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Abstract: In this paper, we define and study a four-parameter model called the 

transmuted Burr XII distribution. We obtain some of its mathematical properties 

including explicit expressions for the ordinary and incomplete moments, generating 

function, order statistics, probability weighted moments and entropies. We formulate 

and develop a log-linear model using the new distribution so-called the log-transmuted 

Burr XII distribution for modeling data with a unimodal failure rate function, as an 

alternative to the log-McDonald Burr XII, log-beta Burr XII, log-Kumaraswamy Burr 

XII, log-Burr XII and logistic regression models. The flexibility of the proposed models 

is illustrated by means of three applications to real data sets. 
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1. Introduction 

Recently there has been an increased interest among statisticians in proposing new methods to 

generate univariate continuous distributions, which have been extensively used for modeling data in 

several applied sciences such as engineering, lifetime analysis, economics, medical and actuarial 

studies, demography, finance and insurance. So, there are many well-known generators in the 

statistical literature. For example, Marshall and Olkin (1997) pioneered the Marshall- Olkin-G (MO-G), 

Eugene et al. (2002) proposed the beta-G (B-G), Zografos and Balakrishnan (2009) defined the 

gamma-G (G-G), Cordeiro and de Castro (2011) studied the Kumaraswamy- G (Kw-G), Alexander et 

al. (2012) defined the McDonald-G (Mc-G), Alzaatreh et al. (2013) proposed the transformer (T-X), 

Torabi and Montazari (2014) introduced the logistic-G (Lo-G), Bourguignon et al. (2014) investigated 

the Weibull-G (W-G), Nofal et al. (2017) proposed the generalized transmuted-G (GT-G), Afify et al. 

(2017b) introduced the beta transmuted-H (BT- H), Afify et al. (2016a) defined the transmuted 
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geometric-G (TG-G) and Afify et al. (2017a) studied the complementary geometric transmuted-G 

families. However, there is a clear need for generating new classes to provide more flexibility in 

modeling and analyzing lifetime data. 

Consider a baseline cumulative distribution function (cdf) tt(x; φ) and probability density function 

(pdf) g(x; φ) depending on a parameter vector φ = (φ1, … , φ𝑘). The cdf and pdf of the transmuted-G 

(TG) family of distributions are defined by 

F1(x;  λ, φ) =  G(x;  φ)[1 +  λ −  λG(x;  φ)] (1) 

and 

𝑓
1
(x;  λ, φ)  =  g (x;  φ) [1 +  λ −  2λ G (x;  φ)] (2) 

respectively, where|λ|  ≤  1. 

The TG density function is a mixture of the baseline density and the exponentiated-G (Exp-G) 

density with power parameter two. The baseline cdf tt(x; φ) is clearly a special case of (1) when λ = 0. 

Further details of the TG family were explored by Shaw and Buckley (2007). 

The pdf and cdf of the TG class can be expressed, respectively, as 

𝑓
1
(x;  λ, φ) =  g (x;  φ)[1 +  λ −  2λ G ̅(x;  φ)] (3) 

and 

F(x;  λ, φ) =  1 − G̅(x;  φ)[1 −  λ + λ G ̅(x;  φ)] (4) 

The reliability function (rf), hazard rate function (hrf) and cumulative hazard rate function (chrf) 

corresponding to (3) are given by 

R(x;  λ, φ)  =  G̅(x;  φ)[1 − λ + λG ̅(x;  φ) 

h(x;  λ, φ)  =  τ (x;  φ)
[1 −  λ + 2λ G ̅(x;  φ)]

[1 −  λ + λ G ̅(x;  φ)]
 

and  

H(x;  λ, φ) =  −log {G̅(x;  φ)[1 −  λ + λ G ̅(x;  φ)]} 

respectively, where G ̅(x;  φ) = 1 − G (x;  φ) and τ (x;  φ) is the the baseline hrf. 

A simple motivation for the TG family follows by taking two iid random variables, say T1 and T2, 

with cdf G (x;  φ) = 1 − G ̅(x;  φ). Let T1:2 =  min(T1 , T2) and T2:2 = max(T1 , T2). Next, consider 

the random variable X defined by 

X =  {
T1:2，𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦

𝜆 + 1

2
; 

T2:2，𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦
1 − 𝜆

2
.

 

Then, the cdf of X is given by (4). 

Recently, some authors proposed generalizations of the BXII distribution. For example, the beta 

BXII (Parana´ıba et al., 2011), Kumaraswamy BXII (Parana´ıba et al., 2013), McDonald BXII (Gomes 

et al., 2015), beta exponentiated BXII (Mead, 2014), Marshall-Olkin extended BXII (Al-Saiarie et al., 

2014), Kumaraswamy exponentiated BXII (Mead and Afify, 2017) and Weibull BXII (Afify et al., 

2016b), generalized Burr-normal (Nasiret al., 2017) distributions. 

Bourguignon et al. (2016) and Al-Khazaleh (2016) introduced the transmuted Burr XII (TBXII) 
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distribution. However, they do not investigated its regression, applications and several properties of the 

TBXII distribution. Therefore, the main objective of this paper is to study the TBXII distribution 

defined from the TG family and give a comprehensive account of some of its mathematical properties. 

Further, we prove empirically that the TBXII model provides better fits than at least three other 

competitive models in two applications, each model having more parameters. 

This paper is organized as follows. In Section 2, we define the TBXII model and provide some 

plots of its pdf and hrf. In Section 3, we obtain some of its structural properties. The performance of the 

maximum likelihood estimators (MLEs) is investigated by means of a simu- lation study in Section 4. 

In Section 5, we propose a log-transmuted Burr XII regression model of location-scale form, in 

addition to the MLEs. In Section 6, we give three applications to  real data to illustrate the flexibility of 

the TBXII model. Finally, some concluding remarks are offered in Section 7. 

 

2. The TBXII Distribution 

In this section, we define the TBXII distribution and provide plots of its pdf and hrf. The cdf and 

pdf (for x > 0) of the BXII distribution with positive parameters in φ =  (α, β, θ)𝑇 are G(x; α, β, θ)  =

 1 − [1 + (x/θ)𝛼]−𝛽 and g(x; α, β, θ)  =  αβx𝛼−1[1 + (x/θ)𝛼]−𝛽−1/θ𝛼, respectively. 

For ease of notation, we omit sometimes the parameters in the pdf, cdf, hrf, etc. The cdf and pdf of 

the TBXII model (for x > 0) are, respectively, given by 

F(x) =  1 − [1 + (
𝑥

𝜃
)
𝛼

]
−𝛽

{1 − λ + λ [1 + (
x

𝜃
)
𝛼

]
−𝛽

} 
(5) 

and 

f(x) =  
αβ

𝜃𝛼
𝑥𝛼−1 [1 + (

𝑥

𝜃
)
𝛼
]
−𝛽−1

{1 − λ + 2λ [1 + (
x

𝜃
)
𝛼
]
−𝛽

} ， (6) 

where α and β are positive shape parameters, θ > 0 is a scale parameter and λ ∈ [−1, 1] is a shape 

parameter. Henceforth, we denote a random variable X having pdf (6) by X ∼TBXII(α, β, θ, λ). 

The quantile function (qf) of X is obtained by inverting the TBXII cdf (5). We obtain 

Q(u; α, β, θ, λ) =  {
Q𝐺 (

1 + λ − √(1 + λ)2 − 4λu

2λ
; α, β, θ, λ) , 𝑖𝑓 λ ≠ 0;

Q𝐺(u; α, β, θ, λ)                             , 𝑖𝑓 λ = 0,

  (7) 

where Q𝐺(u; α, β, θ, λ) =  𝐺
−1(u;  α, β, θ)θ[(1 −  u)

−
1

𝛽 − 1]1/𝛼 . 

The survival function (sf), hrf and cumulative hazard rate function (chrf) of X are, respec- tively, 

given by 

S(x) = [1 + (
𝑥

𝜃
)𝛼]−𝛽 {1 − λ + λ [1 + (

x

𝜃
)
𝛼

]
−𝛽

}, 
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h(x) =  
𝛼𝛽𝑥𝛼−1

[𝜃𝛼 + 𝑥𝛼]

{1 − λ + 2λ [1 + (
x
𝜃
)
𝛼
]
−𝛽

}

{1 − λ + λ [1 + (
x
𝜃)
𝛼
]
−𝛽

}

 

and 

H(x) =  − log ([1 + (
x

𝜃
)
𝛼

]
−𝛽

{1 − λ + λ [1 + (
x

𝜃
)
𝛼

]
−𝛽

}). 

The TBXII distribution is a very flexible model that leads to different distributions when its 

parameters change. It contains the following special models: 

• The transmuted log-logistic (TLL) distribution when β = 1 and θ = m−1. 

• For α = 1, we obtain the transmuted Pareto type II (TPII) distribution. 

• Setting λ = 0, we have the BXII distribution. 

• The case β = 1, θ = m−1 and λ = 0 refers to the log-logistic (LL) distribution. 

• The Pareto type II (PII) distribution follows when α = 1 and λ = 0. 

Figure 1 displays plots of the TBXII density for some parameter values. The hrf plots are given in 

Figure 2. 
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3.  The TBXII Properties 

Henceforth, let T be a random variable having the BXII density g(x; α, β, θ) = αβ𝑥𝛼−1[1 +

(
𝑥

𝜃
)𝛼]−𝛽−1/𝜃𝛼, where α, β and θ are positive parameters. The TBXII density (6) can be expressed as 

f(x) = (1 − λ)
𝛼𝛽

𝜃𝛼
x𝛼−1 [1 + (

x

𝜃
)
𝛼

]
−𝛽−1

+ λ
𝛼(2𝛽)

𝜃𝛼
x𝛼−1 [1 + (

x

𝜃
)
𝛼

]
−2𝛽−1

= (1 − λ)g(x; α, β, θ) + λg(x; α, 2β, θ). 

(8) 

Equation (8) reveals that the TBXII density function is a linear mixture of two BXII densities. So, 

several structural properties of the TBXII model can be determined from those properties of the BXII 

distribution. 

  

  

Figure 1: Plots of the TBXII density. 
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Figure 2: Plots of the TBXII hrf. 

3.1  Moments 

For r < αβ, the rth ordinary and lower incomplete moments of T are, respectively, given by 

μ
𝑟
′ = 𝛽𝜃𝛾 𝐵(𝛽 −

𝑟

𝛼
,
𝑟

𝛼
+ 1)  and φ

𝑟
(𝑧) =  𝛽𝜃𝛾  𝐵 (𝑧𝛼; 𝛽 −

𝑟

𝛼
,
𝑟

𝛼
+ 1), 

where B(a, b) = ∫ 𝑡𝛼−1(1 + 𝑡)−(𝑎+𝑏)𝑑𝑡
∞

0
 and B(z ; a, b) = ∫ 𝑡𝛼−1(1 + 𝑡)−(𝑎+𝑏)𝑑𝑡

𝑧

0
 

are the beta and incomplete beta functions of the second type, respectively.  

Then, the nth ordinary moment of X is given by 

μ𝑛
′ = 𝐸(𝑋𝑛) = (1 − λ)∫ 𝑥𝑛

∞

0

𝑔(𝑥; 𝛼, 𝛽, 𝜃)𝑑𝑥 + 𝜆∫ 𝑥𝑛
∞

0

𝑔(𝑥; 𝛼, 2𝛽, 𝜃) 𝑑𝑥. 

For n < αβ, we obtain 

μ𝑛
′ = 𝐸(𝑋𝑛) = (1 − λ)𝛽𝜃𝑛 𝐵 (𝛽 −

𝑛

𝛼
,
𝑛

𝛼
+ 1) + 2λ𝛽𝜃𝑛𝐵 (2𝛽 −

𝑛

𝛼
,
𝑛

𝛼
+ 1). (9) 

Setting n = 1 in (9), follows the mean of X. 

the central moments (µs) and cumulants (κs) of X can be obtained from 

μ𝑠 = 𝐸(𝑋 − μ1
′)𝑠 =∑(−1)𝑖 (

𝑠

𝑖
)

𝑠

𝑖=0

(μ𝑛
′)𝑠μ𝑠−𝑖

′ 
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and 

K𝑠 = μ𝑠
′ −∑(

𝑠 − 1

𝑖 − 1
)K𝑟μ𝑠−𝑟

′

𝑠−1

𝑖=0

, 

where K1 = μ1
′. The skewness and kurtosis measures of follow from the third and fourth stan- 

dardized cumulants using well-known relationships. 

The sth lower incomplete moment, say φ𝑠(𝑡), is given by φ𝑠(𝑡) = ∫ 𝑥
𝑠𝑓(𝑥) 𝑑𝑥

𝑡

0
. 

. We can write from equation (8) 

φ
𝑠
(𝑡) = (1 − λ)∫ 𝑥𝑠𝑔(𝑥; 𝛼, 𝛽, 𝜃) 𝑑𝑥 + λ∫ 𝑥𝑠𝑔(𝑥; 𝛼, 2𝛽, 𝜃) 𝑑𝑥

𝑡

0

𝑡

0

, 

and using the incomplete moment of T given before, we obtain (for s < αβ) 

φ
𝑠
(𝑡) = (1 − λ)𝛽𝜃𝑠 𝐵 (𝑡𝛼; 𝛽 −

𝑠

𝛼
,
𝑠

𝛼
+ 1) + 2λβ𝜃𝑠𝐵 (𝑡𝛼; 2𝛽 −

𝑠

𝛼
,
𝑠

𝛼
+ 1). (10) 

The first incomplete moment (φ1(𝑡)) is related to the Bonferroni and Lorenz curves, the mean 

residual and mean waiting times. It follows from the above equation by setting s = 1. In a different 

way, it can be expressed from equation (8) as 

φ1(𝑡) = (1 − λ)𝛼𝛽𝜃 ∫ 𝑥𝛼[1 + (
𝑥

𝜃
)
𝛼

]−𝛽−1 𝑑𝑥

∞

𝑡/𝜃

+ 2λ𝛽𝜃∫ 𝑥𝛼[1 + (
𝑥

𝜃
)
𝛼

]−2𝛽−1 𝑑𝑥.
∞

𝑡/𝜃

 

Setting y = x𝛼, we obtain 

φ
1
(𝑡) = (1 − λ)𝛽𝜃∫ 𝑦

1
𝛼

∞

(
𝑡
𝜃
)
𝛼

(1 + 𝑦)−𝛽−1 𝑑𝑦 + 2λ𝛽𝜃∫ 𝑦
1
𝛼

∞

(
𝑡
𝜃
)
𝛼

(1 + 𝑦)−2𝛽−1 𝑑𝑦. 

The following integral (for t > 0 and s, β > 0) is obtained using Maple as 

J(t ; s, β) = ∫ 𝑦𝑠(1 + 𝑦)−𝛽 𝑑𝑦
∞

𝑡

 

= − [
2𝐹1[(𝛽, 𝑠 + 1); (2 + 𝑠);−𝑡]𝑡

𝑠+1

(𝑠 + 1)
+
𝛤(𝛽 − 𝑠 − 1)𝜋 csc(𝜋𝑠)

𝛤(𝛽)𝛤(−𝑠)
], 

where 

2𝐹1(𝑎, 𝑏, 𝑐; 𝑥) =  ∑
(𝑎)𝑘(𝑏)𝑘
(𝑐)𝑘

∞

𝑘=0

𝑥𝑘

𝑘!
, 

is the hypergeometric function and (𝑎)𝑘 = 𝑎(𝑎 + 1)… (𝑎 + 𝑘 − 1) denotes the ascending 

factorial. 

Thus, we can write 

φ1(𝑡) = (1 − 𝜆)𝛽𝜃𝐽 ((
𝑡

𝜃
)
𝛼

;
1

𝛼
, 𝛽 + 1) + 2λβ𝐽 ((

𝑡

𝜃
)
𝛼

;
1

𝛼
, 2𝛽 + 1). (11) 

For a given probability π > 0, the Lorenz and Bonferroni curves are given by  

L(π) = φ1(𝑞)/μ1
′ and B(π) = φ1(𝑞)/(𝜋μ1

′), respectively, where q = 𝐹−1(𝜋) = 𝑄(𝜋) 

 is given by (7).In economics, if π is the proportion of units whose income is lower than or equal to q, 
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L(π) gives the proportion of total income volume accumulated by the set of units with an income lower 

than or equal to q. The index L(π) yields fractions of the total income, wheres B(π) refers to relative 

income levels. These curves are important in economics and also in reliability,demography, insurance and 

medicine. For the proposed model, they can be determined from (11) as 

L(π) =
(1 − 𝜆) 𝐽 ((

𝑡
𝜃
)
𝛼

;
1
𝛼
, 𝛽 + 1) + 2λ𝐽 ((

𝑡
𝜃
)
𝛼

;
1
𝛼
, 2𝛽 + 1)

𝜃𝑟−1[(1 − 𝜆)𝐵 (𝛽 −
𝛾
𝛼
,
𝛾
𝛼
+ 1) + 2𝜆𝐵 (2𝛽 −

𝛾
𝛼
,
𝛾
𝛼
+ 1)

 

and 

B(π) =  
(1 − 𝜆) 𝐽 ((

𝑡
𝜃
)
𝛼

;
1
𝛼
, 𝛽 + 1) + 2λ𝐽 ((

𝑡
𝜃
)
𝛼

;
1
𝛼
, 2𝛽 + 1)

𝜋𝜃𝑟−1[(1 − 𝜆)𝐵 (𝛽 −
𝛾
𝛼
,
𝛾
𝛼
+ 1) + 2𝜆𝐵 (2𝛽 −

𝛾
𝛼
,
𝛾
𝛼
+ 1)

, 

respectively. 

The nth moment of the residual life of X uniquely determines F (x) and it is defined by (for t > 0 and 

n = 1, 2, . . .) 

𝑚𝑛(𝑡) =
1

𝑆(𝑡)
∫ (𝑥 − 𝑡)𝑛𝑑𝐹(𝑥).
∞

𝑡

 

We can write based on equations (8), (9) and (10) 

𝑚𝑛(𝑡) =
1

𝑆(𝑡)
∑(

𝑛

𝑟
) (−𝑡)𝑛−𝑟[𝜇𝑟

′ − 𝜑𝑟(𝑡)]

𝑛

𝑟=0

. 

The mean residual life (MRL) of X represents the expected additional life length for a unit which 

is alive at age t and follows by setting n = 1 in the last equation. 

The nth moment of the reversed residual life of X uniquely determines F (x) and it is defined by (for 

t > 0 and n = 1, 2, . . .) 

𝑀𝑛(𝑡) =
1

𝐹(𝑡)
∫ (𝑥 − 𝑡)𝑛𝑑𝐹(𝑥).
∞

𝑡

 

Then,𝑀𝑛(𝑡) can be expressed as 

𝑀𝑛(𝑡) =
1

𝐹(𝑡)
∑(

𝑛

𝑟
)

𝑛

𝑟=0

(−1)𝑟𝑡𝑛−𝑟φ𝑟(𝑡). 

The mean inactivity time (MIT) given by 𝑀1(𝑡) represents the waiting time elapsed since the 

failure of an item on condition that this failure had occurred in (0, t). 

 

3.2  Means Deviations 

The amount of scatter in a population is evidently measured to some extent by the totality of 

deviations from the mean and median. In this section, we determine the mean deviations, which 

depend on φ1(𝑡). The mean deviations about the mean [𝛿1 = E(|X − 𝜇1
′|)] and about the median 

M[𝛿2 = E(|X − M|)]of X are given, respectively, by 
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        𝜹𝟏 = 𝟐𝝁𝟏
′𝑭(𝝁𝟏

′) − 𝟐𝛗𝟏(𝝁𝟏
′)   and  𝜹𝟐 = 𝝁𝟏

′ − 𝟐𝛗𝟏(𝑴), 

where 𝜇1
′ = 𝐸(𝑋), M = Q(1/2), F(M) and F(𝜇1

′) are easily obtained from (5) and ϕ1(t) 

follows from (10) with s = 1 or (11). 

 

3.3  Generating Function 

Parana´ıba et al. (2011) derived the the moment generating function (mgf) of the BXII(α, δ, θ) 

distribution denoted here by Mδ(t). The mgf M (t) of X can be expressed from equation (8) as 

M(t) = (1 − λ)𝑀𝛽(𝑡) + 𝜆𝑀2𝛽(𝑡).      (12) 

We can write M𝛿(t) (for t < 0) (see Parana´ıba et al., 2011) 

M𝛿(t) = 𝛼𝛿∫ 𝑒𝑡𝜃𝑦𝑦𝛼−1
∞

0

(1 + 𝑦𝛼)−(𝛿+1) 𝑑𝑦. 

This integral can be determined only in special cases. Now, we assume that α = m/r, where m and 

r are positive integers. This condition is not restrictive since every positive real number can be 

approximated by a rational number. We can obtain, using a result of Prudnikov et al. (1992, p.21), a 

simple representation for Mδ(t) (for t < 0) given by 

M𝛿(t) =
𝑚𝛿

𝑟
∫ 𝑒𝜃𝑦𝑡
∞

0

𝑦
𝑚
𝑟
−1(1 + 𝑦

𝑚
𝑟 )−(𝛿+1)𝑑𝑦 =

𝑚𝛿

𝑟
𝐼 (−𝜃𝑡,

𝑚

𝑟
+ 1,

𝑚

𝑟
,−𝛿 − 1). 

The function I(·) can be expressed in terms of the Meijer G-function (Gradshteyn and Ryzhik, 

2000) (and evaluated in Mathematica software) defined by 

G𝑝,𝑞
𝑚,𝑛 (𝑥|

𝑎1 , … , 𝑎𝑝
𝑏1 , … ,  𝑏𝑝

) =
1

2𝜋𝑖
∫

∏ 𝛤(𝑏𝑗 + 𝑡)∑ 𝛤(1 − 𝑎𝑗 − 𝑡)
𝑛
𝑗=1

𝑚
𝑗=1

∏ 𝛤(𝑎𝑗 + 𝑡)∏ 𝛤(1 − 𝑏𝑗 − 𝑡)
𝑝
𝑗=𝑚+1

𝑝
𝑗=𝑛+1

𝑥−𝑡𝑑𝑡,
𝐿

 

where i = √−1 is the complex unit and L denotes an integration path (Gradshteyn and Ryzhik, 

2000, Section 9.3). The Meijer G-function contains as particular cases many integrals with 

elementary and special functions. 

For m and k positive integers, µ > −1 and p > 0, the following result holds 

I (p, μ,
𝑚

𝑟
, v) = ∫ exp(−𝑝𝑥)

∞

0

𝑥𝜇(1 + 𝑥
𝑚
𝑟 )𝑣 𝑑𝑥 

=
𝑟−𝑣𝑚𝜇+

1
2

(2𝜋)
(𝑚−1)
2 𝛤(−𝑣)𝑝𝜇+1

× 𝐺𝑘+𝑚,𝑘
𝑘,𝑘+𝑚 (

𝑚𝑚

𝑝𝑚 |
∆(𝑚,−𝜇) , ∆(𝑟, 𝑣 + 1)

∆(𝑟, 0)
), 

(13) 

where ∆(r, a) =
𝑎

𝑟
,
𝑎+1

𝑟
, … ,

𝑎+𝑟

𝑟
.Equation (13) allows to determine Mδ(t) when α = m/r. Other 

special cases for Mδ(t) can be found in Parana´ıba et al. (2013). 

 

3.4  Order Statistics 

Order statistics make their appearance in many areas of statistical theory and practice. Let 
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X1, . . . , Xn be a random sample from the TG family. The pdf of the ith order statistic, say Xi:n, is 

given by 

𝑓𝑖:𝑛(𝑥) =
𝑓(𝑥)

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑(−1)𝑗 (

𝑛 − 𝑗

𝑗
)

𝑛−𝑖

𝑗=0

𝐹𝑗+𝑖−1(𝑥). (14) 

Using (4) and after applying the generalized binomial expansion, we obtain 

𝐹𝑗+𝑖−1(𝑥) =  ∑(−1)𝑙 (
𝑗 + 𝑖 − 1

𝑙
)

∞

𝑙=0

(1 − 𝜆)𝑙�̅�(𝑥)𝑙[1 + 𝑠�̅�(𝑥)]𝑙 , 

where s = λ/(1 − λ). By expanding zβ in Taylor series, we have 

𝑍𝛽 = ∑
(𝛽)𝑘
𝑘!

(𝑧 − 1)𝑘 ,

∞

𝑘=

 
(15) 

where (𝛽)𝑘 = 𝛽(𝛽 − 1)… (𝛽 − 𝑘 + 1)is the descending factorial. Equation (15) converges for 

every z > 0. 

By using the expansion in (15) and the pdf (6), we have 

f(x)𝐹𝑗+𝑖+1(𝑥) =  ∑
(−1)𝑙(1 − 𝜆)𝑠𝑟(𝑙)𝑟

𝑟!

∞

𝑙=1,𝑟=0

(
𝑗 + 𝑖 − 1

𝑙
) [1 + (

𝑥

𝜃
)𝛼]−(𝑙+𝛾+1)𝛽−1 ×

𝛼𝛽

𝜃𝛼
𝑥𝛼−1{1 − 𝜆

+ 2𝜆[1 + (
𝑥

𝜃
)𝛼]−𝛽}. 

Then, we can write 

f(x)𝐹𝑗+𝑖+1(𝑥) =  ∑
(−1)𝑙(1 − 𝜆)𝑠𝑟(𝑙)𝑟

𝑟!

∞

𝑙=1,𝑟=0

(
𝑗 + 𝑖 − 1

𝑙
)

× [
(1 − 𝜆)

(𝑙 + 𝑟 + 1)
𝑔(𝑙+𝑟+1)𝛽(𝑥) +

2𝜆

(𝑙 + 𝑟 + 2)
𝑔(𝑙+𝑟+2)𝛽(𝑥)], 

(16) 

where 𝑔𝛿(𝑥)is the BXII pdf with parameters α, δ, θ. 

By inserting (16) in equation (14), the pdf of Xi:n can be reduced to 

𝑓𝑖:𝑛(𝑥) = 𝜔𝑙,𝑟 [
(1 − 𝜆)

(𝑙 + 𝑟 + 1)
𝑔(𝑙+𝑟+1)𝛽(𝑥) +

2𝜆

(𝑙 + 𝑟 + 2)
𝑔(𝑙+𝑟+2)𝛽(𝑥)], (17) 

where 

𝜔𝑙,𝑟 =
1

𝐵(𝑖, 𝑛 − 𝑖 + 1)
∑

(−1)𝑙+𝑗(1 − 𝜆)𝑠𝑟(𝑙)𝑟
𝑟!

(
𝑛 − 𝑖

𝑗
) (
𝑗 + 𝑖 − 1

𝑙
)

𝑛−𝑖

𝑗=0

. 

Thus, the density function of the TBXII order statistics is an infinite linear combination of BXII 

densities. Based on equation (17), we can obtain some structural properties of Xi:n from those of the 

BXII model. 

For example, the sth ordinary moment of Xi:n is given by 
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E(X𝑖:𝑛
𝑠 ) = 𝜔𝑙,𝑟[(1 − 𝜆)𝛽𝜃

𝑠𝐵 ([𝑙 + 𝑟 + 1]𝛽 −
𝑠

𝛼
,
𝑠

𝛼
+ 1)

+ 2𝜆𝛽𝜃𝑠𝐵 ([𝑙 + 𝑟 + 2]𝛽 −
𝑠

𝛼
,
𝑠

𝛼
+ 1) 

(18) 

3.5  Probability Weighted Moments 

The (s, h)th probability weighted moment (PWM) of X, say 𝜌𝑠,ℎ, is defined by 

𝜌𝑠,ℎ = 𝐸[𝑋
𝑠𝐹(𝑋)ℎ] = ∫ 𝑥𝑠𝐹(𝑥)ℎ𝑓(𝑥) 𝑑𝑥.

∞

−∞

 

From equation (16), we can write 

f(x)𝐹ℎ(𝑥) =  ∑ 𝑑𝑙,𝑟

∞

𝑙=0,𝑟=0

[
(1 − 𝜆)

(𝑙 + 𝑟 + 1)
𝑔(𝑙+𝑟+1)𝛽(𝑥) +

2𝜆

(𝑙 + 𝑟 + 2)
𝑔(𝑙+𝑟+2)𝛽(𝑥)], 

where 𝑑𝑙,𝑟 =
(−1)𝑙(1−𝜆)𝑠𝑟(𝑙)𝑟

𝑟!
(ℎ
𝑙
). 

Then, the quantity𝜌𝑠,𝑟 can be expressed as 

𝜌𝑠,ℎ = ∑ 𝑑𝑙,𝑟 [
(1 − 𝜆)

(𝑙 + 𝑟 + 1)
∫ 𝑥𝑠𝑔(𝑙+𝑟+1)𝛽(𝑥) 𝑑𝑥 +
∞

0

2𝜆

(𝑙 + 𝑟 + 1)
𝑥𝑠𝑔(𝑙+𝑟+2)𝛽(𝑥) 𝑑𝑥] .

∞

𝑙=1,𝑟=0

 

We can obtain 𝜌𝑠,ℎ based on the ordinary moments of the BXII distribution given at the beginning of 

Section 3.1 

 

3.6 Entropies 

The R ényi entropy of a random variable X represents a measure of variation of the uncertainty 

and it is defined by 

𝐼𝛿(𝑋) =
1

(1 − 𝛿)
log (∫ 𝑓(𝑥)𝛿 𝑑𝑥

∞

−∞

) , δ > 0 and δ ≠ 1. 

By using the pdf (3), we can write 

f(x)𝛿 = (1 − 𝜆)𝛿𝑔(𝑥)𝛿
{1 + 𝑑�̅�(𝑥)}𝛿⏟        

𝐴
. (19) 

 

Applying (15) to the quantity A gives 

A = ∑
(𝛿)𝑘𝑑

𝑘

𝑘!
�̅�(𝑥)𝑘 .  

∞

𝑘=0

 (20) 
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By inserting (20) in equation (19), we obtain 

f(x)𝛿 = (1 − 𝜆)𝛿∑
(𝛿)𝑘𝑑

𝑘

𝑘!

∞

𝑘=0

𝑔(𝑥)𝛿�̅�(𝑥)𝑘 . 

Thus, 

f(x)𝛿 = (
𝛼𝛽

𝜃𝛼
)𝛿(1 − 𝜆)𝛿∑

(𝛿)𝑘𝑑
𝑘

𝑘!

∞

𝑘=0

𝑥𝛿(𝛼−1)[1 + (
𝑥

𝜃
)𝛼]−𝛽(𝑘+𝛿)−𝛿 . 

Then, the R ényi entropy of X is given by 

𝐼𝛿(𝑋) =
1

(1 − 𝛿)
log {(

𝛼𝛽

𝜃𝛼
)𝛿 (1 − 𝜆)𝛿∑

(𝛿)𝑘𝑑
𝑘

𝑘!
∫ 𝑥𝛿(𝛼−1)[1 + (

𝑥

𝜃
)𝛼]−𝛽(𝑘+𝛿)−𝛿 𝑑𝑥

∞

0

∞

𝑘=0

}, 

The last integral can be determined from the syth ordinary moment of the BXII 

g(x; α, 𝛽∗, θ)density, where 𝑠∗ = (𝛼 − 1)(1 − 𝛿) and 𝛽∗ = 𝛽(𝑘 + 𝛿) + 𝛿 − 1. Then, 

𝐼𝛿(𝑋) =
1

(1 − 𝛿)
log {(

𝛼𝛽

𝜃𝛼
)𝛿 (1 − 𝜆)𝛿∑

(𝛿)𝑘𝑑
𝑘𝜃𝑠

∗+𝛼

𝛼𝑘!
𝐵 (𝛽(𝑘 + 𝛿) + 𝛿 − 1 −

𝑠∗

𝛼
,
𝑠∗

𝛼
+ 1)

∞

𝑘=0

}. 

The Shannon entropy, say S, of X is defined by 

S = E{− log[f(X)]}. 

It is a special case of the R ényi entropy when δ ↑ 1. Thus, based on equation (3), we can write 

S = E{− log[q(X)]} + E{− log[1 − λ + 2λ�̅�(X)]}. 

The two expectations in S can be evaluated numerically for any baseline G model. 

 

3.7  Simulation 

Simulating the TBXII random variable is straightforward. Let U be a uniform variate on the unit 

interval (0, 1). Using the qf (7), the random variable 

x = {
𝜃{[1 −

1 + 𝜆 − √(1 + 𝜆)2 − 4𝜆𝜇

2𝜆
]
−
1
𝛽 − 1}

1
𝛼, 𝑖𝑓 𝜆 ≠ 0;

𝜃[(1 − 𝜇)
−
1
𝛽 − 1]

1
𝛼 , 𝑖𝑓 𝜆 = 0,

 

follows (6), i.e., X ∼TBXII(α, β, θ, λ). 

Some plots comparing the exact TBXII densities and histograms from two simulated data sets for 

some parameter values are displayed in Figure 3. These plots indicate that the simulated values are 

consistent with the TBXII theoretical density function. 
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(a) (b) 

Figure 3: Plots of the TBXII densities for simulated data sets: (a) α = 3.5, β = 1.2, θ = 2.5, λ = 0.8. (b) α = 0.5, β = 

4.5, θ = 2.0, λ = 0.5. 

4.  Maximum Likelihood Estimation 

Several approaches for parameter estimation were proposed in the statistical literature but the 

maximum likelihood method is the most commonly employed. The MLEs enjoy desirable properties 

for constructing confidence intervals. In this section, we discuss the estimation and inference for the 

TBXII distribution by maximum likelihood for complete data sets. Let 𝑥1, , , 𝑥𝑛be a random sample 

from X ∼TBXII(α, β, θ, λ) and let 𝜂 = (α, 𝛽, 𝜃, 𝜆)𝑇be the vector of the model parameters. The 

log-likelihood function for η reduces to 

l(𝜂) = nlog(αβ) − nα log(θ) + (α − 1)∑log(𝑥𝑖) − (𝛽 + 1)∑log [1 + (
𝑥𝑖
𝜃
)𝛼]

𝑛

𝑖=1

𝑛

𝑖=1

+∑log {1 − 𝜆 + 2𝜆[1 + (
𝑥𝑖
𝜃
)𝛼]−𝛽}

𝑛

𝑖=1

.                    (21) 

The components of the score vector U(𝜂) = (
𝜕𝑙

𝜕𝛼
,
𝜕𝑙

𝜕𝛽
,
𝜕𝑙

𝜕𝜃
,
𝜕𝑙

𝜕𝜆
)𝑇are given by 

𝜕𝑙

𝜕𝛼
=
𝑛

𝛼
− 𝑛𝑙𝑜𝑔(𝜃) − (𝛽 + 1)∑

𝑥𝑖
𝛼𝜃−𝛼 log (

𝑥𝑖
𝜃)

1 + (
𝑥𝑖
𝜃 )

𝛼

𝑛

𝑖=1

−∑
2𝜆𝛽 log (

𝑥𝑖
𝜃) 𝑥𝑖

𝛼𝜃−𝛼[1 + (
𝑥𝑖
𝜃 )

𝛼]−(𝛽+1)

1 − 𝜆 + 2𝜆[1 + (
𝑥𝑖
𝜃 )

𝛼]−𝛽
,

𝑛

𝑖=1

 

𝜕𝑙

𝜕𝛽
=
𝑛

𝛽
− 𝛽∑log [1 +

𝑛

𝑖=1

(
𝑥𝑖
𝜃
)𝛼] −∑

2𝜆[1 + (
𝑥𝑖
𝜃 )

𝛼]−𝛽log [1 + (
𝑥𝑖
𝜃 )

𝛼]

1 − 𝜆 + 2𝜆[1 + (
𝑥𝑖
𝜃 )

𝛼]−𝛽
,

𝑛

𝑖=1

 

𝜕𝑙

𝜕𝜃
= −

𝑛𝛼

𝜃
+ (𝛽 + 1)∑

α𝑥𝑖
𝛼𝜃−(𝛼+1)

[1 + (
𝑥𝑖
𝜃 )

𝛼]
−∑

2𝛼𝛽𝜆𝑥𝛼𝜃−(𝛼+1)(1 + 𝑥𝛼𝜃−𝛼)−(𝛽+1)

1 − 𝜆 + 2𝜆[1 + (
𝑥𝑖
𝜃 )

𝛼]−𝛽

𝑛

𝑖=1

,

𝑛

𝑖=1
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𝜕𝑙

𝜕𝜆
=  ∑

2[1 + (
𝑥𝑖
𝜃
)𝛼]−𝛽 − 1

1 − 𝜆 + 2𝜆[1 + (
𝑥𝑖
𝜃
)𝛼]−𝛽

.

𝑛

𝑖=1

 

The complicated system of nonlinear equations obtained from U (η) = 0 can be solved using 

numerical Newton-Raphson type methods. However, it is much simpler to maximize (21) directly by 

means of the R (optim function), SAS (PROC NLMIXED), Mathcad or Ox program (sub-routine 

MaxBFGS). 

Next, we conduct a small Monte Carlo simulation study to assess on the finite sample behavior of 

the MLEs of α, β, θ and λ. All results are obtained from 1, 000 Monte Carlo replications and the 

simulations are carried out using the statistical software R. In each replication, a random sample of 

size n is drawn from the TBXII(α, β, θ, λ) distribution using the inversion method. Table 1 presents 

the means of the MLEs of the parameters of the TBXII distribution and the corresponding root of 

mean squared errors (RMSEs) for sample sizes n = 200 and n = 400. 

Table 1: Empirical means and RMSEs (in parentheses); α = 1.5, β = 1.5 and θ = 1. 

 

5. The log-transmuted Burr XII regression model with censored data 

In this section, we extend the log-Burr XII model (Silva et al., 2008) and log-beta Burr XII model 

(Cordeiro et al., 2016) by replacing the BXII distribution by the TBXII distribution. From the random 

variable X having the TBXII density function (6), we define the random variable Y = log(X) having 

the log-transmuted Burr XII (LTBXII) distribution. The density function of Y , parameterized in 

terms of α = 𝜎−1 and θ = exp(µ), becomes (for y ∈ R) 

f(y) =
𝛽

𝜎
exp (

𝑦 − 𝜇

𝜎
) [1 + exp (

𝑦 − 𝜇

𝜎
)]−𝛽−1{1 − 𝜆 + 2𝜆 [1 + exp (

𝑦 − 𝜇

𝜎
)]−𝛽},                       (22) 

where λ, β and σ are positive parameters and µ ∈ R. 

We refer to equation (28) as the new LTBXII distribution, say Y ∼ LTBXIIλ, β, σ, µ), where µ is 

the location parameter, σ > 0 is the scale parameter and λ and β are positive shape parameters. Thus,  
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if X ∼ TBXII(α, β, θ, λ) then Y = log(X) ∼ LTBXII(λ, β, σ, µ). 

It simplifies to the log-Burr XII (LBXII) distribution when λ = 0. The corresponding survival 

function is given by 

S(y) = [1 + exp (
𝑦 − 𝜇

𝜎
)]−𝛽{1 − 𝜆 + 𝜆 [1 + exp (

𝑦 − 𝜇

𝜎
)]−𝛽}. (23) 

 

We define the standardized random variable Z = (Y − µ)/σ having density function 

𝜋(𝑧; 𝑎, 𝑏, 𝑐, 𝑘) = 𝛽exp(𝑧)[1 + exp (𝑧)]−𝛽−1{1 − 𝜆 + 2𝜆[1 + exp(𝑧)]−𝛽}, 𝑦𝜖𝑅. (24) 

In many practical applications, the lifetimes are affected by explanatory variables such as the 

cholesterol level, blood pressure, weight and many others. Parametric models to estimate univa- riate 

survival functions and for censored data regression problems are widely used. A parametric model 

that provides a good fit to lifetime data tends to yield more precise estimates of the quantities of 

interest. Based on the LTBXII density, we propose a linear location-scale regression model or 

log-linear regression model linking the response variable yi and the explanatory variable vector 

𝑣𝑖
𝑇 = (𝑣𝑖1,..,𝑣𝑖𝑝) as follows 

𝑦𝑖 = 𝑣𝑖
𝑇𝜏 + 𝜎𝑧𝑖, i = 1, , , n (25) 

where the random error zi has density function (24), 𝜏 = (𝜏1, … , 𝜏𝑝)
𝑇 , σ, λ and β are unknown 

parameters. The parameter 𝜇𝑖 = 𝑉𝑖
𝑇𝜏is the location of yi. The location parameter vector 𝛍 =

(𝜇1, … , 𝜇𝑛)
𝑇is represented by a linear model 𝛍 = 𝐕𝛕, where 𝐕 = (𝑉1, … , 𝑉𝑛)

𝑇is a known model 

matrix. Equation (25) is referred to as the LTBXII regression model for censored data. It is an 

extension of an accelerated failure time model using the TBXII distribution for censored data and it 

opens new possibilities for fitting many different types of data. 

Consider a sample (y1, v1), . . . , (yn, vn) of n independent observations, where each random 

response is defined by 𝑦𝑖 = min{log(𝑋𝑖) , log(𝐷𝑖)}. We assume non-informative censoring such that 

the observed lifetimes and censoring times are independent. Let F and D be the sets of individuals for 

which yi is the log-lifetime or log-censoring, respectively. Conventional like- lihood estimation 

techniques can be applied here. The log-likelihood function for the vectorof parameters 𝜼 =

(𝜆, 𝛽, 𝜎, 𝜏𝑇)𝑇 from model (25) has the form l(𝜂) = ∑ 𝑙𝑖(𝜂) + ∑ 𝑙𝑖
(𝑑)(𝜂)𝑖∈𝐷𝑖∈𝐹 , where 𝑙𝑖(𝜂) =

log [𝑓(𝑦𝑖|𝑣𝑖)],𝑙𝑖
(𝑑)(𝜂) = log [𝑆(𝑦𝑖|𝑣𝑖)], 𝑓(𝑦𝑖|𝑣𝑖) is the density (28) and S(yi|vi) is the survival 

function (23) of Yi. The total log-likelihood function for η reduces to 

l(�̂�) = rlog (
𝛽

𝜎
) +∑log[1 + exp(𝑧𝑖)] +∑log {1 − 𝜆 + 2𝜆[1 + exp(𝑧𝑖)]

𝛽}

𝑖∈𝐹𝑖∈𝐹

− 𝛽∑log[1 + exp(𝑧𝑖)] +∑log {1 − 𝜆 + 𝜆[1 + exp(𝑧𝑖)]
𝛽},

𝑖∈𝐶𝑖∈𝐶

 

(26) 

where �̂�𝑖 = (𝑦𝑖 − 𝑣𝑖
𝑇�̂�/�̂�), and r is the number of uncensored observations (failures). The MLE 

�̂� of the vector of unknown parameters can be determined by maximizing the log-likelihood (26). 

We use the subroutine NLMixed in SAS to calculate �̂�. 

  



500         Properties of the Transmuted Burr XII Distribution, Regression and its Applications
 

 

 

The NLMixed procedure of SAS has been exhaustively used to estimate the model parameters for 

several distributions published in recent years. 

Initial values for τ and σ are taken from the fit of the LBXII regression model with λ = 0 

(see, Silva et al., 2008). The fitted LTBXII model yields the estimated survival function for 

yi( �̂�𝑖 = (𝑦𝑖 −
𝑣𝑖
𝑇�̂�

�̂�
) ) given by 

S(𝑦𝑖,; �̂�, 𝛽,̂ �̂�, �̂�
𝑇) = [1 + exp (

𝑦𝑖 − 𝑣𝑖
𝑇�̂�

�̂�
)]−�̂�{1 − �̂� + �̂� [1 + exp(

𝑦𝑖 − 𝑣𝑖
𝑇�̂�

�̂�
)]−�̂�}. 

(27) 

The asymptotic covariance matrix K(η)−1of η̂ can be approximated by the inverse of the(p + 3) 

× (p + 3) observed information matrix −�̈�(𝜂). The elements of the observed information matrix 

−�̈�(𝜂), namely−L𝜆𝜆, −L𝜆𝛽 , −L𝜆𝜎 , −L𝜆𝜏𝑗,L𝛽𝛽 , −L𝛽𝜎 , −L𝛽𝜏𝑗 , −L𝜎𝜎, −L𝜎𝜏𝑗 , 𝑎𝑛𝑑 − L𝜏𝑗𝜏𝑘  for j, k = 1, , , p, 

can be calculated numerically.  The multivariate normal distribution𝑁𝑝+3(0,−�̈�(𝜂)
−1) for �̂� can 

be used in the classical way to construct  approximate confidence regions for some parameters in η. 

We can use likelihood ratio (LR) statistics for comparing some special models with the LTBXII 

model. We consider the partition η = (η1
𝑇, η2

𝑇)𝑇, where η1 is a subset of parameters of interest 

and η2is a subset of nuisance parameters. The LR statistic for testing the null hypothesis 𝐻0: η1 =

η1
(0)versus the alternative hypothesis 𝐻0: η1 ≠ η1

(0)is given by w = 2{l(η̂) − l(η̃)},where η̃ and η̂ 

are the estimates under the null and alternative hypotheses, respectively. The statistic w is 

asymptotically (as n → ∞) distributed as 𝑋𝑣
2, where v is the dimension of the subset η1 of 

parameters of interest. 

6 Applications 

In this section, we prove empirically the flexibility of the TBXII model by means of two 

applications to real data. The MLEs of the model parameters are evaluated numerically and the fit of this 

model is compared with those of other competitive models. These results are obtained using the Mathcad 

program. We also provide an application for the LTBXII regression model. 

For the two data sets, we shall compare the fits of the TBXII distribution with those of other 

competitive models, namely: the Kumaraswamy Weibull (KwW) (Cordeiro et al., 2010), gamma Weibull 

(GW) (Provost et al., 2011), McDonald Weibull (McW) (Cordeiro et al., 2014), generalized transmuted 

Burr X (GTBX) (Nofal et al., 2017), modified beta Weibull (MBW) (Khan, 2015) and exponentiated 

transmuted generalized Rayleigh (ETGR) (Afify et al., 2015) distributions with corresponding densities 

(for x > 0): 

⚫ KwW: 

f(x) =
𝑎𝑏𝛽𝛼𝛽𝑥𝛽−1

exp [(𝛼𝑥)𝛽]
{1 − exp [−(αx)𝛽]}𝑎−1{1 − exp [−(αx)𝛽}𝑏−1; 

⚫ GW: 
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f(x) =
1

𝛤(1 + 𝛾/𝛽)
𝛽𝛼

𝛾
𝛽
+1
𝑥𝛽+𝛾−1 exp(−𝛼𝑥𝛽) ; 

⚫ McW: 

f(x) =
𝛽𝑐𝛼𝛽

𝐵(
𝑎
𝑐
, 𝑏)exp [(𝛼𝑥)𝛽]

𝑥𝛽−1{1 − exp [−(𝛼𝑥)𝛽]}𝑎−1{1 − {1 − exp [−(𝛼𝑥)𝛽]}𝑐}𝑏−1; 

⚫ GTBX: 

f(x) =
2𝛼𝛽2𝑥

exp [(𝛽𝑥)2]
{1 − exp [−(𝛽𝑥)2]}𝛼𝑎−1{𝑎(1 + 𝜆) − 𝜆(𝑎 + 𝑏){1 − exp[−(𝛽𝑥)2]}𝛼𝑏} ; 

⚫ MBW: 

f(x) =
𝛽𝛼−𝛽𝑐𝑎𝑥𝛽−1

𝐵(𝑎, 𝑏)exp [𝑏(
𝑥
𝛼)
𝛽]
{1 − exp [−(

𝑥

𝛼
)𝛽]}𝛼−1{1 − (1 − 𝑐)[1 − exp [− (

𝑥

𝛼
)𝛽]}−𝑎−𝑏; 

⚫ ETGR: 

f(x) =
2𝛼𝛾𝛽2𝑥

exp [(𝛽𝑥)2]

{1 + 𝜆 − 2𝜆[1 − exp [−(𝛽𝑥)2]]𝛼}

{1 − exp [−(𝛽𝑥)2]}−𝛼𝛾+1
{1 + 𝜆 − 𝜆{1 − exp [−(𝛽𝑥)2]}𝛼}𝛾−1. 

The parameters of the above densities are all positive real numbers except for the ETGR and GTBX 

distributions for which |λ| ≤ 1. 

In order to compare the fitted models, we use the Akaike information criterion (AIC) and the 

Bayesian information criterion (BIC). Further, we adopt the Anderson-Darling (𝐴∗) and Cram ér-von 

Mises (𝑊∗) statistics to compare the fits of the TBXII model with other non-nested models. These 

statistics, widely used to determine how closely a specific cdf fits the empirical distribution to a given 

data set, are given by 

𝐴∗ = (
9

4𝑛2
+
3

4𝑛
+ 1){𝑛 +

1

𝑛
∑(2𝑗 − 1) log[𝑧𝑖(1 − 𝑧𝑛−𝑗+1)]

𝑛

𝑗=1

} 

and 

𝑤∗ = (
1

2𝑛
+ 1){∑(𝑧𝑖 −

2𝑗 − 1

2𝑛

𝑛

𝑗=1

)2 +
1

12𝑛
}, 

respectively, where zi = F (yj) and the yj’s are the ordered observations. Generally, the smaller these 

statistics are, the better the fit is. 

6.1 Application 1: The Gauge Lengths Data 
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The first data set on gauge lengths of 20 mm (Kundu and Raqab, 2009) consists of n = 74 

observations. Table 2 provides the MLEs of the model parameters, their corresponding standard errors 

(SEs) and the values of the AIC, BIC, 𝑊∗ and 𝐴∗ statistics. The plots of the fitted TBXII pdf and other 

fitted pdfs (defined before). to the current data, are displayed in Figure4. They reveal that the TBXII 

distribution yields the best fit and it can be considered a very competitive model to other distributions 

with positive support. 

6.2 Application 2: The Nicotine Data 

The second data set refers to nicotine measurements, made from several brands of cigarettes in 1998, 

collected by the an independent agency “Federal Trade Commission” of the US govern- ment. The report 

entitled tar, nicotine, and carbon monoxide of the smoke of 1206 varieties of domestic cigarettes for the 

year of 1998 consists of the data sets and some information about the source of the data, smokers 

behavior and beliefs about nicotine, tar and carbon monoxide contents in cigarettes. 

Table 3 lists the MLEs of the model parameters, their SEs and the values of the AIC, BIC, 𝑊∗ and 

𝐴∗ statistics. Some plots of the fitted TBXII pdf and other fitted pdfs are displayed in Figure 5. They also 

indicate that the TBXII model yields the best fit to the nicotine data compared to the other models. 

 

Table 2: MLEs, their SEs (in parentheses) and the W ∗, A∗, AIC and BIC statistics for the gauge lengths. 

Figure 6 displays the estimated cdf of the TBXII distribution. The QQ-plots of the fitted TBXII 

model are shown in Figure 7 for both data. 

In summary, we compare the fits of the TBXII model with the KwW, McW, GTBX, MBW, GW and 

ETGR models for the gauge lengths and nicotine data in 2 and 3. We can conclude that the TBXII model 

has the lowest values for the AIC, BIC, W ∗ and A∗ statistics among the fitted models. Thus, the TBXII 

model could be chosen as the best model to both data sets. It is quite clear from the figures in these Tables 

2 and 3 that this model provides the best fits to these two data sets. So, we prove empirically that it can be 

better model than other competitive models with positive support. 

  



Ahmed Z. Afify, Gauss M. Cordeiro, Marcelo Bourguignon, and Edwin M. M. Ortega     503
 

 

Table 3: MLEs, their SEs (given in parentheses) and the W ∗, A∗, AIC and BIC statistics for the nicotine data. 

 

  

(a) (b) 

Figure 4: The fitted densities for the: (a) TBXII, KwW, GW and GTBX models;  

(b) TBXII, McW, MBW and ETGR models (gauge lengths). 

6.3 Application 3: Vitamin A data regression model 

In this subsection, we consider a data set provided by the Instituto de Sau d́e Coletiva Universidade 

Federal da Bahia. This data set was designed to evaluate the effect of vitamin A supplementation on 

recurrent diarrheal episodes in small children (see Barreto et al., 1994). Censoring times are random, and 

we aimed at modeling the treatment effect in time until the first occurrence of diarrheal episodes, this can 

be done by means of an appropriate regression model with censored data. The data from a randomized 

community trial that was  designed  to evaluated the effect of vitamin A supplementation on diarrheal 

episodes in 1,207 pre-school children, aged 6-48 months, who were assigned to receive either placebo or 

vitamin A in a small city in the Northeast of Brazil from December 1990 to December 1991. The vitamin 

A dosage was 100,000 IU for children younger than 12 months and 200,000 IU for older children, which 
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(a) (b) 

Figure 5: The fitted densities for the: (a) TBXII, KwW, GW and GTBX models. 

(b) TBXII, McW, MBW and ETGR models (nicotine). 

 

 

  

(a) (b) 

Figure 6: The estimated cdf of the TBXII model for (a) the gauge lengths data (b) nicotine data. 

 

is the highest dosage guideline established by the World Health Organization (WHO) for the prevention 

of vitamin A deficiency. 

The total time was defined as the time from the first dose of vitamin A until the occurrence of an 

episode of diarrhea. An episode of diarrhea was defined as a sequence of days with diarrhea and a day 

with diarrhea was defined when 3 or more liquid or semi-liquid motions were reported in a 24-hour 

period. The information on the occurrence of diarrhea collected at each visit corresponds to a recall period 

of 48-72 hours. The number of liquid and semi-liquid motions per 24 hours was recorded. 
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The covariates considered in the regression models are: 

  

(a) (b) 

Figure 7: QQ-plots of the TBXII model for the (a) gauge lengths data. (b) nicotine data. 

• 𝑥𝑖1: age at baseline (in months); 

• 𝑥𝑖2: treatment (0 = placebo, 1 = vitamin A); 

• 𝑥𝑖3: gender (0 = girl, 1 = boy). 

We now present results on fitting the model 

𝑦
𝑖
= 𝛽

0
+ 𝜏1𝑥𝑖1 + 𝜏2𝑥𝑖2 + 𝜏3𝑥𝑖3 + 𝜎𝑧𝑖 

 

where the variable Yi follows the LBBXII distribution given in (28), i = 1, 2, . . . , 1207. 

Recently, Cordeiro et al.(2016) define the log-McDonald Burr XII (LMcBXII) distribution.The 

density function of Y , is given by (for y ∈ R) 

f(y) =
𝑐𝑘

𝜎𝐵(𝑎, 𝑏)
exp (

𝑦 − 𝜇

𝜎
) [1 + exp (

𝑦 − 𝜇

𝜎
)]−𝑘−1{1 − [1 + 𝑒𝑥𝑝 (

𝑦 − 𝜇

𝜎
)]−𝑘}𝑎𝑐−1 × [1

− {1 − [1 + 𝑒𝑥𝑝 (
𝑦 − 𝜇

𝜎
)]−𝑘}𝑐]𝑏−1, 

(28) 

where a, b, c, σ and k are positive parameters and µ ∈ R. The LMcBXII distribution contains as special 

models some well-known distributions. If c =  1,  it reduces to the log-beta Burr  XII (LBBXII) 

distribution. If a = 1, it yields the log-Kumaraswami Burr XII (LKwBXII) distribution. It simplifies to the 

log-Burr XII (LBXII) distribution when a = b = c = 1 (Silva  it at el., 2008). Further, if a = b = c = 1, in 

addition to k = 1, it becomes the logistic distribution (Lawless, 2008). Cordeiro et al. (2016) based on the 

LMcBXII density, proposed a log-linear regression model linking the response variable yi and the 

explanatory variable vector 𝑉𝑖
𝑇 = (𝑣𝑖1, … , 𝑣𝑖𝑝). 

We now compare the LTBXII regression model with the LMcBXII, LBBXII, LKwBXII, LBXII and 

logistic regression models. The MLEs of the model parameters are calculated using the NLMixed 

procedure in SAS. Iterative maximization of the the log likelihood function (26) starts with initial values 

for β and σ which are taken from the fit of the LBXII regression model with a = b = c = 1. 

  



506         Properties of the Transmuted Burr XII Distribution, Regression and its Applications
 

 

 

A summary of the values of the AIC, BIC and CAIC to compare the LTBXII, LMcBXII, LBBXII, 

LKwBXII, LBXII regression models is given in Table 4. These results indicate that the LTBXII 

regression model has the lowest AIC, BIC and CAIC values among those values of the fitted models, and 

therefore it could be chosen as the best model. 

 

Table 4: AIC, BIC and CAIC statistics for comparing the LTBXII, LMcBXII, LBBXII, LKw- BXII, LBXII and 

logistic regression models. 

 

The MLEs and their SEs of the parameters for the LTXBII regression model are given in Table 5. 

 

Table 5: MLEs for the parameters from the LTBXII regression model on the complete vitamin A data set 

 

 

We note from the fitted LBBXII regression model that x1 is significant at 1% and that there is a 

significant difference between the age for the survival times. The MLEs of the parameters for the final 

model are given in Table 6. We can interpret the estimated coefficients of the final model 

 

Table 6: MLEs for the parameters from the LTBXII regression model on the complete vitamin A data set - final 

model 

 

 

as the follows The median survival time should increase approximately 2.18% (e0.0216 × 100%) when 

age increases one unit. 
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7. Conclusions 

Statistical distributions are very useful in describing and predicting real world phenomena. 

Numerous generalized distributions have been extensively used over the last decades for modeling 

data in several areas. Recent developments focus on defining new families to extend well-known 

distributions and at the same time providing great flexibility in modeling data in practice. So, several 

classes to generate new distributions by adding one or more parameters have been proposed in the 

existing literature. We define the transmuted Burr XII (TBXII) model and obtain some of its 

mathematical properties including explicit expressions for the ordinary and incomplete moments, 

moments of the residual and reversed residual lifetimes, mean deviations, generating function, order 

statistics, probability weighted moments and R ényi and Shannon entropies. Also, a log-transmuted 

Burr XII regression model with the presence of censored data is proposed as an alternative to model 

lifetime when the failure rate function presents unimodal shape. We show that the TBXII model can 

provide better fits than other models generated from well-known families by means of two real data 

sets. Further, we give an application for the new regression model 
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