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Table S1: Key notations of the Poisson segmented regression model described in Section 3.3

Notation Support Definition
N eN The total population size
= [Ct]Txl CiyeN,Cy > Cpq The cumulative confirmed case numbers
= [Dt]Txl Dy e N, Dy > D; 1 The cumulative death numbers
= [Et]TX1 E,eNE; > E; 4 The cumulative recovery case numbers
= [St]Txl S eN The actively susceptible people, Sy = N — C;
g = [Sf]Txl I; N The actively infectious case numbers
A = [Rt]Txl R; e NJR; > R;_1  The cumulative removed case numbers
X = [xw]TXp re; €ER,j> 2 The design matrix, where the first column is an
all-one vector for the intercept, the second column
is (1,...,T)7 for the time effect, and all other
columns make up the covariate matrix
veRT The pre-specified constant removal rate
= [Jﬂ Kx1 a,% €R* The pre-specified variances of regression errors
= [BtJTxl By € RT The time-varying disease transmission rates
= [at]Txl ap € RT The adjusted time-varying transmission rates
a= [dt]Txl a € R The adjusted time-varying transmission rates on
the logarithmic scale, a; = log a4
= [Ct]Txl ¢ €{0,1} The change point indicator
o 2= (2] oy zed{l,...,K} The segmentation indicator
% = [Ck]le cp €{1,...,T} The locations of change points
g = [nk] Kx1 nie € N The number of time points in each segment
£ B= [bj,k]pr bjr €R The regression coefficients for each segment
= [675]Tx1 e €R The regression errors (i.e. the process error)
H = Diag(hg,...,hp—1) h; € RT The diagonal variance-covariance matrix that de-
fines the prior on each column in B, i.e. b
we (0,1) The probability of being a change point a prior:
A, by Ay, b, € RT The hyperparameters for w
The matrix transpose operator
” The ceiling function
% ) The indicator function
© = Diag(1,...,1) The n-by-n identity matrix
= O]nX1 The n-dimension all-zero column vector
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Table S2: Key notations of the stochastic SIR model described in Section 3.4

Notation Support Definition

N N eN The total population size

C = [Ct]Txl CiyeN,Cy > Cyq The cumulative confirmed case numbers
% C = [Ct]Txl C"t eN The new confirmed case numbers, C’t =Cy—Ciq
A z = [Zt]Txl z€41,....,K} The segmentation indicator, with z; = k indicat-

ing that time point ¢ is in segment &

¥ v eRT The pre-specified constant removal rate

R= [Rt] Tx1 Rt eN The new removed case numbers, which are treated
7 as missing data
% B = [[3;] Kox1 B € RT The disease transmission rates for each segment
g Ry = [ROk] Kx1 Ror € RT The basic reproduction numbers for each segment
& ¢ = o] Kox1 or €RT The dispersion parameters for each segment

ag, by ag, by € RT The hyperparameters for all ¢;’s
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Table S3: Case study: The list of the change points identified by BayesSMILES and the related supporting
evidences for the states of New York, Texas, Florida, and California.

State gzl;sgigkﬁepggr\l;ﬁtion Event Reference
Mar 28 (Mar 26 - Apr 2) 14-day travel advisory NBC New York (2020a)
Apr 9 (Apr 4 - Apr 13) First negative number for ICU admissions Jesse Pound (2020)
New York | Apr 27 (Apr 24 - May 1)

Jun 18 (Jun 14 - Jun 23) Phase II reopening NBC New York (2020b)

Jun 29 (Jun 28 - Jul 4)

Mar 28 (Mar 28 - Mar 30) | 14-day travel advisory Office of the Texas Governor (2020b)

Apr 9 (Apr 8 - Apr 11) Texas disaster declaration extension Ciara Rouege (2020)

May 25 (May 22 - May 26) | Additional services and activities allowed to Office of the Texas Governor (2020c)

Texas open for phase II reopening
Jun 16 (Jun 13 - Jun 17) The second COVID-19 wave in June Billy Gates (2020)
Jun 28 (Jun 24 - Jul 3) Multiple executive orders issued for mitigating | Office of the Texas Governor (2020d)
the disease spreading Office of the Texas Governor (2020e)

Office of the Texas Governor (2020a)

Apr 3 (Apr 2 - Apr 5) Statewide stay-at-home order Klas and Contorno (2020)

Apr 14 (Apr 10 - Apr 19) Some counties require face coverings in public | Metevia (2020)

May 13 (May 8 - May 18) | Phase I reopening Silcox and Turco (2020)

Florida Jun 7 (Jun 2 - Jun 11) Phase II reopening Dobrzyn (2020)
Jun 27 (Jun 26 - Jul 2) Mandatory face coverings in public for Frago (2020)
major cities Speck and Sandoval (2020)
The City Manager of the City of Miami (2020)
Piggott and McLean (2020)
California Apr 5 (Apr 3 - Apr 6)
Jun 17 (Jun 12 - Jun 22) Higher-risk businesses reopening Sandhya Kambhampati and Krishnakumar (2020)
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S4. Supplement to Section 4: Details of the MCMC Algorithms

This section shows the details of the MCMC algorithms of the proposed Bayesian framework,
and the multivariate normal density approximation used to improve the computational efficiency
for computing the posterior distributions for the proposed Poisson segmented regression model.

S4.1 MCMC algorithms for detecting change points

We start by writing the full data likelihood and the priors of the change point detection model
as

T
fle) = J[Poi(l; Noy)
t=1
K
&) = MN(dk;Onk,XkHX,;r +agznk) (1)
k=1

T
m(¢) = HBe—Bern(Q;aw,bw).
t=2

The full posterior distribution is 7(e, {|I) < f(I|a, {)m(e,{) = f(I|la)m(&|¢)m(¢). Below, we
describe the Metropolis-Hastings (MH) algorithms to sample from 7(a|¢, I) and 7({|a, I).
Update the change point indicator (: We update the binary latent vector ¢ via an
add-delete-swap algorithm. We randomly select an entry in {, say (¢, and change its value to
¢V =1— (; to form a new ¢"V. This is an add step if (¥ = 1 and a delete step otherwise.
The swap step is performed every ten iterations, where we randomly select a change point, say
¢t = 1, and swap the values between the t and (¢ + 1)-th entries in ¢ to form a new ¢{™V. We
accept the proposed ¢V with the probability min(1, my), where the acceptance ratio is

7.‘.(dt‘C'I'leW) W(cnew) J(CHEW <_ C)

m(&l¢) 7)) J(C ¢+ ¢nev)
 TI MN (6300, , X HXL + 022, y
I, MN (@4 0,,,, X, HX] + 02T,,,)

mMH =

ay /b, for add
bu/a, for delete

1 for swap

Here we use J(- < -) to denote the proposal probability distribution for the selected move.
Note that the last proposal density ratio equals one. This step simultaneously updates the
segmentation vector z, as it can be constructed from (.

Update the adjusted time-varying transmission rates «a: For each segment par-
titioned by ¢, we update a; within the same segment, say segment k, sequentially by using
a random walk Metropolis-Hastings (RWMH) algorithm. We first propose a new &V from
N (dt,7'2). Let a,(f)new = (aeps-- o 04V, o, Qeptng—1). Then we accept the proposed value
7% with probability min(1, myy), where the acceptance ratio is

Qi
f]a™Y) m(@™Y[Q) J(@"Y + a)
fla)  7w(&lC) J(a <« arev)
_ Poi(I; a°V) MN (G°™; 0y, , X HX,| + 071,
~ Poi(l;a;)  MN (6 0y, Xe HX, + 077,,,)

MMH =
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Note that the proposal density ratio cancels out for this RWMH update. The computation of
the multivariate normal (MN) probability density involves matrix inversion, which can be time-
consuming, particularly when ny is large. To significantly improve the computational efficiency,
we follow Zhou and Guan (2018) to approximate the exact inversion under an appropriate choice
of H that satisfies the asymptotic condition. As mentioned previously, H is a p-by-p diagonal
matrix, where the first entry ho corresponds to the variance of the normal prior on by ;. Under
the asymptotic condition of hg > h;,Vj # 0, the inversion of an ny-by-n; matrix is reduced to
an inversion of a p-by-p matrix. In practice, we set hg = 10,000 and hy = ... = hp,_1 = 10 to
ensure this asymptotic condition. The full details of the approximation method are available in
Section S4.3.

S4.2 MCMC algorithms for estimating basic reproduction numbers

We start by writing the full data likelihood and the priors of the stochastic SIR model are written
as,

K
fepe.r) = 1] 11 NB(C't;ﬁyN—Ct_l) ~

kil {t:Zt :k}
K

(8% = ][ Ga(B;as bs) (2)

N —-Ci—1 — R
t—1 t17¢k>

i
I

2
=

I
>

Ga(dr; ag, by),

e
Il
—

where 8* = (B7,..., 5% ) and ¢ = (¢1,...,0K), i.e. the collections of transmission and dispersion
rates of all segments. For the hyperparameters, we set ag = 1 and bg = 1/ so that both of the
expectation and variance of the basic reproduction number Rg = 3}/ are equal to one. With a
pre-defined removal rate ~y, we propose the following updates in each MCMC iterations.

Generate R based on C: We assume I; = C; and Ry = 0, i.e. all the confirmed cases
are capable of passing the disease to all susceptible individuals in a closed population at time
point ¢ = 1. Then we sample Ry ~ Poi(vI;), where 7 is a pre-specified tuning parameter and
Rg = Ro — R; is the new removed case number at time point ¢ = 2. Due to the compositional
nature of the SIR model, we can compute Iy = I1 + C’g — Rg, where C"g = (9 — (1 is the new
confirmed cases at time point ¢ = 2. Next, we repeat this process of sampling Ry ~ Poi(yli—1)
and computing Iy = I;_1 + C; — Ry,t = 3,...,T, to generate the sequence R used in every
iteration.

Update the dispersion parameters ¢: For each segment, we update ¢, by using an
RWMH algorithm. We first propose a new ¢;*", of which the logarithmic value is generated

from N (log O, T;) Let ¢V = (¢1,...,0;V,...,¢K), where only the k-th entry is replaced.

Then we accept the proposed value ¢V with probability min(1,mym), where the acceptance
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ratio is

_ f(C|{3*7¢neW’R) ﬂ_(qsnew) J((b — (Z)HGW)
felp ¢, R)  m(@) J("V 9

: * N-Ci—1—Ry— new
Mgy NB (G BV = Cot) 237522 6) Gaggpeviag, by)
[Ttz iy NB (Ct;BZ(N — Cyq) gl ¢k) Ga(dn; ag, by)

Note that the proposal density ratio cancels out for this RWMH update.

Update the disease transmission rates 3*: For each segment, we update 3; by using
*New

an RWMH algorithm. We first propose a new ;%" of which the logarithmic value is generated
from N (1og Bt rg). Let 3% = (B%,..., 3% B%), where only the k-th entry is replaced.

*Nnew

Then we accept the proposed value /3 with probability min(1, mym), where the acceptance
ratio is

_ [(CIBT ¢, R) 7w (B7) J (8"« B
J(CIB ¢ R) () J(F < B)

- *new N—-Ci_1—Rs—
=y NB (Ct; P (V- CH)#’QS’“) Ga(8;™™; ag, bs)
[zmiy NB (Ct; BE(N — Cypq) =izl ¢k> Ga(6; ag, bs)

Note that the proposal density ratio cancels out for this RWMH update.

S4.3 Approximate the multivariate normal density function

We consider a general setting as follows. Let y be an n x 1 vector, W be an n x ¢ matrix, U be
an n X p matrix, and X = (W,U) (which is an n x (p+ ¢) matrix). Let ¥ be a (¢+p) X (¢+p)
diagonal matrix where the first ¢ diagonal elements are hg and the last p diagonal elements are
hy. Suppose hg, h1,0% > 0. By Woodbury identity and Sylvester’s determinant identity, we have

Ay (XEXT +0’ L)y =y y -y X (XX + 227X Ty, (3)
XX + a2zn‘ = 02 |(ho /oYW W +T,,| - ‘hlUT(hOWWT YT WU T, ()
where | - | denotes the matrix determinant and Z,, is an n-dimensional diagonal matrix. Define

P=T,-WW' W) 'w', U=PU, ¢=Py,

where U (respectively ) is the residual after regressing out W from U (respectively y). Zhou
and Guan (2018) showed that the expressions in (3) and (4) can be further simplified when
hg — o0. The results are summarized below with the proof available in the supplement of Zhou
and Guan (2018).

Lemma 1. Let y, W, U, X, X, vy, 0,02, hg, h1 be defined as above. Then,
hli%n Ay (XX +06%,) ly=9"g-9 ' UU"U + (6%/h)I,) U "y, (5)
oToo

and
.| XZXT + 0T,
lim =
hotoo |hWgWW'T + 027, |

‘(hl JeUTU +T,|. (6)
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The conclusions in Lemma 1 can be used to improve the computational efficiency for ap-
proximating the multivariate normal probability density function, shown in Equation (1), in our
model. Within each segment k& we assumed &, ~ MN(Xby, J,%Ink). Under the prior specifica-
tion discussed in Section 3.3, we have &y ~ MN(O0, XkHX,;r + O']%Ink), and the corresponding
p.d.f. for &y is:

m(ay) = 2n) ™™/ ? | X  HX, + 021,

71/2 1 B .
exp{2a;—(XkHX,;r+J,%Ink) lak}, (7)

where ny is the segment length. Next, we simplify the calculation of ‘XkH X ];r + agl’nk| and

(X HX, +02Z,,)"" by using Lemma 1. Consider U = (¢4,... Jtn,,) | and let W be a column
vector of 1’s with length ng. The vector y in our case matches ay, and ¥ = H = (%0 hol ) Lemma
1 states that the inverse and determinant calculation of an nj; X ng matrix can be reduced to
that of a p X p matrix, and in our case p = 1 (since the regression model only includes "time" as
a covariate except the intercept term). Therefore, the computational benefit could be significant

when nj was large. We first derive the formula of P as follows,

1-Lr X . -1

S _T

P=ZT,-WW'wW)'wl=| ™ " ”’“
3 3 S
_ﬁ _a e 1 - E

Next, according to Equation (5), | Xy HX, + 03Z,, ‘ can be approximated by ‘(hl/az)f]TfJ +Z,, | %

|h0WWT + ail’nk‘ when hy — 4o00. In particular, we can derive
(jT :(PU)T = (tl—f to—t ... tn,, —ﬂ,

where t = n,;l >k t; denotes the average. Therefore,

Nk

= (h/o}) ) (ti =) + 1. (8)

i=1

(1 /oR)T 7O + T,

To calculate |hgoWW T + O']%Ink , upon noting that WW T is an nj x nj matrix, we find

2
o
k
In,

ww’
+ o

‘hOWWT + 02T,

— BT
_hO

. 9)

According to Sylvester’s determinant lemma, we have

h 2\ "k h 2\ "k
oy +03WTW‘ x (?) = <1+ ”’“2‘)) x (Z’f) .
k 0 0% 0

Therefore, the formula in Equation (9) equals the following,

n niho o™ 2 ngho
= hx (14 20 Tk} = (o)™ x (1 . (10
0o X ( + o2 > X <h0> (o)™ x [ 1+ o2 (10)

T, % |
ww'T 1 %k, | =
ho

(howwT + 02T,
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Combining the results in Equations (8) and (10), we can approximate the matrix determinant
in (7) as follows when hg — oo,
-1/2 —ng
~—— h" . (11)
3 n
\/ 220 + 1\/7}% doim(ti—1)? +1

X HX, +0iT,,

Next, it is straightforward to derive the formula in the exponent part in Equation (7) using the
result in Equation (5). In particular, we can derive:

=1
n
g 0= (ti —)(& — &)
=1

Then we approximate the exponent part in Equation (7) as follows under the condition that
hy — o0,

1 L 1oy (S D@ - an)’
—ia;—(XkHX,;r + O']%Ink) lak R 552 Z(Oéi - Olk:)2 - ( gik z( _); 2 ) (12)
k i=1 i=1 t; — 1)« + H

We further introduce the following notation,

ng Nk s
Su=> (ti—1% Sea=Y (Gi—ar)? Sar=Y (4—ax)(ti—1).
i=1 i=1 i=1

By combining the approximations in (11) and (12), we obtain

_ (2m) /2 1 S2
p(ak) ~ b0 7 k €Xp § — 20_2 Soza - ata
\/?+1\/é3tt+1 k Stt"”}TI;

In practice, assuming that all covariates are standardized, this approximation works well if hy/hy
is large enough. We suggest using hg = 10,000 and h; = 10, which yielded highly accurate
approximations in our simulation.
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S5. Supplement to Section 5: Simulation Study Results

This section provides additional simulation results for Scenarios 1, 2, and 3 described in Section
5.1. For each scenario, we randomly selected a single simulated dataset from the 50 replicates.
Figure S1 shows the PPM estimates on the change point indicator ¢. The red dashed and
blue solid lines represent the true and estimated change point locations, respectively, while the
gray ribbons indicate the corresponding 95% credible intervals. As we can see, BayesSMILES
correctly pointed out the true change points. The resulting ARI values were 0.87, 0.85, and 0.95,
respectively, while the MI values were 1.21, 1.18, and 1.31, respectively. Figure S2 shows our
estimates on the basic reproduction number Rqx for each segment partitioned by the identified
change points. The red dashed and blue solid line pinpoint the true and posterior mean of R s,
while the two black solid lines mark the boundary of 95% credible intervals. In all scenarios,
the true values were within their corresponding 95% credible intervals. The Ry RMSEs for the
single datasets from the three scenarios were 0.33, 0.36, and 0.14, respectively.
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Figure S1: Simulation study: The locations of change points (blue solid lines) estimated from the posterior
pairwise probability matrix (PPM) and their credible intervals (gray ribbons). The red dashed lines mark the

true change point locations.
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Figure S2: Simulation study: The posterior distributions of Rox’s for k = 1, 2, 3, 4 estimated from the segmented
time-series data, given the three identified change points as shown in Figure S1. The red dashed and blue solid
lines are the true and estimated values of Rox’s, respectively. The two black solid lines are the lower and upper

bounds of the 95% credible intervals.
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