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Abstract: The power generalized Weibull distribution due to Bagdonovacius and
Nikulin (2002) is an alternative,and always provides better fits than the exponentiated
Weibull family for modeling lifetime data. In this paper, we consider the generalized
order statistics (GOS) from this distribution. We obtain exact explicit expressions as
well as recurrence relations for the single, product and conditional moments of
generalized order statistics from the power generalized Weibull distribution and then we
use these results to compute the means and variances of order statistics and record
values for samples of different sizes for various values of the shape and scale

parameters.
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1. Introduction

The two-parameter Weibull distribution is a very popular distribution that has been extensively
used over the past decades for modeling data in reliability, engineering and biological studies. Because
of its simplified applicability, it can take the form of either the exponential distribution, the Rayleigh
distribution or can be skewed either positively or negatively. However, in cases where the hazard rates
are bathtub or unimodal shapes, the Weibull distribution does not provide a reasonable parametric fit.
To add more flexibility to Weibull distribution, many researchers developed many generalizations of
the Weibull distribution by adding new parameters. However, with the increased number of parameters
in the modified or extended version of the model, the forms of the survival and hazard functions have
become more and more complicated and the estimation problems have become a challenging task [ see
Bebbington et al. (2007), Mudholkar and Srivastava (1993), Ghitany et al. (2005), Wahed et al. (2009),
Cordeiro et al. (2010), Silva et al. (2010), Risti"c and Balakrishnan (2012)]. The power generalized
Weibull (PGW) distribution is another extension of the Weibull distribution which was first proposed
by Bagdonova“cius and Nikulin in (2002). Based on parameter values, the hazard function of PGW
distribution can be constant, monotone (increasing and decreasing), bathtub shaped and upside down

bathtub shaped. For more details about this extension, we refer the readers to Bagdonavi“cius et al.
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(2006). Besides, it is a right skewed heavy tailed distribution which is not very common in life time
model. The PGW family can be used as a possible alternative to the Exponentiated Weibull family for
modeling lifetime data (Nikulin and Haghighi (2009)).

Bagdonovacius and Nikulin (2002) proposed the PGW distribution, which was further studied by
Haghighi and Nikulin (2006), Alloyarova et al. (2007), Nikulin and Haghighi (2009) and Voinov et al.
(2013). Haghighi and Nikulin (2004) proposed chi-squared type statistic to test the validity of the
Power Generalized Weibull family based on Head-and-Neck cancer censored data. Alloyarova et al.
(2007) constructed the Hsuan-Robson-Mirvaliev (HRM) statistic for testing the hypothesis based on
moment-type estimators and investigated its properties. Nikulin and Haghighi (2009) ob- tained
maximum likelihood estimates of the parameters and the flexibility of the model was shown by using
Efron’s (1988) head-and-neck cancer clinical trial data. Voinov et al. (2013) constructed modified
chi-squared tests based on MLEs. Further, they studied power of the tests against ex- ponentiated
Weibull, three-parameter Weibull, and generalized Weibull distributions using Monte Carlo
simulations. Kumar and Sanku (2017) obtained the exact explicit expression and recurrence relations
for generalized order statistics from power generalized Weibull distribution.

The recurrence relations and identities have great significance because they are useful in reduc- ing
the number of operations necessary to obtain a general form for the function under consideration and
they reduce the amount of direct computation, time and labour. This concept is well-established in the
statistical literature, see Arnold et al. (1992) and Kumar (2015, 2017). Furthermore, they are used in
characterizing distributions, which is an important area, permitting the identification of population
distribution from the properties of the sample. Kumar (2013, 2014, 2015) have established recurrence
relations for marginal and joint moment generating functions of lower generalized order statistics and
generalized order statistics from Marshall-Olkin extended logistic, extended type Il generalized
logistic and type Il exponentiated log-logistic distribution respectively. Bal- akrishnan et al. (2015)
established some recurrence relations for single and product moments of order statistics of the
complementary exponential-geometric distribution. Recently, Kumar and Sanku (2017)and Kumar et
al. (2017) have established the relations for order statistics from ex- tended exponential and power
generalized Weibull distribution respectively. Kumar and Sanku (2017) obtained the relations for
single and product moments of generalized order statistics from extended exponential distribution.
The computation of moments of order statistics is a challenging task for many distributions. For this
reason, recursive computational methods are often sought.

A random variable X has the power generalized Weibull (PGW) distribution with parameters a, 8
and A, if its probability density function (pdf ) is

1
£(x) = [%x“‘l[l + (%)“]%‘1e1—[1+<%>“13;x >0,a,8,1>0 1)

the corresponding cumulative distribution function (cdf ) is
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X\ a3
Fix)=1-— e+ ® ]B; x>0,aB,1>0

The hazard function is given by

density
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Figure 2: Survival function of PGW distribution for different values of «, # and 4.

If B is real and non-integer and |x| < 1, then ( Gradshteyn and Ryzhik 2007, p. 25)

=Y (F)a

k=0

One can observe from (1) and (2) that
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® /1
a -1 xtx(u+1)—1 B
f(x) = W; P | —a—F@. (4)

where F(x) = 1 — F(x). Now, the relation in (4) will be exploited to derive recurrence relations
for the moments of generalized order statistics for the PGW distribution.

In our present paper, we define generalized order statistics. It will be shown that order statistics,
record values and progressively Type Il censored order statistics are special cases of generalized order
statistics. First, we establish some explicit expressions for single moments, product moments and
conditional moments of order statistics and record values. We also provide tabulations of means and
variances of order statistics and record values for samples of different sizes of the shape and scale
parameters.

The rest of the paper proceeds as follows: In Section 2, we describe briefly the preliminaries of
generalized order statistics. In Section 3, we derive some explicit expressions and recurrence relations
for single moments, product moments and conditional moments of generalized order statistics. In
Section 4, we provide the characterization of PGW distribution based on recurrence relations of single
moments of generalized order statistics. Tabulations of means and variances of order statistics and

record values in Section 5. Finally, in Section 5, we make some concluding remarks.
2. Generalized order statistics and preliminaries

The concept of generalized order statistics was introduced by Kamps (1995). Since generalized
order statistics is an unified approach of other ordered random scheme. Suppose X(1, n, m, k),... , X(n,
n, m, k), (k > 1, m is a real number), are n GOS from an absolutely continuous cumulative distribution

function cdf F (x) with probability density function pdf f (x), if their joint pdf is of the form

n-1 n-1
k(] [ ( [1—F(xi)]mf<xi))[1—F(xn)]"-lf(xn), ©)

j=1 i=1
for F71(0) < x; < xp <+ <x, <F7'(1).wherey; =k+ (n—j)(m+1) >0forj,1 <j<

n, kis a positive integerand m > —1.1f m = 0 and k = 1, we obtain the joint pdf of the order
statistics. If k = 1 and m = —1, we obtain the joint pdf of the first n record values of the identically
and independently distributed (iid) random variables with cdf F (x) and corresponding pdf f (x).
Other statistics contained as particular cases include sequential order statistics, progressively type Il
censored order statistics and Pfeifer’s record values.

In view of (5), the marginal pdf of the r—th GOS, is given by

f; (x) = (s [FGOT"2f (x) gm" (F(x)) 6
X(rmmik)(X) = r—1)! X X)9m X)). ( )

The joint pdf of r-th and s-th GOS, is
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fX(r,n,m,k),X(s,n,m,k) (X' Y)
CS— I m r—
= D6 i PO gn " (FCO) X [hn (F))
— b (FC))IP T F )2 (),
for x < y,where F(x) = 1 — F(x),

-
Croq = 1_[ Yi
i=1

! —— 1 =), m = -1
hn(X) =1 m+1
—In(1l—-x),m=-1

and

Im(x) = hm (x) = hyn (0), x € [0,1).

3. Relations for single and product moments of generalized order statistics

(7)

In this section, we derive explicit expressions and recurrence relations for single and product

moments of generalized order statistics from the PGW distribution.

3.1 Relations for single moments

We shall first establish explicit expressions for jth single moments of the rth generalized order

statistics,E(Xr,n,m,k(j)) = #r,n,m,k(j)- Theorem 1 gives an explicit expression for 1 <r <nandj =

0,1,2,...Theorem 2 gives an explicit expression for 1 <r <n and j a negative integer.

Theorem1. For the PGW distribution given in (1) and for 1 <r <nandj=0,1,2, ...

6)) _ /1er_ _ é. +l—l -1 J eVr-u
Hrnmi = mzz=521=0(_1)“ « (ru ) 7 X@F(ﬁl + 1Y),

and for m = -1
r-1 ]/a ( 1)u+£+r—l—1

) Mekkr - r—1y/(j/a
Hrin-1je = (r—1)!z JePLru ( u )( l )Xr(ﬁl“‘“’k)’
u=01=0

where I'(a, x) denotes the incomplete gamma function defined by I'(a,x) = fxoo t@ le~tdt.

Proof. Using (6), we have

'ugr)nnk = %j X [FEO)] ™ gh Y (F(x))f (x) dx.

e 12( (") TRl PP £ d

(8)

(9)
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r-1

__¢ Cro1 u r—1 r—U ° j+a— X a 71 _
_ﬁl“(r—l)!(m+1)r_1uz=;)(_l) (" )e Xfo S

1
+(G 2)e3P] dx
1 z j
. r— [24 ] Y 0
Cr_lﬂ'] u+——l 7| ér—u
= > e (TN [ e ay,
(r—D!'m+ 1) 1u s £ u L]yBHr ),

1
wherey = (y,_)[1 + (%)“]E.The result follows from the definition of the incomplete gamma function.

For m=—1
jokpr o 1Jj/a ) o
) (O [ e e
k
u=01=

wherey = Kk[1 + ( )* ] The result follows from the definition of the incomplete gamma function.

In particular, the mean and the variance of generalised order statistic are
®

Hrmmk = Hrnmk

1
Cr— _ p R 1 e¥Yr-u (10)
=4 (r_l)l(mil)r—l Z=%) Z(l)‘:o(—l)u*‘“ (rul) (‘f) X —B rgl+1,v—w),
) Yr—u
and
2 ©) 2
Ornmk = Hrnm, k — (Wrnmi)
r—-1 a 2
= /12 CT—l Z Z( 1) +——l ( ) a
r—1!'(m+1)-1 k (11)
u=0 1=
eVr-u 5
X Wp(ﬁl +1, Ve—u) - (#r,n,m,k) ’
r—u

respectively.

Special cases
1) Ifwe put m =0, k= 1in (8), we get explicit expressions for ordinary order statistics (y,, =n—1r+
1), we have

r-1J/a

€)) ' usd_ (T =1\ [j/ pn-THUF1
.u"rn_Cr:nAJZZ(_l) 44 ( u )( I X(n_r+u+1)ﬁl+1[‘(ﬁl+1,n—’r+u+1)’

u=01=0

which is the result obtained by by Kumar and Sanku (2017).

In particular, the mean order statistics and the variance order statistics are



Devendra Kumar, Neetu Jain

627

r—1 1

- r—1y _ (-1)*"a
=t ) (1) e T e
u=

+ 1" F(E+1,n—r+u+1> )

B
(n—r+u+1)1+§

(12)
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and
2 1
0n = o — [15n ]2
r—1
r—1 (—1)’”&
— 2 n-r+u-1 _
= Cppl Z)( u )e n—r+u+1F(1'n r+u+1)
u=
1
_1 u+a
+ D F(§+1,n—r+u+1)

(n—r+u+1)1+

_|_

G (ﬁ

a+1,n—r+u+1> — M)z,

n—-r+u+ 1)1+
respectively.

3) If we put k =1 in (9), ordinary record values we have

1"16(

J
() e/U u+——1+r N Y
Hi(ry = 1)' E E -1 ( ‘;‘ rl+u+11).

In particular, the mean record statistics and the variance record statistics are

oy = ed TZ (r - 1) (- 1)”*“1+rr(u +1,1) + (—1)u—1+rr (g +u+ 1,1)}. (13)

— |

r—1!4
and

_ @ (€Y)

Ofy = Huey — [“U(r)]

ed < r—1 u+g—1+r
=y ST 1
'u=0

(14)

+ (—1)“’%‘1” r (g +u+ 1,1) + (—1)u-1+rr (% +u+ 1,1)}

RI~KIN

@
[#U(r)] ,

respectively.
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Theorem?2. Forthe PGW distribution given in (1) and for 1 =< r < n and j a negative integer,

_100

B ot S S () a9

and for m = —1

TR Wy i T PO

u=0 1=

Proof. Similar to the proof of Theorem1.

Theorem 3 establishes a recurrence relation for uﬁ’) ‘mx- 1his result holds for positive as well as

negative j.
Theorema3. For the PGW distribution given in (1) and for 1 = r = n,

e _ - (u+1) ,
0 a 1\ 1@ (j+a(u+1)) (j+a(u+1)
Frinmle = EZ u Jjta+1) [y’" Hrmmie— — = Dyt m ]'ﬁ >1. (7
Throughout, we follow the conventions thatué{',lm,k =0forn=1 and 'u((){r)l,m,k =1forl1 <r<n.

Proof. For 1 <r < n. we have from (4) and (5)

Cror [® . )
T el R R G OL

a C S (F-1) 1 e
R 2|7 " Wfo AT (0] g (F(2) dx.
u=0

Now integrating by parts, we obtain

1
6 _ a CT 1 >—1 1
W R
rmk T ,BA“ (r—1)! - u Aau

X {j-i-a(—lrl-i-l)f xJHa@ID=LFE ()1 gT=1(F (x) ) f (x) dx
-1 ® _
ST ) T @I g (P ) () d)

The result follows.
In particular, upon setting r = 1 in Theorem 3, we deduce the following result.
Corollary 1. For PGW distribution,

I0e) 1 _
» _“ 1) A (rawsn)
Ml nm, k=377 : 'ul,n,m,k
B u Jj+au+1)

u=0

(18)
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Special Cases.

1) Form =0 k=1in(17) and (18), we get the recurrence relations for ordinary order statistics

had -1 1~ a(u+1) .
uﬁ%—%z . x [ =7+ Dy ) — - a9

j+au+1) r-1n
and
) a - % -1 ﬂ._a(u_{—l) (}+a(u+1))
2 - 20
.ulzn ano u ]+a(u+1)nu1n ( )
u=
2) Form=-=1 k= 1in(17) and (18), we get recurrence relations for record values
2 (u+1) , .
) E -1 A (j+a(u+1)) _ (j+a(u+1)) 21
Mo = g Z u Jj+a@+1) [k‘uu(r):k O+ Dry e ] @)
and
had 1 —-a(u+1)
ORI Z 1) _4 (+a(u+1) (22)
U(1):k B u Jjta+1) Vax '

3.2 Relations for product moments
We shall first establish explicit expressions for the product moment of ith and jth generalized

order statistics,E [Xﬁlsfr)lm k] ,ufsjzl m k- Theorem 4 gives an explicit expression for 7 <r<s<n

and ;, =0, 1, 2,.... Theorem 5 gives an explicit expressionfor I <r<s<ni=0,1,2,...andj
a negative integer. Theorem 6 gives an explicit expressionfor I <r<s<n,j=01,2,...

and i a negative integer. Theorem 7 gives an explicit expression for 7 <r <s < nand both i
and j negative integers.

Theorem 4. For the PGW distribution givenin (1) and for 1 <r<s<n,i,j=0,1,2,..,

r—1s-r-1Jj/a i/a

MSSJ%""‘_(r—l)!(sj:rj—csl_)l!(m+1)5 ZZ uZo pZ)qz( u+”+ e
x(f;1><S-;*><f;“><fg“>wq+;;;;gf(,,m

><2F1<1,2+ﬁ(p+q);2+ﬁq;(u+s_r_v)(m+1)>,m¢—1

Vr—u
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and for m = —1

r—-1s-r-1j/a i/a

#(U) — At ekles Z Z Z Z(—l)%ﬂﬂ;—u—p—qﬂ
rsmoLE T (r — 1) (s — 1 — 1)!

u=0 v=0 p=0g=0

e (A L (O B e

Xx2FEE(LBp+q)+s—r+u+L;qg+u+v+2;1),
where 2F;(a, b; c; x) denotes the Gauss hypergeometric function defined by

ZFl(a, b;c; x) = Z (a)k(b)k xk

e ©r k"

where (e)y =e(e+1)..(e+k—1)
Proof. From (7), we have
((3))

nursnmk

CS_ (o0} (o0}
- e, | XY eI sk P x [an(FO))

= gn(FCNPTHFWI () dy dx

r—=1s-r-1

T r-DI(s— rCS—_11)! (m + 1)52 Z Z (=1 (r ; 1) (S —;— 1)

u=0 v=0

X fo f xtyI [F(x)] D=1 F (y) s £ (x) f (y) dy dx

2 — —_ 7 —
:(r—1)!(s—rf1§51_(1n+1)5-2/32A2az Z(‘l)“”(rul)(s )

1 1

xfowf; et e[ O+ G x exp((1 - [1

+ <§)“]%_1} (s—r+u—v)((m+1)) xexp({1— [1 + (%)“]%_1}ys_v> dy dx
r—-1s-r-1 a

_ al) Csy u+v+ -
_(r—1)!(s—r—1)!(m+1)s-2ﬁ,1az Z Z( D ’

u=0 v=
r—1\/s—r—1 L e¥r-u *
x( )( ) a Xf ira1g
u v p|yfert ),

+ )PP (s =+ u=v)(m -+ 1) X T(Bp-+ 1,11+ (A) o, ) dx
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r—1s-r—1

J L
[ j a a . .
_ AHIC,_, Z zz(_l)uﬂﬂr%_p_q
(r—=1D!(s —r—1)! (m+ 1)fats-1 L

u=0 v=0 0g=0

s

eVr-u

yEP Y (s —r 4+ u —v)Bat

_Q Qe

o)

WYy
whiewr (ﬁq +1, Yr-v )dw

X
f(s—r+u—v)(m+1) s—-r+u—-v)(m+1)

where z = y,_,[1 + (3)“]fand w = (u+s —r —v)(m + D[1 + ()“]%. The result follows by

using equation (6.455.1) in Gradshteyn and Ryzhik (2007) to calculate the integral in (25).

For m = -1
@@n _ kS 0 00 G j = -1 f() =
.ur,s;n,m,k - (r-1)!(s—r-1)! fo fx xly] [—ITLF(X)]T ! % X [—lnF(}’) +

InF()S HFOW* 1 f () dy dx =

a’kSek _ o 1 —1N/S—7—1 00 (00 i1 il
A e ) s Y SN

X\q utv 1 4 Via srei-v, 1 4 Yea 1
OTF T X [1+ DT 7P exp(—k{[1+ D)D) dy dx =
. i J .
ak®ed e ) A -1\ (s-r-1) (%
(r—=D!(s-r-1)!pA% £=0 Z’SJZG p=0 KkBp+s—r-v x (ru )(S 11; )(;) X

u+v

® _ita- XNa1 g T (26)
[ xtrat L+ e 5

1
——1 (o0 1 _
B 1 ZPPHS—T=1=V o=z gy =

k[1+G5)%F

: —1— i
C{ksekl] r—1-u+v+

I P j
-1 vs-r-1ve 1 a r—1\/s-r-1\ (=
(r-1)!(s-r—1)!pA% Yu=0Xv=0 p=0" Bt X ( u )( v ) (5) X

utv 1

JRxat 1+ O F F (B s — 1 — v k[ + (g)“]%) dx =

4]
KSekaiti r-t-usv+Epg

i ; .
gsriye ya (D -1y (571 (%) (a
(r-D!(s—-r-1)! {‘=%’ Xo=0 1ZZ=023=0 Bpts—r—v X (Tu )(S Ir’ )(%‘) (Z) X

fooo wBIHHY P(Bp + 5 — 1 — v, kw)dw

1
where w = [1 + (%)“]E. The result follows by using equation (6.455.1) in Gradshteyn and

Ryzhik(2007) to calculate the integral in (26).

The proof is complete.
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Special Cases.

1) For m = 0and k = 11in (23), we get the explicit expression for product moments of ordinary
order statistics

#1(}5]21 — AH—]Crsn ZS r— 12]/6{ L/a( 1)u+v+——p q (r 1) %

(s . 1) (]/a) (l/a) (ﬂq+1)(:nr:1jr+11)2+3(1’+‘1) X 2F (1'2 Hh+ )2+ ﬁq;w),

(n—-r+u+1)
which is the result obtained by Kumar and Sanku (2017).

In particular, the covariance of order statistics is

#7(“15173 AZCr,s:n Z ZS Zl/a Zl/a( 1)u+v+——p q (r 1) %

n-r+u+1 —r— 27
(71 (l/a) (1/a) (Bqﬂ)(: r+u11>2+3@+q> X 2F, (1,2 + B +q); 2 + Bg; 5T v)). (27)

(n-r+u+1)

2) For k =1in (24), we get explicit expression for record values

r-1s-r-1Jj/a i/a

= T D 2y T

v=0 p=0q=
(28)
><(r—1)(5—r—1)(j/oz)(i/oz)lﬂ(ﬁ(p+q)+s—r+u+1)
u v p q Bg+u+v+1)
x2FF(LBp+q)+s—r+u+1;q+u+v+2;1).
Theorem5. For the PGW distribution givenin (1) andforl =r<s=nandi=0,1,
2,...and j a negative integer,
s r—1s-r—-1 o i/
M e = LS Z Z ZZ( e
7,s;m,m, — 1N\ (s — 1 — 1)! s-1
r—D!(s—r—1D!I(m+1) e
(29)

SO R [ [ e
(u+s—1;/—_v)(m+1)>’m¢ "

X 2F; <1,2 + B +q); 2+ Bg;

and for m = —1
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r-1s-r-1 o i/a

’u(u) Aitigkpes z z zz( 1)—+r+v u-p—-q-1
rsn-1k (T—l) (S—T—l)'

v=0 p=0¢q=
(30)
x(r—1)(5—r—1)(j/a>(i/a>l“(ﬁ(p+q)+s—r+u+1)
u v p q Bg+u+v+1)
Xx2FEE(L,Bp+q)+s—r+u+L;qg+u+v+2;1),
where 2F,(a, b, c; x) denotes the Gauss hypergeometric function defined by
(a)k(b)kx
2F (a,b,c;x) = (C)k L
where (e)x = e(e + 1) ...(e + k — 1) denotes the ascending fractorial.
Proof. Similar to the proof of Theorem 4.
Theorem6. For the PGW distribution givenin (1) andforl =r<s=nandj=0,1,
2,...and i a negative integer,
. i
P r—1s—-r— a (o] P
PO A Gy Z z Z Z(—1)u+v+LTTJ—P-q
rsnmk — _ | e | s—2
r—D!s—r—1D!I(m+1) e e !
. (31)
(r—l)(s—r—l) L\ (L e¥r-u
X a a
u % pI\a/Bq+ 1)yr2+f(p+q)
u+s—r—v)((m+1
x 2F; <1,2/>’(p+q);2+ﬁq;( X )>,m¢ 1
Vr—u
and for m = —1
- r—1s-r-1J/@ o
@) AFTek)es Z Z ZZ( 1) J i riv—u—p—q-1
Hrsm=1k = G =Dl (s — 7 = D!
v=0 p=0qg=
i\ /i (32)
X(r—l)(s—r—l) 1z rp+q)+s—-r+u+1)
u v pl\q Bg+u+vl)

x2F(L,B(p+q)+s—r+u+1;qg+u+v+2;1)

Proof. Similar to the proof of Theorem 4.
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Theorem 7.For the PGW distribution given in (1) and for 1 = r <s =< n and both i and j

negative integers,

r—1s-r—-1 o

#(U) _ MGy Z Z ZZ _1)u+v+%—r)—q
rsmmk T (e — 1)1 (s —r — 1) (m + 1)52

u=0 v= p=0qg=0

(33)
X(r—l) (s—r—l) (j/a) (i/a) elr-u
u v D q/(Bq+ 1)yr2;|'f(P+Q)
u+s—r—v)((m+1
><2F1<1.2+/3(P+q):2+[>’q;( ) )>,m¢—1
Vr—u
and for m = -1
Pyq r-1s-r-1 oo co L
ll(l J) k= At ekpes Z Z Z Z(_l)u+v+l+7]+r+v—u—p—q—1
r,s;n,— _ 1 _ _ 1
r—D!I(s—r—-1)! L o
(34)

TS QI ( (g LU TRt

X2FF(L,LB(p+q)+s—r+u+1;pqg+u+v+2;1),
Proof. Similar to the proof of Theorem 4.

Theorem 8 establishes a recurrence relation for g (3j). This result holds for positive as well as

negative values of i and j.

Theorem8. For the PGW distribution given in (1) and for 7 <r <s < n,
had _ _ (u+1) . .
()] a 1 Y (i,j+a(u+1) (i,j+a(u+1)
Mrs mmk — E z u i+ a(u + 1) [yslur,s,n,m,k - (S -r-= 1)'ur,s—l,n,m,k (35)
Proof. For 1 = r = n, we have from (4) and (7)
Cs—1 @ (36)
B = B =), * PO i ()0 ) d

where

GO = j Y T (FO)) = hn (FGO)ET L F O£ (») dy

© (/1
=~ -1 1 w )
=52\ g | Y O (FOY) = hn (FCO)F Ty
u=0 X

By integrating by parts with respect to y, we obtain
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a1 A TN
60 =527, Jrraarnts | e O () @
— b (FO)F D dy = (s =7

= 1) [ ) FOI [ (FO)) b (F)I 270 ]
The result follows by combining (36) and (37).

In particular, upon setting s =r + 1 in Theorem 8, we deduce the following result.
Corollary2. For the distribution givenin () and 1 <r<nn=1,k=1,2,..

@@ a __1 Am et )Vr+1 (i,j+a(u+1)) 38
'urr+1nmk ,B ] +a,(u_|_ 1) rr+inmk ° ( )

Special Cases

1) Form=0, k=1in(35), we get the recurrence relations for ordinary order statistics

> [ (u+1)
@p _ % E B 1 L _ (L]+a(u+1))
My sin = ﬁu_o u j+a(u+1)>([(7’l s+ 1Du Hys—1m (39)

2) Form=-1,k>1,(35), we get the recurrence relation for record values

(40)
() Z [ 1 a(u_H) [k (U+a(u+1))]
HU(”)"_B v Jita@+n HFueom

3.3 Relations for conditional moments

Let X(r,n, m,Kk),r=1,2,...,nbe gos, then from a continuous population with cdf F (x) and pdf f
(), then the conditional pdf of X(s, n, m, K) given X(r,n,m, k) =x, 1 <r<s<n, in view of (6) and (7),
is

f | (ylx) _ Cs—1 [hm(F(Y))—hm(F(x))]s_r_l[F(Y)]ys_l
s|r =

(41)
(s—r—=1)!Cr_4 [F(x)]Yr+1 f,y > x,

and the conditional pdf of X(r,n, m,k) given X(s,n,m,k) =y, 1 <r<s<n
(s = D! (m + D[F)][1 = (F))™1] 1
r—D!(s—-r—-1) (42)

[((FE)™ — Fo)™]
% [1- (F(y))m+1]s—1 f(x),y > x.

fr|s(x|y) =

We shall first establish conditional moments of GOS, X(s, n, m, k) given X(r, n, m, k) = xi.e.

EXD(s,nmk)[Xrnmk) =x] =pd) . and X5 n, m, k) given X(s n,m k) =yie

E[XD(s,n,m, k) [X(r,n,m,k) =y] = lugjr)Lmldrnmk Theorem 9 gives the conditional moments of
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GOS, X(s, n, m, k) given X(1, n, m, k) =xfor I <r<s<nand;j=0, 1, 2, ... Theorem 10 gives the
conditional moments of GOS, X(r; n, m, k) given X(s,n, m, k) =yfor I<r<s<nand;j=0 1 2.
Theorem 9. For the distribution givenin (1) and I <r<s<n,n=>1k=1,2,...and jj=0, 1,

2 ...

0) MCss
Hsnmkrnmje = (s—r—1D!Ciy(m+ 1)s71

s—r—1J/a

S5 o

1
e¥sul (Bp + 1, ¥s-u[1 + (PIP)

X 1
yBoH1 [ PPy
Proof. Similar to the proof of Theorem 4.
Theorem 10. For the distribution givenin (1)and I <r <s<n n=>1k=12,...andi,j=0, 1,
2. ..

1
. _ Va1 B
0 M(s— D! (m+ 1)6{1 1+ 1P} m+Du

'urnmklsnmk =

1
_ Yya1B
(r— DI (s =1 — DI [1 — eI+ I3+ D51

s—-r-1r-1J/a

DI A [ B =t

v=0p=

e[l + G)“]%),

where § = (s—r—u+v)(m+ 1) and I'(a,x) denotes the incomplete gamma function defined

by I'(a,x) = fxoo ta-1o-t gt
Proof: Similar to the proof of Theoreml.

Remark 1: Fork=1,m=0and k=1, m = —1 in (43) and (44), we obtain the conditional momemts
of order statistics and record values, respectively.
4 Characterization

In this section, we characterize the PGW distribution based on conditional moments of order
statistics. Let L(a, b) denote the space of all integrable functions on (a, b). A sequence (h,) < L(a, b)

is called complete on L(a, b) if for all functions g € L(a, b) the condition

b
f gx) frx)dx=0,n €N

implies g(x) = 0 a.e. on (&, b). We start with the following result of Lin (1986).
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Proposition 1. Let n, be any fixed non-negative integer, —o0 <a <b < oo and g(x) >0
a.n absolutely continuou function with g’(x) # 0 a.e on (a, b). Then the sequence of functions

{(g(x)"e 9%, n > n,} is complete in L(a, b) if and only if g(x) is strictly monotone on (a, b).

Using the above proposition, we obtain a stronger version of Theorem 3.
Theorem 11. Let X be a non-negative random variable having an absolutely continuous cdf
(x) with F(0) =0and 0 < F(x) <1 forall x> 0. Then

d 1 —a(u+1)
) _a 71 A (j+a(u+1)) (j+a(u+1))
S =g 2\ e < b - onSE0 e
u=
if and only if

1
X\a1B
Fx)=1-— P v ]B; x>0,apB,1>0
Proof. The necessary part follows immediately from equation (17). On the other hand if the recurrence
relation in equation (45) is satisfied, then on using equations (4), we have

Cr_
(r— i)',[ X [FEO) gmt (F(x))f(x) dx
S r-DIB\ v Jau+1+)) )

X {rr jo ety [FCOI " gin ' (F(x)) dx

-(r-1 f ) [FOOT™" gi H(F(O)f (x) dx}.
0

Integrating by parts the last integral on the right hand side of equation (46), we get

Cr1
(r—1)!

fooxf [FCO)1gn (F(x))f (x) dx

1

Crmqy afm—1)\ A7+ o ~

B (r : i)' B g u Ja(u+1+j) % {Vrf xS D [F QO] g (F(2) dx
' 0

~¥r f St [FEOT" gm H(F())f () dx = j + ar(u
0

+ 1)] xJrau+l) [F(x)]yrgfn_l(F(x)) dx.
0
which reduces to

__1 xa(u+1) 1

Cry (° -
o i)!f xI[F )] 1gnt (FOO){f(x)} — %Z TR F(x)}dx =0
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It now follows from Proposition 1

a(u+1)-1

o /1
a 7—1\x
f(x) = Ez B Aa(u+1) F(x)

u=0
or
f(X) B ai %_ 1 xa(u+1)—1
F(x) - Bu=0 u e(u+1)
which proves that
v L
Fx)=1-— el @ ]B;x >0,ap,1>0

5 Numerical Computation

The recurrence relations obtained in the preceding sections allow us to evaluate the means and
variances of all order statistics and record values for all sample sizes in a simple recursive manner. In
Figure 3, we have presented the means of all order statistics for sample size n = 1(1)5 and a =
0.5(0.5)3.5, B = 0.5 and A = 0.5 and we observe that the mean of order statistics decreasing as o
increasing. The variances are presentation in Figure 4 of all order statistics for different values of r and
n for a =0.5(0.5)3.5, B =0.5 and A= 0.5 and we observe that as o increases, variances of order statistics
decreases. From Figure 5-6, similar conclusion can be drawn for mean and variances of record values.

Tabular values of means and variances of order statistics and record values are presented in Appendix.
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Figure 3: Mean of order statistics for o = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5
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6  Discussion

In this paper, recurrence relations for single and product moments of generalized order
statistics from PGW distribution have been derived. The expressions of conditional moments of
general- ized order statistics from PGW distribution have also been derived. One characterization of
the distributions is shown. The numerical computations of moments are shown for order statistics as
well as record values and we see that the moments of order statistics and record values of the
distribution are well behaved. This will encourage the study of the other properties of generalized order

statistics for future scope of research.
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