Jownnof Daz2d5Pc DOhcda0. 63392.JDBQ201804_16

Model ing Compositional Regressi on
Correlated Errors: A Bayesian .
Taciana K. O. Shimizu!, Francisco Louzad&, Adriano K. Suzuki3, Ricardo S. Ehlerst
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components are positive and defined in the
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1.l ntroducti on

Compositional data are vectors of proportions specifyingactions as a whole. Such
data often result when raw data are normalized or when data is obtained as proportions of a
certain heterogeneous quantity.

By definition, a vector x in the Simplex spha space is a compositioneaients of this
vector are compnents and the vectors set is compositional data (Aitchison (1986)).
Therefore, ford @MIFE KZ  to be a compositional vecto@ is non negative value,

forE plEH and @ @ E @ p. The first model addopted for the analysis of
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such data was the Dirichildistribution. However, it requires that the correlation structure is
wholly negative, a fact thais not observed for compositional data, in which some
correlations are positive (see for example, Aitchison (1982)).

Aitchison and Shen (1980) developede thogisticNormal class of distributions
transforming the' component vector x into a vector y fh  and consideng the
Additive Log-Ratio (ALR) function. The use of Bayesian methods goad alternative for
the analysis of compositional data, fexample Achcar and Obage (2005) considered
Bayesian analysis uginthe ALR and BoxCox transfomations in regression models for
compositional data assuming correlated errors with bivariate nornabai®ns; lyengar
and Dey (1996) developed a complBiyesian methodology to analyse such data with the
implementation of Markov Chain Morntarlo methods, comparing with alternative
methods as maximum likelihood estimates; lyengar and Dey (1998) edtérellast work
(lyengar and Dey,(1996)) applying BoxCox transformations for compositional data;
Tjelme- land and Lund (2003) defined a spatial model for compositional data in a Bayesian
framework and discussed appropriate prior distributiolsagris (2014) performs
supervised classification of compositiodalta using the-RIN algorithm.

Some researchers have focused on the performance indicators of volleyball, they have
different objectives and statistical procedures. For example, Campos et al. (2014) studied the
advantage of playing at home and the infeeaf performance indicators on the game score
according to the number of set s, based on Br a
leagues. Mesquita and Sampaio (2010) compared the volleybalirgéated statistics by
sex and analyzed all games of tnale and female World Cup in 2007. Afonso et al. (2012)
examined predictors of the setting zone in détes| male volleyball. RodrigueRuiz et al.

(2011) analyzed the terminating actions (serve, attack, block and opponent errors) that led to
point scaing. Although these studies were based on voleyball data, none of them considered
methodology of compositional data.

Thus, the main purpose is to propose a new statistical tool for volleyball data, that is, a
compositional regression model assuming cateel and uncorrelated normal errors based
on Bayesian approach. Usually, the volleyball data (attack, block, serve and opponent error)
have compositional restrictions, i.e., they have dependence structure, being that standard

existing methods to analyze ttivariate data under the usual assumption of multivariate
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normal distribution (see for example, Johnson and Wichern (1998)) are not appropriate to
analyze them.

We consider a real data set related to the first and second rounds matches of Brazilian
Me n ¥odleyball Super League 2011/2012 obtained from the website (CBV, 2012). The
data concern the teams that played and won the games in such rounds; more specifically, the
points of the team that won each game were defined as composition and the propbrtions
each composition are the volleyball skills, as attack, block, serves and errors of the opposite
team.

The points of the winning team in eachhgawere obtained by four compents. We
denoted x1 the proportion of points in the attack, x2 the proportipaints in the block, x3
the proportion of points in the serve and x4 the proportion of points in the errors of the
opposite team.

The paper is organized as follows: Sectbmtroduces the formulation eégression
model applied through the Additive LdRgtio (ALR) transformation Bayesian analysis of
the proposed model assuming correlated and uncorrelated Normal errors; Section 3 provides
the results of the application to an artificia
Volleyball Super league 2011/2012; finally, Section 4 concludes the paper with some final

remarks.

2. Met hodol ogy

We can considet) ( — ,E phHE R andE pfE IC, being( E the chosen

transformation function that assures resulting vector has real components, @here
represets theE O bservation for th& O Eomponent, such that TE M n
andB @ p,forE pfEA.

The ALR transformation for the analysis of compositional data is given by
W — 1€ (1)
Theregression model assuming ALR transformation for the response variables is given

by
o 1 - (2)
whereU U FEH) ¢ isavector C p of response variables whe@2 ' p and

' is the number of components (compositional data); 1 ff FE it is a matrix
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C b p ofregression coefficients whe denotes the number of covariatés;s a
vector | p p of associated covariates to tie O Esample and are random

errors, for'Q phE FE.The matrix formulation of the model

(2) s
o b E Ul P )
(i) |T| f E,\ ] q}q -,\7
€ 1€ é E é€n € €
W 1] f E T U a B

In this paper, we are interested in a Bayesian analysis of model (2) with ALR
transformation (1) applied to response variables and assuming a multivariate Normal
distribution for the correlated and uncorrelated errors.

First of all, we assume uncorrelated errors for riiadel (2),i,e the error vector
follows a multivariate nor@i distribution . 4B p , where 0 is a vector of zeros aBg

iS a varianceovariance matrix given by

, T E m
p oy L ” E,\ TEﬁ
é é E &
gn m E , O
The likelihood function of paramete8 1 ft K is given by
, O o £ TAGD Sy o
CcA

wher®d X B U 7 g MEIEO pFE R FE  pFE ICAT 1A pFE D8

An alternative approach for the analysis of compositional data is the use of Bayesian
methods (see for example, lyengar and Dey (1996); or Tjelmeland and Lund (2003)),
especially considering Markov Chain Monte Carlo (MCMC) methods (see for example,
Gelfand and Smith (1990)).

The Bayesian inference allows to associate previous knowledge of the parameters
through a prior distribution. The Bayesiarference procedure faegresion model (3)
considers proper prior distributions guaranteeing proper posterior distributions. Furthermore,
it was ensuring neinformative prior distributions according to the fixed hyperparameters.

Thus, we assume the following prior distribusidior the parameter®



Taciana K. O. Shimizul, Francisco Louzada2, Adriano K. Suzuki3, Ricardo S. Ehlers4225

I x 0@ o h
I x 0 @ho h (4)
, X 0@ h

where) 'AA denotes an InversBamma distribution with med@ A p and variance
AT A p A ¢ ,forA ¢rA PA PA PA PA and A are known hyperparametets,
phE .

All the parameters were assumed independent a priori.

Posterior summaries of interest for the model (3) assuming prior distribipiase

given using simulated samples of the jqposterior distribution foO obtained using the
Bayes formula, that is,

AT BB @ AP & Aop-2 i
5 )

. Agp 2> f

” A @DQ7,

The full conditional densities using Giblsampling algorithm (Gelfand anfimith,
(1990)) for each parameter are given by,

.., hnB 0, y
Q1T 1T h hox 0 — h —— h v
” Ew " eEW
.Q.n Fﬂ F] F[bx » (I)" (:') B (1]_ F‘ (I) » FQ
P ’ """/ %8B & " &B a »°f ¢
o~ oL e B P -
QOQ T h hwx O@ EhQ E T h X

where t U B 1 Uf U r adXx U nEB 1 Uhfor E
plE H FE pE ICAT A plfE B8

The estimation procedure considered joint estimation where all the model parameters are
generated in the MCMC algorithm simultaneously. The aloowelitional densities (5), (6),
(7) belong to known parametric density families. Posterior summaries of interest for each

model are simulated through the Just Another Gibbs Sampler (JAGS) program (Plummer
(2003)).
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Another approach for the regression nmlodemodeling the structure of covariance
matrix. Here, we consider correlated errors for the model given in (3X i.epresents the
errors vector assumed to be dependent random variables with a multivariate normal

distribution. 1B , where 0 is aector of zeros an® is a variance&ovariance matrix

given by
A M ALK E mAK
éy - ey
B &AL A E M AR "
é é E é
é/v\/(/( m AA E A o

where m is the correlation coefficient between and X M is the correlation
coefficiert betweenX andX andm is the correlation coefficienbetweenx and
X .

Considering the assumptions above, theelihood function of parameter®

r ir B s given by

L, O 8 Aob-B ®w I 1 B w r rU

8s7
f oB pfEH ant phE B8
The following prior information is used for the Bayesian analysis,
Ix 0 @RD'oh
T x 0 @ho'Oh (»
B x @ am h

where7 [ R denotes a Wishart prior distributiof, is the number of degrees of
freedom and- is a prespecified precision matrix. Therefore, all the parameters were
assumed independent a priori.

Posterior summaries of interest for the model defined by (3), but with correlated errors
assuming priors distrillions (9) ae given using simulated samplekthe joint posterior

distribution forO obtained using the Bayes formula, that is

AT kB LUrexp-1 AYA | A exp-1 A'A g
A B exp-08 - sBs exp-B U g

r B U 1 ruU 8
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The full conditional densities for each parameter are given by

. e , . 0. | o .,
Q“1 § Bhox 0 B w T a -0 ¢€B -
w W

o~ N . ®, " 0 .
N0 $ MBhx 6 B d o 1 =0 G aB —
w W
QOB $ A fox & & ahff 0
wheref ®w I B f dho f B | aEm B 1 & hhfor
"Q phE & andd  pFE M8
For the estimation procedure we consider jodstimation where all the model
parameters are estimated simultaneously in the MCMC algorithm. Posterior summaries of

interest for each model are silated using standard MCMC meiths through the Just
Another Gibbs Sampler (JAGS) program (Plummer (2003)).

3. Application

This section reports a simulation study foe tbompositional data and illmates an
application of the proposed methodology through ALR transformation.

31 Si mulation Study

A simulation study was conducted to illustra
generated from multivarite nor mal di stributio
correlated errors). Assuming uncorrsgl ated erroa

™h ph p fr MDD MM an & ppbb 8For the case of
correl ated ermMm oms , m werdd. Thesuwcmeari at es wer e ge
Ux Bernoulli UXONbB)y malandWebSpol. Lhe slample siz
Xtonmmmuando 3@here for each sample size we cond
simulated 40,000 Gibbs samples using the rjags
software (R (2011)), with a burn in of 25% of
10tahmpss e among the 30,000 Gibbs sampl es. Tabl e
standard deviation (SD), bi as, mean squared er
was stable and close to the nomi natlercoveagaagy o

t owaradsaszetrhe sample size increases.
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Tabl e 1: Simul ation Dat a. Summary of the posteri

assuming uncorrelated and correlated errors.

Uncorrelated Correlated

Errors Errors
Parameter Mean SD  Bias MSE  CI |Parameter Mean SD  Bias MSE (I

Sample
Size

G 05103 0793 00103 00322 0000 o 05100 0704 0.0100 00322 0898
G -LO0BS 0475 0008 0007 00| 00072 0733 00028 00300 0908
G D003 0703 00057 00320 0890| 00007 0706 00003 00325 0902
8 04008 0.2287 00002 0054 00%| By 04911 02988 -0.0080 0054 09%
B 0063 0322 00063 00530 0912 fp 03008 0.2272 00008 0.0515 092
B 04006 0235 00004 00554 0914 | fy 04804 0.2346 -00106 0.0551 0906
=10 | By 0505 0020 00025 00154 0801| By 03026 0141 0002 00154 0800
B 03012 0300 00012 00160 0884| B 0302 0125 0002 00163 0890
B 003 01224 00053 00150 0801| fy 03058 01244 00058 00155 080
o L0232 0675 00232 0026 0013 o L0235 01674 00235 00286 0916
o, L0255 00775 00255 0031 08| oy L1026 0800 00256 00333 0808
o LOGT 00735 00167 00303 0800| oy L0134 075 00134 0029 0911
pp 0447 00802 00053 00080 0912
g 001 00808 00050 00081 0.906
oy 04031 00875 00060 00077 0912

G 04072 01476 00028 00218 0903| fy 04967 01475 -00033 0.0218 0905
S -LODS 0527 0048 00233 0808| f  -L006 0sds -0.0056 00230 0898
G -LOI20 00480 00120 0020 0000| L0 0823 00123 00233 08%
B 04081 02043 0001 00417 0808| By 04985 02042 00015 00417 0901
B 0060 01006 00060 00309 0.900| frp 03042 01964 00042 00385 0915
B 008 01076 00048 00300 090 | fy 03045 01960 00045 00384 0913
=100 | By 05024 00080 00024 00008 0012 By 05024 0008 0002 00008 0910
B 03020 04020 00020 00104 0898| fp 03020 01022 0000 00105 0908
8 05100 04034 00100 00105 0883| By 05000 01042 00000 00109 0808
o LOUTA 0500 0074 0028 0887 o LOITS 00400 00178 0028 0897
o L0265 00403 00265 0004 0004| o L0M1 01407 00201 00206 0910
oy L0 0146 00101 0007 0013 oy LOMG 01402 00246 0028 0800
py 04086 0074 00014 00055 0903
oy 04006 0.0746 -0.0004 00036 0.807
oy 0408 00782 00018 00061 0802
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Uncorrelated Correlated
FErrors Errors
Parameter  Mean SD Bias MSE CI Parameter  Mean SD Bias MSE CI

Sample
Size

B 0.4984 0.1183 -0.0016 00140 0911|  f 0.4980 0.1183 -0.0020 0.0140 0.910
foo L0012 01183 -0.0012 00140 0921 | fe  -L0018 01191 -0.0018 0.0142 0912
Bog - -L0O0T5> 01200 -0.0075 00144 0903 |  fpy  -L0070 0.1184 -0.0070 0.0141 0918
i 05016 0.1391 0.0016 00253 0905 | fn 05019 0.1591 0.0019 0.0253 0.904
B 05043 01350 0.0043 0.0240 0908 |  frp 05045 0.1539 0.0045 0.0237 0.918
B 05127 01608 00127 00260 0900 | fz 05122 01578 0.0122 0.0250 0.909
=150 | fn 0.4936 0.0819 -0.0014 0.0067 0.907 |  fa 04987 0.0819 -0.0013 0.0067 0.903
P 0.4983 0.0830 -0.0017 0.0069 0.891| fp 04978 00819 -0.0022 0.0067 0.801
P 0.5019 0.0303 0.0019 0.0064 0914 oy 05003 0.0813 0.0003 0.0066 0.910
a1 10121 01133 0.0120 00130 0906 | oy 10125 01132 00125 0.0130 0.906
g} 1.0063 0.1166 0.0063 0.0136 0.911 g} 1.0060 0.1143 0.0060 0.0131 0.910
03 10112 01130 0.0112 00131 0.905 T3 10115 01171 00115 0.0138 0897
2 04974 0.0622 -0.0026 0.0039 0.391
s 04986  0.0592 -0.0014 0.0035 0.908
2 0.4963 0.0599 -0.0037 0.0036 0.905

B 04974 0.0868 -0.0026 00075 0892 fy 04970 0.0869 -0.0030 0.0075 0.89%
g 09975 0.0861 00025 00074 0903 |  fop  -0.9990 0.0860 0.0010 0.0074 0.905
fog - -1.0000 0.0848 0.0001 00072 0903 |  fog  -1.0003 0.0845 -0.0003 0.0071 0.910
i 05011 01164 0.0011 00135 0904 |  fn 05014 0.1164 0.0014 0.0135 0905
b2 04987 01004 -0.0013 00120 0926 | frp 04992 0.1135 -0.0008 0.0129 0.897
B 04975 01128 -0.0025 00127 0907 | fg 04979 01153 -0.0021 0.0133 0.804
n=300 | fn 0.4936 0.0583 -0.0014 0.0034 0896 |  fa 04986 0.0583 -0.0014 0.0034 0.8%
fy 0.5010 0.0579 0.0010 0.0033 0.900 |  fyp 05001 00576 0.000L 0.0033 0.899
P 0.5020 0.0377 0.0020 0.0033 0894  foy 05019 00380 0.0019 0.0034 0.905
01 1.0059  0.0822 0.0059 0.0068 0.901 a1 1.0063 0.0822 0.0063 0.0068 0.902
g} 1.0018 0.0815 0.0018 00066 0893 | o9 1.0024 0.0847 00024 0.0072 0883
3 1.0048  0.0842 0.0048 0.0071 0.898 73 1.0048  0.0811 0.0048 0.0066 0.903
2 0.4990  0.0436 -0.0010 0.0019 0.903
s 04982 0.0427 -0.0018 0.0018 0.897
P2 0.4992  0.0447 -0.0008 0.0020 0.386
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Table 2 shows the Bawsesumhngr unheoraefat edhan
errors. The model assuming correlated errors is
considered criteria.

Table 2: Simulation Data. Bayesian Cri
Sample Bayesian criteria
Size | Model EAIC  EBIC DIC
ne"0 Uncorrelated errors G17.788 644.770 609.041
Correlated errors 572.298 609.026 562.107
1—100 Uncorrelated errors 875.026 906.288 866.172
Correlated errors 811.754 850.831 799.998
150 Uncorrelated errors | 1299.335 1335.462 1290.421
Correlated errors 1201.428 1246.588 1193.225
=300 Uncorrelated errors | 2575.710 2620.155 2566.762
Correlated errors 2373.897 2429.453 2384.760

In order to verify the bhemaweomprofvitdliee sMGMEC pil
Appendi x 1 (Additional Matter).

3.2 Real Data Application

In this section, we consider a Bayesian anal
website Brazilian VBV)eyBalPkR) Copf ¢edinbucft ir e ( @n
proposed met hodol ogy, in particular, data rel a
We apply the compositional data methodol ogy t

proportions of the winning nteMamodpsoiVotlsl eiyrbal?238
League 2011/2012. This study was based on the
atta@ack pproor ti on of podnt spriorpotrihe oml wddk poi nts ir
and proportion ofepopposiot @ tde@merrors of th

On the other hand, it was considered five in
scored more points in theaganehe ewiomngisng ot eahne
League at |l east once ,i npceabe basextwkl ent yeacesrg
Wi nning teani ianndt hpee rceermet age of excell ent defer
game

We assume an-r atdidd t (MA&R)l ograngsof o im@7i on gi ve
® ho lT®To and I Qo T
The | i kelihood function for the model s with

bybb and0 , respectively



Taciana K. O. Shimizul, Francisco Louzada2, Adriano K. Suzuki3, Ricardo S. Ehlers4231

, L 8 , _AQD% - h p T
and
00 esBs_expciY p”" - p”” - p”” T
/i\(zm(iY ¢y 17 ¢y f7 ¢y 17 h PP
wheiweg » 7 i ! " Y Y Y
anB - B o T T & T & I & I & for

0 pilwdé Q pfE p ¢8p

The proposed mo d e | i n (10) amd onmat ifvel | mmwii
di stributions (14 . wpnel comnpitder &I@Plp

wh e é eplitfoft 0¢ © pltfvtBFor proposed wiegbressl ame ioedrd or s
we conks kdeofi¥d where almitthe ame independent pr
di stri buWAtii pn ddo gleolr O& Q pigho. It was simulated 100
samples using the rjags package (Pl ummer (2011
which the first 10,000 simulated samples were
val ueds wan considered every 20t h sampl e among
convergence was VeRuibfiine dd itahgrnoousgthi cGellmans hows Vv

indicating convergence of the simulation algor |

According to Carlin satndb alsoiuci st o020 009 r, it hee sn
uncertainty i s t hat sensi tmawkiithy caredalsysiadi,loe tthhe
assumpti on, recomputing the posterior quantiti
in a way that masnpeaptriet altiiomgpacfThos, we chec

for different <choircers, oafndpif bgtioi)pacrameh er sme §n
components by changing only on parameter at é
constant utlaa tvhadiuresdefWe observe that posterior

present considerable difference and not affect
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Table 3 shows the poatameéter ssuaomfmagihmisnngbdel t &
uncorrel ated and ccoonrvreerlgaetnecde ewarsorweRuUThieaed t hr c
di agnostic. It showed values very <c¢close to 1
algorithm. Note that there is significant diff
and senrtvse ipnobiy cathiendgstii matadid f or both model

(uncorrelated and correlated errors), i.e.,
the winning team, percentage of excell ent
percentage of excellent defenBMeredverme tl loe

estimated posterior means and standard dev
bot h model s (uncorrel ated and correlated
parameters were significant in the correl:
f f f f I anfd

Table 3: Summary of the posterior distributions for

correlated errors.

Uncorrelated Correlated
Errors Errors
Parameter  Mean Standard Credihility Parameter  Mean Standard Credibility
Deviation Interval (90%) Deviation Interval (90%)
Bo 0.5471  0.2047  (0.2104; 0.8850) Bo 0.5500  0.2036  (0.2118; 0.8873)
Bo2 -1.9755  0.3406  (-2.5542; -1.4051) Bo2 -1.9696  0.3453  (-2.5384; -1.3936)
Boz -0.9446 04724  (-1.7182; -0.1713) Boa -0.0415 04771 (-1.7364; -0.1609)
B11 0.1741  0.0469  (0.0972; 0.2515) B 0.1730  0.0474  (0.0957; 0.2508)
B2 0.1444  0.0802  (0.0132; 0.2767) B2 0.1415  0.0805  (0.0102; 0.2746)
P13 0.1905  0.1097  (0.0080; 0.3702) Bia 0.1916  0.1098  (0.0096; 0.3703)
B -0.0714  0.0450  (-0.1453; 0.0032) B -0.0720  0.0457  (-0.1464; 0.0039)
22 -0.1536  0.0764  (-0.2806; -0.0289) P22 -0.1532  0.0760  (-0.2786; -0.0297)
B3 -0.0275  0.1047  (-0.1996; 0.1436) Bag -0.0273  0.1066  (-0.2029; 0.1473)
Ba1 0.4285  0.1876  (0.1175; 0.7336) Ba1 0.4297  0.1872  (0.1233; 0.7381)
Ba2 0.5257 03171  (0.0019; 1.0472) Ba2 0.5211  0.3185  (0.0001; 1.0465)
a3 -0.2634 04346  (-0.9775; 0.4523) Bas -0.2656  0.4405  (-0.9912; 0.4606)
Ba1 -0.5392  0.3034  (-1.0360; -0.0385) B -0.5440  0.3007  (-1.0380; -0.0436)
Baa 1.2414  0.5134  (0.3903; 2.0931) Ba2 1.2391 05072 (0.4001; 2.0750)
Baz -1.9115  0.6980  (-3.0575; -0.7715) Baz -1.0177  0.6059  (-3.0666; -0.7668)
o1 0.0504  0.0078  (0.0478; 0.0731) o1 0.0594  0.0078  (0.0478; 0.0731)
o3 0.1701  0.0222  (0.1372; 0.2089) o2 0.1706  0.0219  (0.1378; 0.2093)
a3 0.3231  0.0425  (0.2606; 0.3936) o3 0.3233  0.0420  (0.2611; 0.3992)
P12 0.3596  0.0789  (0.2262; 0.4845)
p13 0.2373  0.0851  (0.0039; 0.3746)
P23 0.1653  0.0878  (0.0169; 0.3068)
Table 4 presents the BayesdamMkmbdel i aébemat

criter@Qan e(xkplcted Bayesian i nf ammet iinf oa rmatt @ roi
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criter).onTHe&de&€ results are suggesting that fit-
errors is the best choice (|l ower values EAI C,

Tabl e 4: Bayaesfioarn tCGrei tneodel s parameters assuming unc

Bayesian Criteria
EAIC EBIC DIC
Uncorrelated errors 343.621 394.674 334.112
Correlated errors 342,964 394.017 333.469

Model

Some plots to examine the behaviour of the c
avaliable in the Appendix 2 (Additional Matter)

4. Concluding RemarKks

I n t his papemBaye®i apnr eameal ysa s for composi ti

considering ALR transformati on and assuming L

inferenci al procedure for the parameters based
has some advanftarggersceovmet loddher Wen have that it
i nformati on about - vtihdee sp arreasmelttesr , wiitthomprto rel i a
approximati on, the great number of covariates

Bayesian framewor k.

S nce studies about wvolleyball data do not <co
t he fundament st,heheprreo pwe eap pHeitehddolvegyfyn on ti
of regresshenr embdel e nsnheinpt sb eotfw evednloldduynbdaial sl c a(r vdii n
the multivariate structure) and covariates obs

We analysed a real data set from percentages
it was considered multivariatadedat avast rclaatrured.
through model seédconoa ¢t at i stihiee acl obnepslietteer icao,v a
matri x was estimated to evaluate the i mportanc
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Addi tional Matter of the pap
Model i ng Compositional Regress
Uncorrel ated and Correlated E

Shimizu, T.K.O., Louzada, F., Suzuki, A.&nd Ehlers, R.S.

Here we provide some plots about the MCMC implementation in both the simulation

study (Section 3.1) and the application (Section 3.2) to volleyball data.

3. AppendPkotls of MCMC Smepdteinpemt ati on

In this appendix we present eaghic visualization about the implementation in the simu
lation study for models assuming uncorrelated and correlated errors. The plots were about

the last sample generated with sample size of x T
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