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Abstract: In this small note we have established some new explicit
expressions for ratio and inverse moments of lower generalized order
statistics for the Marshall-Olkin extended Burr type XII distribution. These
explicit expressions can be used to develop the relationship for moments of
ordinary order statistics, record statistics and other ordered random variable
techniques. Further, a characterization result of this distribution has been
considered on using the conditional moment of the lower generalized order
statistics.
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1. Introduction

The concept of generalized order statistics (gos) was introduced by Kamps (1995) as a
general framework for models of ordered random variables. Moreover, many other models of

ordered random variables, such as, order statistics, K _th upper record values, upper record
values, progressively Type Il censoring order statistics, Pfeifer records and sequential order

statistics are seen to be particular cases of 905 These models can be effectively applied, e.g., in
reliability theory. However, random variables that are decreasingly ordered cannot be integrated
into this framework. Consequently, this model is inappropriate to study, e.g. reversed ordered

order statistic and lower record values models. Using the concept of gos , Pawlas and Szynal
(2001) introduced the concept of lower generalized order statistics (Igos) to enable a common
approach to descending order statistics, which was further studied by Burkschat et al. (2003)
with the name dual generalized order statistics. The Igos models enable us to study decreasingly
ordered random variables like reversed order statistics, lower record values and lower Pfeirfer
records, through a common approach below:

Suppose X (1, n,m,k),..., X(n,n,m,k), (k>1, m is a real number), are nlgos from an
absolutely continuous cumulative distribution function (cdf) F(x) with probability density
function (pdf) f(x), if their joint pdf is of the form
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n-1 n-1 1
m —
KT 17 || TTIFOOI™ F06) [FO)I ™ (%) (1.1)
j=1 i=1
on the cone F (1) > X 2 Xy 2.2 X, > F10),
where y; =k+(n—j)(m+1) >0 forall j, 1< j<n, k isa positive integer and m>—1.

If m=0 and k =1, then this model reduces to the (n—r +1) —th order statistic, from the
sample Xq,X,,..., X, and (1.1) will be the joint pdf of n order statistics. If k=1 and
m=-1, then (1.1) will be the joint pdf of the first n record values of the identically and
independently distributed (iid) random variables with cdf F(x) and corresponding pdf

f(x).

In view of (1.1), the marginal pdf of the r —th Igos, X *(r,n,m,k), 1<r<n,is

B nmig )= (fi_ll)![':(x)]y ) gm (F(x)., (1.2)

and the joint pdf of X*(r,n,m,k) and X*(s,n,m,k), 1<r<s<n,is

frmmio x enmiy (%) = (r_l)ﬁgfr_l)![F(x)]m f(0gm (F()
[Ny (F(Y) = h (FOOF R (), x>, (1.3)
where
r _i m+1 .
Ca=[Iri, hn()= me1 :
i=1 —Inx, m=-1
and

Im(X) = hn(X) —hn @), x€[0,1).

Moments of order statistics play an important role in quality control testing and reliability to
predict the failure of future items based on the times of few early failures. An application of the
first moments of order statistics can be considered in calculating the L-moments which are in
fact the linear combinations of the expected order statistics. See Hosking (1990) for details.The
concept of recurrence relations has its own importance. They are useful in reducing the number
of operations necessary to obtain a general form for the function under consideration.
Furthermore, they are used in characterizing the distributions, which is an important area,
permitting the identification of population distribution from the properties of the sample.
Recurrence relations and identities have attained importance as it reduces the amount of direct
computation, time and labour.
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Various developments on Igos and related topics have been studied by Pawlas and Szynal
(2001), Ahsanullah (2004, 2005), Mbah and Ahsanullah (2007). Recurrence relations for single
and product moment of Igos from the exponentiated Kumarswamy, exponentiated Pareto,
exponentiated gamma and generalized exponential distributions are derived by Kumar (2011)
and Khan and Kumar (2010, 2011a, 2011b) respectively. Kumar (2013a, b) established
recurrence relations for marginal and joint moments generating function of Igos from extended
type | generalized logistic distribution and generalized logistic distribution respectively.
Keseling (1999) characterized some continuous distributions based on conditional distributions
of gos. Bieniek and Szynal (2003) characterized some distributions via linearity of regression

of gos. Cramer et al. (2004) gave a unifying approach on characterization via linear regression
of ordered random variables.

1.1. Marshall-Olkin extended Burr type XII distribution

A set of family of distributions which might be useful for fitting data has been proposed by
Burr (1942) as a modeling lifetime data or survival data, which has twelve different forms of
cumulative distribution functions. Among those twelve distribution functions, Burr Type X and
Burr Type XIlI received the maximum attention. These distributions has been extensively used
in various fields such as, simulation, quantal response, approximation of distributions, and
development of non-normal control charts, in reliability theory and survival analysis. A number
of standard theoretical distributions are limiting forms of Burr distributions. Burr type XIlI
distribution plays major role in the analyses of lifetime and survival data. Shao et al. (2004)
studied the models for extended three parameter of Burr type XII distribution and used this
distribution to model extreme event with application to flood frequency. The flexibility of Burr
type XII distribution has been studied by Rodriguez (1977). The Burr type XII has been widely
used in various fields of sciences, such as in actuarial science, forestry, ecoloxicology,
reliability and survival analysis.

The construction of the Marshall-Olkin extended Burr type XII distribution is rather simple
and was first proposed by Marshall and Olkin (1997). As a new family of distributions by
adding a parameter to obtain new families of distributions in connection with more flexible and
represent a wide range of behavior than the original distributions. This distribution relates to a
number of distributions such as Burr type XII, Marshall - Olkin extended Lomax distribution
and hence its applicability in real life situations is significant. Since then, the Marshall-Olkin
distributions have been widely studied in statistics and many authors have developed various
Marshall-Olkin type distributions based on some well known distributions. See, for example the
Marshall-Olkin extended Pareto distribution with application by Ghitany (2005), the Marshall-
Olkin extended Weibull distribution by Ghitany et al. (2005), the Marshall-Olkin extended
Lomax distribution by Ghitany et al. (2007), Marshall-Olkin Extended Uniform Distribution by
Josea and Krishna (2011), Marshall-Olkin Extended Log-Logistic Distribution by Gui (2013),
and so on.

The uniqueness of this study comes from the fact that we provide a comprehensive
description ratio and inverse moments of lower generalized order statistics of this distribution
with hope that they will attract wider applications in life time analysis.

The Marshall-Olkin extended Burr type XII distribution was introduced by Al-Saiari et al.
(2014). He studied some properties and maximum likelihood estimation of the unknown
parameters.
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A random variable X is said to have Marshall-Olkin extended Burr type XII distribution if
its pdf is of the form

a BaxPra+xf)y-¢D

f(x)= , x>0, a, f,A4>0 (1.4)
[1-(1-a)@+x7)*]?
and the corresponding cdf is
_ By—4
Fo)=——EEX) s, @, pia50 (15)
1-1-a)1+xP)"
and the survival function is given by
B4
S(x) = — 2L+ x7) x>0, a, fA>0. (1.6)

1-(l-a)1+xP)*’

Burr XII and Marshall-Olkin extended Lomax distributions are consider as a special case of
Marshall-Olkin extended Burr type XII distribution when « =1 and S =1 respectively.

The paper is organized as follows. Some new expressions of the inverse moments of Igos
from Marshall-Olkin extended Burr type XII distribution are derived in Section 2. In Section 3,
some explicit expressions of ratio moments of Igos are derived. In Section 4, we obtained a
characterization result of this distribution by using conditional expectation of lgos. Section 5
end with the some applications.

2. Relations for inverse moments
In this Section, the explicit expressions for inverse moments of Igos are considered. For the

Marshall-Olkin extended Burr type XII distribution as given in (1.5), the j —th moments of
X *(r,n,m,K) is given as

E[X A (r,nm k)] =[x f (x) dx

X*(r,n,m,k)

B (rcj)!go XIPIEOOY T () g (F () dx (2.1)

Further, on using the binomial expansion, we can rewrite (2.1) as

| C r-1 r-1
S nm k)] = r-1 —
E[X7(r.n,m, k)] (r=)i(m+1)"* UZ:O( ) [ u J

<l IR (P (9 22

Now letting t = F (X) in (2.2), we get



Devendra Kumar 57

. r-1 o o o (_7\UH+(J/8)-1pn _ Al -1
E[X* 172 (r,n,mk)]= Cr ! 1 A-a) (r j
[ (r.nm k)] (r— 1)'(m +1)" ugo pgogo Eo plot! u

F(l—j+ p]l“(p+qj
x(gj P B( k +n—r+u+|+—q, 1). (2.3)
F( _JJ (p 1") m+1 m+1
p)\1

Z( 1) { ]B(a+k c)=B(k, c+b) (2.4)

Since

where B(a, b) is the complete beta function. Therefore,

. o o o I+(j/p)-1 |
E[X*i-# n.m.k)]= Cra (-1) (1-a) (Bj
e ey =& a4

_J P
Xr(l ﬁ+pjl"(/1+qj8( SN rj
F(l—jjl“(p+l—lj m+l m+1
s) (2
D) (z] |

p=0q=0 I=0 p'g!l!

w1 (2.5)

11[(“ q+IJ
i=1 Vi

i) Putting m=0, k=1 in (2.5), we get moments of order statistics from Marshall-Olkin
extended Burr type XII distribution as;

© © oo( 1)|+(j/ﬂ)—l(1_a)| (E)
( _r)'pzoqzo |Z(:) p'qgti! A

Special cases

E[X -

n— r+ln
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F(l—j + p)l‘(p+ qj
y p A IMn-r+1+q+1]

- _i (p 1") [n+1+q+1]
B\

If we replace n—r +1 by r we get

© o o I+(j/p)-1 |
XJ ﬂ D 1-a) (Ej
ol —1)'pZOqzo |Zé) p'a!l! A
] P
Xr(l ﬂ+pjl“(i+qj I'fr+q+1]
F(l—jjl“(erl—lj In+1+q+1]
B) 2
andat r =n
. © o I+(j/p)-1 |
E[xJ-A1= () (l1-a) (Bj
o] EOEO 5 platl! A
i P
Xr(l ,5+ p]l“( +q} .

1) (p 1 )(n+q+0'
g)\2

ii) Putting m=-1in (2.5), to get moments of k —th record value from Marshall-Olkin
extended Burr type XII distribution as;

E[X A (r,n-1k)]= i i i(_l)H(j/ﬂ)_l(l_a)l (gj

p=0q=0 1=0 platl!

g
P 6

3. Relations for ratio moments

In this Section, the explicit expressions for ratio moments of Igos are considered. For
Marshall-Olkin Burr type XII distribution

, the ratio moments of X *(r,n,m,k) and
X *(s,n,m,K) is given as

E[X™ (r,n,mk) X177 (s,n,m, k)] = [ (;(Xiyj_ﬂfx*(r,n,m,k) X *(s.nm,ky (X0 ¥) dxdly.
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On using (1.3) and binomial expansion, we have

E[X* (r,n,m,k) X177 (s,n,m,k)]

= Cot ~ rz_:l S—i—l (_1)u+v(r _]j(s =r —1]
(r=)¥s—-r-)Y(m+1)>“ u=0 v=0 u Vv

x [oX [F ()] ML () 1 (x)dx, x>y, (3.1)

where
LX) =[oy P IF ()= 1 (y)dy. (3.2)

By setting t = F (y) in (3.2), we obtain

il P
(_l)|+(j/ﬂ)—1(1_a)| (p//l) F(l ﬁ + p}r(ﬂ +QJ [F (X)]ys_v+q+|
plg!! oy d F(p+l—lj [ysoy +a+17°
B) \4

On substituting the above expression of | (x) in (3.1), we find that

0= ¥ 3
p=0 g=0 1=0

Cs—l

E[X™ (r,n,m,k) X177 (s,n,m k)] =
e nnmi (s m o] (r-DY(s—r-HYm+1)°2

. r-1s—r-1 o o o (_l)u+v+l+(j/ﬂ)—1(1_a)l (p/ﬂ)(r —1}(5— r —]j
u§0 vé) pZ::0 qgo Ié) plql! k u v
F(l—j+ le‘(EJrqj
x P EXTFOOP T (g dx. (3.3)

F[l—;jl“(g+l— |)(ys_v Lq+1)

Again by setting z = F (x) in (3.3) and simplifying the resulting equation, we get
Csa
(r=Dis—r-2)Y(m+1)°52

(_1)I+W+t+((1+j)/,8)—1 (1- a)l+t ( p+ Wj
p=0 g=0 1=0 a0 t=0 w=0 p!gtltwitlal L 2

E[X* (r,n,m,k) X172 (s,n,m,k)] =
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F(l—j+ p)l"(p+qj 1 L
s P 4 Z(—l)”[r_ JB( K w,l}
u

: g n-rrus .
r( —er[pu—l] u=0 m+ m+
s) 4

| e

X -1 +N—=S+V+—r,
. > DT .

Mlii-w F(W+1—t) v=0 m+1 m+
p A

On using relation (2.4) in (3.4), we get

(3.4)

Csa
(r=1!(s—r—-1)(m+1)%2
(_1)I+W+t—1+(i+j)/ﬂ(1_ a)l+t ( D+ Wj
p=0 g=0 1=0 a=0 t=0 w=0 plgtliwitial L 4

F(l—j+ pjr(p+qj F(i +1]F(W+aj
y p A p Y
1 b owld Y

E[X* (r,n,m k) X172 (s,n,m, k)] =

Which after simplification yields

E[X* (r,n,m,k) X177 (s,n,m, k)]

_ i i i i i i (—1)I+W+t_l+(1+j)/ﬂ_l(l—a)Ht(p+W)
p=0 q=0 1=0 a=0 t=0 w=0 plg!liwit!s! -

+

Srproflied) fpr(ie)
g o

~ o

>~>\'o
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X ! (3.5

r S '
H 1+M H 1+L+I
¢=1 Ve w=r+l1 Yy

Special cases

i) Setting m=0, k=1 in (3.5), we get product moments of order statistics from Marshall-
Olkin Burr type XII distribution as

i i i ii i(_l)l+t+w—1+(i+j)/ﬁ

(N —5)! 9=0q=0 a=0 t=0l—0w=0
p+w I+t _ P i w
X( 1 j(l—a) F(l 'B+p]1“[i+qj F(ﬂﬂjr(g”i)
pratlitiwial r[l—jJr(pﬂ—l) F(i+l—wjl“(w+1—t)
B)\1 B A

><F(n—r+1+|+q+a+t)1“(n—s+1+q+|)
F(n+1l+q+l+a+t) T(n—r+1+qg+1)

E [X rl1—r+l'n X,

n—s+].'n:I

Replace n—s+1by rand n—r+1bys

E[X;:n ij:n] L i i i ii i(—l)IHJ“W_lJf(iﬂ')/ﬂ

(r—=D!,20q=0 a0 t=0i—0w=0
p+w st g Jd p i w
X[ 2 j(l—a) 1"(1 ﬂ+p}l‘(ﬂ+qj F(ﬁ+1jl"(/1+a}
plalitintal r(l—j]r[pﬂ—lj r(i+1—wjr(w+1—t)
B) \1 B A

8 r(s+l+g+a+t) (r+q+1)
Fr(n+l+q+l+a+t) T(s+q+1)

ii) If m=-1in (3.5), we get product moments of k —th record values from Marshall-Olkin
Burr type XII distribution as

E(Z9) M) =3 3 3 33 3 (s

p=09g=0 a=0 t=01=0w=0
p+w [+t _l P L w
X( 3 j(l_a) 1“(1 'B+p]1“(l+qj F(ﬂ-i_ljr[/l-l_a)
plgtlitiwial F(l_jjr(p-i_l_lj F(i+l—WJF(W+1_tj
B)\A B A

1

( q+|+a+tjr( q+I]H'
1 ararty,  a+l
k k

X




62 RATIO AND INVERSE MOMENTS OF MARSHALL-OLKIN EXTENDED BURR TYPE XI|
DISTRIBUTION BASED ON LOWER GENERALIZED ORDER STATISTICS

4. Characterization

Let X*(r,n,m,k), r=1,2,...,n be gos from a continuous population with df F (X)

and pdf f(x), then the conditional pdf of X*(s,n,m,k) given X*(r,n,mk)=x
1<r<s<n,inview of (1.3) and (1.2), is

f

_ Cou
X*(Srnrmlk)|X*(rvnvm7k) (y | X) B (S - I’ _1)!Cr_1

s—r-1 s
[ (F(Y)) — b (FOQT " [F ()T F(y), x<y. @.1)
[FOoT

Theorem 4.1:

Let X be a non negative random variable having an absolutely continuous
distribution function F(x) with F(0)=0 and 0< F(x) <1 forall x >0, then

o o +q+(1/ B)
E[X*(s,n,mk) | X" (r,n,mk)=x]= > z( pP 1-a)(p/A)
p=0 g=0 1=0 p'gti!

1

F—+1F

{ @+x7)* -1 } B ] “( Vrs] ],(4.2)
(1+xﬁ)ﬂ_(1—a) F( 1o pJF 1 q | 7rej Ha+I

if and only if

N\'c N\'O

1-(1+ x/j’)_/1
F(x) = , 0, o, f,41>0.
(x) 1_(1_0[)(1“([3)_2 x>0, a, g,A>

Proof: From (4.1), we have

* * . CS—l
E[X"(s,n,m,k)| X (r’n’m’k)_x]_(s—r—1)!cr_1(m+1)5‘r‘1
co™ T (Fm Yt
xjoyll (F(X)J ] (F(X)] F00 dy. (4.3)

By setting u = l:g from (1.5) in (4.3), we obtain

) . Cs.
E[X*(s,n,m,K) | X*(r,n,m,k) = X] = (s—r—l)!Cr_11(m+1)S_r_1

33 °°(—1>p*‘**<1’ﬁ>(1—a)‘*(p/z){ (1+x7)* -1 T”
pgo qgo Eo p'g!! 1L+x%)* —(1-@a)
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r l+1 F(p-i-l}
p A
X
r l+1— p F(p+1—qj
p A
Again by setting t = u™ in (4.4) and simplifying the resulting expression, we derive the

relation given in (4.2).
To prove sufficient part, we have from (4.1) and (4.2)

(s—r 1)'5 H(m+1)s—f—1 Jo VICF ()™ = (F(y)™ 15
T4

<[FI* £ (y)dy =[FOY*H (9, (4.7)

.[; u;/s+q+l—1(1_um+1)s—r—1du. (4.4)

where

H =
r (X) pgo qgo Eo pig!l! L(1+ xP) —(1-a)

r[l +1Jr(5+lj . |
y p H( Vr+j IJ.
rf 1o p F(p+1—qj e £
p A
Differentiating (4.7) both sides with respect to X, we get

Csa[F()]™ f (%)
(s—r—2)IC, ;(m+1)5"2

= Hr OIF (T + yraH (OIF OF 7 £ (x)

w o oo(_1)P+Q+(1/ﬂ)(1_a)q(p/l)[ (1+Xﬂ)’1—1 :|q+l

[oYICF O™ = (F(y)™ > 2[F (y)= ™ £ (y)dy

Therefore,
f) _ Hy (%) _apaxPraaxfytt
FOO)  7ealHeaO—H ()] [1+x%)* —(1-a)][(1+xP)* -1]
which proves that
1-(1+xA)™
F(X) =
) 1-(1-a)@+xP )+

x>0, a, ,4>0.

5. Application

Moments of order statistics play an important role in quality control testing and reliability to
predict the failure of future items based on the times of few early failures. In this Section we
suggest some application based on moments discussed in Section 2.
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i) Estimation: The moments of order statistics and record values given in Section 2 can be used
to obtain the best linear unbiased estimate of the parameters of the Marshall-Olkin Burr type XII
distribution.

ii) Characterization: The Marshall-Olkin Burr type XII distribution given in (1.5) can be
characterized by using conditional expectation of generalized order statistics as Theorem 4.1.
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