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We use the notation from Section 3 throughout:

Qs = E(X̃X̃⊤),

Qs|k = Σs,x + (µs,x − µk,x)(µs,x − µk,x)
⊤,

vσβ = Σk,xβ, κ = v⊤σβQ
−1
s|kvσβ,

χ = v⊤σβQ
−1
s|kΣk,xQ

−1
s|kvσβ,

and ṽσβ = Σ̃k,xθ.

S.1 Detailed Estimator Derivations

S.1.1 OLS prediction error under the target distribution

Under Assumptions 3.1–3.2,
√
n(θ̂OLS − θ) ⇒ N (0, σ2εQ

−1
s ), so

E∥β̂OLS − β∥2 = σ2ε
n

tr(Σ−1
s,x) + o(n−1).

If (X,Y ) is independent of the training sample with X ∼ N (µk,x,Σk,x) and Y = β0+X⊤β+ ε,

then

E
[(
Y − X̃⊤θ̂OLS

)2]
= E

[
ε2
]
+ E

[(
X̃⊤(θ − θ̂OLS)

)2]
= σ2ε + tr

(
E[X̃X̃⊤] · E[(θ̂OLS − θ)(θ̂OLS − θ)⊤]

)
= σ2ε +

σ2ε
n

tr
(
(Σ̃k,x + µ̃k,xµ̃

⊤
k,x)Q

−1
s

)
+ o(n−1). (S.1)

Under the normalization µk,x = 0, Σk,x = Id, this gives

σ2ε +
σ2ε
n

[
1 + tr

(
Σ−1
s,x

)
+ µ⊤s,xΣ

−1
s,xµs,x

]
+ o(n−1),

which recovers (1) in the main text after writing

Σ−1
s,x = Σk,xΣ

−1
s,x

and

µ⊤s,xΣ
−1
s,xµs,x = (µk,x − µs,x)

⊤Σ−1
s,x(µk,x − µs,x).
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S.1.2 MM: constraint structure and minimizer selection

The MM loss LMM(θ) defined in (5) is a sum of two nonnegative squares. It attains its minimum

value zero if and only if

µ̃⊤k,xθ = µk,y and θ⊤Σ̃k,xθ +
1

n
∥Y − X̃θ∥22 = σ2k,y.

The first equation (mean constraint) gives β0 = µk,y − µ⊤k,xβ. Substituting into the second

equation yields a quadratic in β.

Define the empirical moments

M̂xx :=
1

n

n∑
i=1

X̌iX̌
⊤
i , m̂xy :=

1

n

n∑
i=1

X̌iY̌i, m̂yy :=
1

n

n∑
i=1

Y̌ 2
i ,

where X̌i := Xi − µk,x and Y̌i := Yi − µk,y. Let

An := Σk,x + M̂xx, cn := m̂yy − σ2k,y.

Lemma S.1 (Zero-loss characterization). The loss LMM(θ) attains its minimum value zero if and

only if the quadratic

qn(β) := β⊤Anβ − 2m̂⊤
xyβ + cn = 0 (S.2)

has a real solution. In that case, Θ̂MM = {θ(β) : qn(β) = 0} where θ(β) = (µk,y − µ⊤k,xβ, β
⊤)⊤.

Since An is positive definite, we complete the square:

qn(β) = (β −A−1
n m̂xy)

⊤An(β −A−1
n m̂xy)−∆n, (S.3)

where ∆n := m̂⊤
xyA

−1
n m̂xy − cn.

Case ∆n = 0. The quadratic (S.2) has the unique solution β = A−1
n m̂xy.

Case ∆n > 0. When d > 1, equation (S.2) has infinitely many solutions forming an ellipsoid. The

MM estimator selects the one that minimizes the residual sum of squares. On the constraint set

qn(β) = 0, we have 1
n

∑n
i=1(Y̌i − X̌⊤

i β)
2 = σ2k,y − β⊤Σk,xβ. Therefore, (5) is equivalent to

max
β∈Rd

β⊤Σk,xβ s.t. qn(β) = 0.

Proposition S.1 (KKT characterization of the MM minimizer). Let ρn := λmax(A
−1/2
n Σk,xA

−1/2
n ).

If ∆n > 0, then there exists a unique λ̂ ≥ ρn such that

(λ̂An − Σk,x) β̂
MM = λ̂ m̂xy, qn(β̂

MM) = 0. (S.4)

Moreover, if λ̂ > ρn, then β̂
MM = λ̂ (λ̂An − Σk,x)

−1m̂xy.

The Lagrange multiplier λ̂ is found by substituting β̂MM = λ̂(λ̂An−Σk,x)
−1m̂xy into the constraint

qn(β̂
MM) = 0 and solving the resulting scalar equation numerically.
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Case ∆n < 0. The quadratic has no real solution, so minLMM > 0. Define

¯̌X :=
1

n

n∑
i=1

X̌i,
¯̌Y :=

1

n

n∑
i=1

Y̌i.

Lemma S.2. Suppose ∆n < 0. For t ∈ R, define

β(t) := A−1
n

(
m̂xy − t ¯̌X

)
, β0(t) := µk,y − µ⊤k,xβ(t) + t,

and

un(t) := m̂yy − m̂⊤
xyA

−1
n m̂xy + 2

(
m̂⊤

xyA
−1
n

¯̌X − ¯̌Y
)
t+

(
1− ¯̌X⊤A−1

n
¯̌X
)
t2.

Then every element of Θ̂MM has the form (β0(t), β(t)) for some real t satisfying(
2t+ u′n(t)

)2
un(t)− σ2k,y

(
u′n(t)

)2
= 0. (S.5)

With probability tending to one, ∆n > 0 when β ̸= 0, so this case is asymptotically negligible.

S.1.3 Hybrid: gradient and optimal weight

The hybrid loss LH(θ;ω) in (2) does not admit a closed-form minimizer. Let s(θ) := n−1∥Y −X̃θ∥22
and t(θ) :=

√
θ⊤Σ̃k,xθ + s(θ). A direct differentiation gives the gradient

∇θLH(θ;ω) = − 2

n
X̃

⊤
(Y − X̃θ) + 2ω

(
µ̃⊤k,xθ − µk,y

)
µ̃k,x

+ 2ω
t(θ)− σk,y

t(θ)

(
Σ̃k,xθ −

1

n
X̃

⊤
(Y − X̃θ)

)
.

(S.6)

In practice, we solve ∇θLH = 0 by gradient descent initialized at θ̂OLS.

Optimal ω⋆ via quartic equation. By Corollary 3.1, the asymptotic MSE is (σ2ε/n)VH(ω) +

o(n−1). To find the optimal weight, define

m1 := µ̃⊤k,xQ
−1
s µ̃k,x, m2 :=

1

σk,y
µ̃⊤k,xQ

−1
s ṽσβ, m3 :=

1

σ2k,y
ṽ⊤σβQ

−1
s ṽσβ,

n1 := µ̃⊤k,xQ
−1
s P⊤

β PβQ
−1
s µ̃k,x, n2 :=

1

σk,y
µ̃⊤k,xQ

−1
s P⊤

β PβQ
−1
s ṽσβ,

n3 :=
1

σ2k,y
ṽ⊤σβQ

−1
s P⊤

β PβQ
−1
s ṽσβ,

and the denominator polynomial

∆H(ω) := 1 + (m1 +m3)ω + (m1m3 −m2
2)ω

2.
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Proposition S.2 (Rational form of VH). Under Assumptions 3.1–3.5,

VH(ω) = tr
(
PβQ

−1
s P⊤

β

)
+
A1ω +A2ω

2 +A3ω
3 +A4ω

4

∆H(ω)2
, (S.7)

where

A1 = −2(n1 + n3),

A2 = −(n1 + n3)(m1 +m3)− 3(m1n3 +m3n1 − 2m2n2) +
σ2ε

2σ2k,y
n3,

A3 = −2(m1 +m3)(m1n3 +m3n1 − 2m2n2) +
σ2ε
σ2k,y

(m1n3 −m2n2),

A4 = −(m1m3 −m2
2)(m1n3 +m3n1 − 2m2n2) +

σ2ε
2σ2k,y

(m2
1n3 − 2m1m2n2 +m2

2n1).

Any minimizer ω⋆ > 0 satisfies the quartic equation

B0 +B1ω
⋆ +B2(ω

⋆)2 +B3(ω
⋆)3 +B4(ω

⋆)4 = 0, (S.8)

where

B0 = A1, B1 = 2A2 − (m1 +m3)A1,

B2 = 3A3 − 3(m1m3 −m2
2)A1,

B3 = 4A4 + (m1 +m3)A3 − 2(m1m3 −m2
2)A2,

B4 = 2(m1 +m3)A4 − (m1m3 −m2
2)A3.

In practice, one collects the nonnegative real roots of (S.8) and compares VH at those roots and at

ω = 0.

S.1.4 MM prediction error

If (X,Y ) is independent of the training sample with X ∼ N (µk,x,Σk,x) and Y = β0 + X⊤β + ε,

then by the same argument as (S.1),

E
[(
Y − X̃⊤θ̂MM

)2]
= σ2ε +

σ2ε
n

tr
(
(Σ̃k,x + µ̃k,xµ̃

⊤
k,x) J

⊤
µk
Q−1

s|kΩQ
−1
s|kJµk

)
+ o(n−1). (S.9)

S.1.5 Hybrid prediction error

Similarly, the prediction error of the hybrid estimator under the target distribution is

E
[(
Y − X̃⊤θ̂H(ω)

)2]
= σ2ε +

σ2ε
n

tr
((

Σ̃k,x + µ̃k,xµ̃
⊤
k,x

)
Q(ω)−1Ω(ω)Q(ω)−1

)
+ o(n−1). (S.10)
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S.2 Proofs

S.2.1 Proof of Theorem 3.1

The proof proceeds via a mean value expansion of the gradient of LH.

Consistency. The population criterion LH,∞(θ;ω) := E[(Y − X̃⊤θ)2] + ω(µ̃⊤k,xθ − µk,y)
2 +

ω(
√
θ⊤Σ̃k,xθ + E[(Y − X̃⊤θ)2]−σk,y)2 has θ as its unique minimizer because the first term is strictly

convex and equals σ2ε only at the true parameter. Since LH(·;ω) converges uniformly on compacts

to LH,∞(·;ω) by the law of large numbers, standard M-estimation arguments give θ̂H(ω)
p→ θ.

Linearization. Let ψn(θ) :=
1
2∇θLH(θ;ω). Define

Un :=
1√
n

n∑
i=1

X̃iεi, Wn :=
1√
n

n∑
i=1

(ε2i − σ2ε).

Since µ̃⊤k,xθ = µk,y and t(θ)2 = θ⊤Σ̃k,xθ +
1
n

∑
ε2i = σ2k,y +

1√
n
Wn, a Taylor expansion gives

√
nψn(θ) = −Un +

ω

2σ2k,y
Wn ṽσβ + op(1).

By the multivariate central limit theorem, (Un,Wn) ⇒ N (0,diag(σ2εQs, 2σ
4
ε)), since E(X̃ε) = 0,

E[X̃ε(ε2 − σ2ε)] = 0, and Var(ε2 − σ2ε) = 2σ4ε . Hence −
√
nψn(θ) ⇒ Z with Var(Z) = σ2εΩ(ω).

Hessian limit. Differentiating ψn and evaluating at a consistent intermediate point θ̃n on the

line segment between θ and θ̂H(ω) yields ∇θψn(θ̃n)
p→ Q(ω), which is positive definite.

Conclusion. The first-order condition ψn(θ̂
H(ω)) = 0 and the mean value expansion give

√
n(θ̂H(ω)− θ) = −∇θψn(θ̃n)

−1√nψn(θ) ⇒ N (0, σ2εQ(ω)−1Ω(ω)Q(ω)−1).

S.2.2 Proof of Theorem 3.2

Write X̌i := Xi − µk,x, Y̌i := Yi − µk,y, and define M̂xx := 1
n

∑
i X̌iX̌

⊤
i , m̂xy := 1

n

∑
i X̌iY̌i,

m̂yy := 1
n

∑
i Y̌

2
i , An := Σk,x + M̂xx, and cn := m̂yy − σ2k,y + β⊤Σk,xβ, so that the MM variance

constraint becomes qn(β) := β⊤Anβ − 2m̂⊤
xyβ + cn = 0.

Consistency. Under the true parameter, the MM loss is exactly zero. The constraint set is

nonempty with probability 1 − O(n−1) (shown by verifying the discriminant ∆n = v⊤σβA
−1
n vσβ ·

(β⊤Anβ − cn) > 0 with high probability). The RSS-minimizing element converges to β by the

continuous mapping theorem.

Linearization. Define Gn(b, λ) := (λ(Anb− m̂xy)− Σk,xb, qn(b))
⊤. The MM first-order condi-

tions are Gn(β̂
MM, λ̂) = 0 where λ̂ is a Lagrange multiplier converging to 1. A mean value expansion

gives

√
n

(
β̂MM − β

λ̂− 1

)
= −D−1√nGn(β, 1) + op(1), D :=

(
Qs|k vσβ

2v⊤σβ 0

)
.
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Score evaluation. Substituting the true parameter,

√
nGn(β, 1) =

(
−Un

Wn

)
, Un :=

1√
n

∑
i

X̌iεi, Wn :=
1√
n

∑
i

(ε2i − σ2ε),

which is jointly Gaussian with Var(Un) = σ2εQs|k and Var(Wn) = 2σ4ε (independent).

Solving. Block inversion of D yields

√
n(β̂MM − β) ⇒ Q−1

s|kU −
v⊤σβQ

−1
s|kU

κ
Q−1

s|kvσβ − W

2κ
Q−1

s|kvσβ,

whose covariance is σ2εQ
−1
s|kΩQ

−1
s|k with Ω = Qs|k−κ−1vσβv

⊤
σβ+(σ2ε/2)κ

−2vσβv
⊤
σβ. Since β̂

MM
0 −β0 =

−µ⊤k,x(β̂MM − β), the joint result follows.

S.2.3 Proof of Theorem 3.3

We work under the normalization µk,x = 0 and Σk,x = Id. Let δn := β̂OLS − β, τn := σ̂2ε − σ2ε , and

r2 := ∥β∥2. Since β ̸= 0 and σ2k,y = r2 + σ2ε ,

b =

(
(r2 − τn)+
∥β + δn∥2

)1/2

.

By standard OLS theory, δn = Op(n
−1/2) and τn = Op(n

−1/2). Hence the positive part is inactive

with probability tending to one, and Taylor expansion gives

b = 1− β⊤δn
r2

− τn
2r2

+ op(n
−1/2).

Therefore

√
n
(
β̂cali − β

)
=

√
nδn − β⊤

√
nδn

r2
β −

√
nτn
2r2

β + op(1).

Conditional on the design, the OLS coefficients and the residual variance estimator are inde-

pendent, and (n− d− 1)σ̂2ε/σ
2
ε ∼ χ2

n−d−1. Thus

√
nδn ⇒ Z,

√
nτn ⇒W,

where Z ∼ N (0, σ2εΣ
−1
s,x), W ∼ N (0, 2σ4ε), and Z ⊥W . It follows that

√
n
(
β̂cali − β

)
⇒ Z − β⊤Z

r2
β − W

2r2
β.

The limiting second moment is

E
∥∥∥∥Z − β⊤Z

r2
β − W

2r2
β

∥∥∥∥2 = E∥Z∥2 − E(β⊤Z)2

r2
+

EW 2

4r2

= σ2ε tr
(
Σ−1
s,x

)
− σ2ε

β⊤Σ−1
s,xβ

∥β∥2
+

σ4ε
2∥β∥2

.

The required uniform integrability follows from the sub-Gaussian assumption on X and the Gaus-
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sianity of ε. Hence

E
[∥∥∥β̂cali − β

∥∥∥2] = σ2ε
n

[
tr
(
Σ−1
s,x

)
−
β⊤Σ−1

s,xβ

∥β∥2
+

σ2ε
2∥β∥2

]
+ o(n−1).

For prediction, since the test covariates have empirical mean zero and empirical covariance Id,

Ỹj = µk,y + (Xtest
j )⊤β̂cali. Also µk,y = β0 under the normalization. Therefore

1

m

m∑
j=1

E
[
(Ỹj − Y test

j )2
]
= σ2ε + E

[∥∥∥β̂cali − β
∥∥∥2] ,

which gives (8).

S.3 Additional Experimental Results

S.3.1 Covariance geometry across noise levels

Figure S1 displays the full covariance geometry experiment across multiple noise levels σ2ε . At low

noise (high signal-to-noise ratio), the three target-aware estimators are nearly indistinguishable

and all substantially improve over OLS. As the noise increases, the estimators separate: moment-

matching (MM) continues to exploit the full geometry of Qs|k and improves steadily as β⊤Σ−1
s,xβ

grows, whereas the two-stage estimator, which projects only onto β through Σs,x, improves more

slowly. The hybrid remains uniformly best across all noise levels and geometry configurations.

S.3.2 Mean mismatch across noise levels

Figure S2 displays the full mean mismatch experiment across multiple noise levels. The two-stage

estimator is flat in ρ at every noise level because its MSE (7) depends on Σs,x but not on µs,x.

Moment-matching, by contrast, benefits from mean shifts in the β⊥ direction through Qs|k, and

this advantage grows with noise. At low noise all three target-aware estimators cluster together;

at higher noise the ordering hybrid < moment-matching < two-stage becomes pronounced, with

moment-matching gaining the most from favorable mean-shift geometry.
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Figure S1: Covariance geometry across noise levels. Scaled coefficient error (left) and scaled
excess prediction error (right) vs. β⊤Σ−1

s,xβ, for multiple values of σ2ε . Points: Monte Carlo averages
(L = 106, n = 1000); dashed lines: theoretical values.
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Figure S2: Mean mismatch across noise levels. Scaled errors vs. ρ = ∥Pβ⊥µs,x∥2/∥µs,x∥2, for
multiple values of σ2ε . Points: Monte Carlo averages (L = 106, n = 1000); dashed lines: theoretical
values.
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