50304 201326 009001 2009290 006184 036686 000466 422466 149788
50305 202493 007156 201694 005869 036531 000435 422210 120425
50401 200791 004345 200381 005417 036650 000331 410548  0.58578
50402 200388 005799 200134 005385 036712 000320 411755  0.77895
50403 200003 004385 200461 005175 036639 000326 411173  0.60515
50404 200588 005611 200286 005335 036604 000328 412022  0.75680
50405 201101 004800 200666 005096 036643 000324 412328  0.66776
5050.0 200707 003611 200500 0.04907 036750 000291 407837 046358

6. Real data study

In this section, we provided a real data illustration applying the methodologies discussed in
the above sections to a set of real data representing the times between failures of the secondary
reactor pumps. This data set is originally reported by [23] in the literature. After that, [3] have
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modelled this data set by assuming that the waiting times between failures of the secondary
reactor pumps follow the flexible Weibull distribution. [19] have used this data set for estimating
the parameters of the flexible Weibull distribution under Type-Il censoring scheme.

We estimated the parameters, reliability and hazard functions of the flexible Weibull
distribution under the different progressive Type-1l censoring schemes. Table 7 shows the
estimates of « and g based onthe different progressive Type-Il censored samples artificially
generated from the given set of real data. The estimates of the reliability and hazard rate are
presented in Table 8. For Bayesian estimation, the non-informative priors are considered for the
parameters a and S. The density and trace plots for simulated MCMC samples of a and g are
shown in Figure 1.

Table 7: The ML and Bayes (Lindley’s approximation and MCMC) estimates of o and g for

m Scheme ML fepn g AL Ao denge
23 =23 02071 01974 0.1984 02588 0.2583 0.2473
18 hel,0+17 02012 01902 01903 04400 04361 04111
18 0=17,5=%1 02751 02412 02304 02557 02577 0.2458
18 1+5,0=+13 02000 01805 01902 03408 03396 03103
18 M=13,1+5 01474 01205 01238 02577 0.2592  0.2490
18 M=6,1+5,0=7 01878 01776 017756 02364 0.2356 0.2224
16 T=1,0%15 01992 01884 01800 04328 04287 03086
16 0=15,7=1 03320 0.2644 01512 02557 (0.2588 0.2544
16 l=7,0+0 01923 01817 01811 03260 03246  0.3050
16 00 1=7 01360 01182 01098 02460 0.2473  0.2363

16 0+6,2+31+10+«4 02156 02024 02024 02270 02250 0.2138

Table 8: The ML and Bayes (Lindley’s approximation and MCMC) estimates of R (t = x =1.57787) and
h(x) for different progressive Type-Il censored sample from real data.

m Scheme Bl Blhip Bllye Rllyp Bllp Rlwe
23 =23 03023 03140 03107 03660 0.83523  0.3400
18 G+1,0+17 03537 035092 048533 03028 048752 0.8707
18 0+17,5=1 02601 02002 02028 04960 04530 04217
18 15,013 03313  033rv3 03321 03721 03566 0.3524
18 0+13,1=5 n.3424 03533 04541 02600 02481 0.2355
18 0#G,1=5,0=%7 niw42 03200 03170 03274 0.3133 0.3084
16 T+1.0%15 035332 03586 043512 03882 04702 0.3660
16 0+15,7=1 02374 02802 03410 06264 05406 0.3225
16 1=7,0=+1 03323 033583 05340 03362 053405  0.3343
16 0=01%7 03463 03570 05503 02490 02288  0.2126

16 0=6.2+3,1+1,0+4 02961 03038 03008  0.3734  0.5550  0.3495
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Figure 1: The density and trace plots of simulated « and 8 based on complete data.
7. One sample Bayes prediction

Under the progressive Type-I1 censoring scheme, the experiment is terminated as soon as the
desired numbers of units obtained and so some surviving units are removed from the test. In
practice, the experimenter may be interested to know the life-times of the (n — m) removed
surviving units at mth stage on the basis of observed sample. LetY, = Xp4s,m < s <
n represents the failure life time of the remaining units, then conditional distribution of Y, th

order statistics given progressive Type-Il censored sample x is given by

n—-m-s

(n-m)![1-F(y(5))] = [F (ys) — F(Xm)]s_lf(y(s)) (26)

(s—D!(n-m—s)[1-F(xm))]

f(yeslxamy @ B) =

Substituting (1) and (2) in (26), we will have
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(n-m)!

fyolxmya.B) = m( Yis) + )f.b(y(s)) Zi(=DF (S P 1) (27)

where, ¢(z) = exp (az — g) . One sample Bayes predictive density of y, th ordered future
sample can be obtained as follows

f ()’(s) Jf) = I b f (Y(s)
Putting (13) in (28), we get
f <Y(s) J~C) _ %I foo ab=184-1 exp [a(S —a)— (S +c) (ay(s) - g( ))]
B(y(s)exp(~(ri + D, &G exp (£ log (a + 5) ) Tzt (- 1F (5, 1) exvln -

-m—s+k+1)¢p(xm) —(k+n—m—s+1)p(y)dadp (29)
where, S; = Y7 x;1, Y™, x;. The above equation for f (y(s) |x) cannot be expressed in

x,a,8)m(ap |;5) dadp (28)

closed form and hence it cannot be evaluated analytically. Therefore, the MCMC techniques have
been used for obtaining the approximate solution of the above predictive density. If (a;,5;); i =
1,2, ..., M obtained from r(a, $|x) using Gibbs sampling can be utilized to obtain the consistent

estimate of f(y ) [x). It can be obtained by

f(volx) =258, f sl B (30)
Thus, we can obtain the two sided 100(1 — ¥)% prediction interval (L,U) for future
sample by solving the following two equations:
P (Yo > Ulx) =2and P (Y > L) =1-2.
~ 2 ~ 2
It is not possible to obtain the solutions analytically. We need to apply suitable numerical
techniques for solving these non-linear equations. Alternatively, we can also use the MCMC
approach by [5], in the following way: Let (ys)); ¢ = 1,2,---,M be the corresponding
ordered MCMC sample of (y;s); i = 1,2,---,M from (29). Then, the 100(1 — )% HPD
intervals for y(sy IS y(j«:s) , yj* + [(1 —¢Y)M |:s, Where j* is chosen so that

+ [A=YP)M]:s} —y s = rejen [(1 1/))M][ + [(1 = YPI)M:s]=y 5]

8. Two sample Bayes prediction

Let Y1y, Y(2),---»Ym) b€ a ordered future sample of size m from flexible Weibull
distribution, indepen- dent of the informative sample x 1) , x2) , - .-, X(). The density function of
Y(xyth ordered future sample is

P(vao | @8) = e [F(vao 1 B (1= F(yoo | @ )™ F (v | @ 8)(3D)
By substituting (1) and (2) in (31), we get
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m! —i i k — s
p(Ywo | @) = ooz (Ofy(k) + %) ¢ (yao) TEI(-1D) ( ; 1) exp[—(i +m =k + Do (ve)]

(32)
Two sample Bayes predictive density of y,th ordered future sample can be obtained as
follows

p (v | ) =15 Iy p(vao | @B )n(a, Blx) dadp (33)

The above equation for p(y( |x) cannot be expressed in closed form and hence it cannot be

evaluated analytically. Therefore, the MCMC techniques have been used for obtaining the
approximate solution of the above predictive density. If {(«;,8;); i = 1,2,---,M } obtained
from m(a, B|x) using Gibbs sampling can be utilized to obtain the consistent estimate of

p(Y(x) |%). It can be obtained by

2 (yao |x) = 22 00/ s B) (34)

Thus, we can obtain the two sided 100(1 — )% prediction interval (L, U) for future
sample by solving the following two equations:

P (Yoo > Ulx) =2and P (Ypy > Lfx) =1-%

It is not possible to obtain the solutions analytically. We need to apply suitable numerical
techniques for solving these non-linear equations. Alternatively, we can also use the MCMC
approach by [5], in the following way: Let y(;.x); i = 1,2, - -, M be the corresponding ordered
MCMC sample of {(y;x);i = 1,2,---,M} from (33). Then, the 100(1 — ¥)% HPD
intervals for y, is y¢j».xy , ¥j + [(1 — )M ]:k , where j* is chosen so that

yi- + [A—yP)M]:k} — gy = [y« + [(A = PIM: k]=y(j=n)]

For considered real data set, we calculated the mean and 95% credible intervals (predictive
bounds) for future samples using one and two sample prediction techniques. The results are
summarised in Table 9.

min
1<jsM—[(1-y)M]

Table 9: Mean and 95 % predictive bounds for future samples based on real data for scheme 4, m = 18.

One sample prediction Two sample prediction
Bounds Bounds
s Mean T oune i k Mean I ounes o
6.34820 532012 8587260 5 0.17554 0.07270 0.30417
7.38246 5.33653 11.50180 10 0.49039 0.00350 1.23117

260376 5.43351 1467601 15 1.76355 0.21747 446787
097251 5.73372 17.28349 20 5.86135 0.96266 11.97434
12.05279 6.22936 20.78702 23 10.65383 441187 1948063

[ R R JC R U
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9. Conclusions

In this article, we have discussed classical and Bayes estimation of the parameters, reliability
and hazard functions based on progressive Type-Il censored sample draw from flexible Weibull
distribution. From the simulation study, it was observed that Bayes estimators are superior than
maximum likelihood estimators under different censoring schemes. The Lindley’s approximation
and MCMC techniques are utilized for Bayesian calculation. In addition, one and two sample
prediction problems are also discussed under Bayesian set-up. The discussed procedures have
been verified through a real data study. Finally, we can conclude that the methodology discussed
in the previous sections provides the complete analysis of the progressive Type-1l censored
sample having flexible Weibull distribution.
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