Supplement to: Target-Aware Linear Regression Under
Distribution Shift

Zhewen Hou and Tian Zheng

We use the notation from Section 3 throughout:

Qs = E(XX"),

Qs = Zow+ (g — i) sz — ta) |
VgB = Zk,mﬁ,m:v;f;@;l;vog,
X = UopQy 3 SraQyvos,
and U, = f]k@ﬂ.

S.1 Detailed Estimator Derivations

S.1.1  OLS prediction error under the target distribution
Under Assumptions 3.1-3.2, v/n(6°%5 — 0) = N(0,02Q5 "), so
~ 0'2
E[|8% = B = = tx(Z5,) + o(n ™).
n Y
If (X,Y) is independent of the training sample with X ~ N (3 o, X ) and Y = fo + XTB+e,
then

E [(Y = XTéOLS)z} —E[*] +E [(XT(H - éOLS))Q]

= o2+ tr(B[X X ] - B[(9°" — 0)(9°™ — 0) "))

2
g it ~ - _ _
— af + f tr((Ek,x + uk,xulm)Qs 1) +o(n 1). (S.1)

Under the normalization ., = 0, Xy , = Iy, this gives

2
g
Jg + f [1 + tr(zs_,glc) + M;’l—,xzs_,;ﬂs,z} + O(n_l)v

which recovers (1) in the main text after writing
Soa = Zkalia
and

,U«sT,xE;;NS,x = (,U«k,z - NS,m)TE;glc (Nk,w — Hs,z)-
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S.1.2 MDM: constraint structure and minimizer selection

The MM loss Ly (6) defined in (5) is a sum of two nonnegative squares. It attains its minimum
value zero if and only if

- ~ 1 ~
fip o0 =iy and 0TS0+ i X0|3 = o,

The first equation (mean constraint) gives Sy = pipy — u;xﬂ. Substituting into the second
equation yields a quadratic in .
Define the empirical moments

R 1 n oo R 1 n . R 1 n _
My, = — §1 X, X, Mgy 1= §' 1: XY, Ty = — E’ 1: Y2,
1= 1= 1=

n

where X; := X; — ik, and Y; =Y — M,y Let
Ap =Yg, + Mm, Cp 1= Myy — a,% .

Lemma S.1 (Zero-loss characterization). The loss Ly (0) attains its minimum value zero if and
only if the quadratic

@n(B) = BT AnB — 2/, B+ =0 (S.2)
has a real solution. In that case, OMM _ {6(8) : gn(B) = 0} where 6(B) = (pgy — H]Ixﬁ’ BT)T‘

Since A, is positive definite, we complete the square:
Qn(ﬂ) = (6 - Aglmzy)—l—An(ﬂ - Aglmmy) - Am (S?’)
where A, := mlyA,;lmxy — Cp.
Case A,, = 0. The quadratic (S.2) has the unique solution 3 = A, .

Case A,, > 0. When d > 1, equation (S.2) has infinitely many solutions forming an ellipsoid. The
MM estimator selects the one that minimizes the residual sum of squares. On the constraint set
an(B) = 0, we have %Z?zl(ﬁ — X, B)? = Giy — B3k 2. Therefore, (5) is equivalent to

max BTE/Wﬁ s.t. gn(B) =0.
BERA

Proposition S.1 (KKT characterization of the MM minimizer). Let p,, := /\max(Agl/szvagl/Z).

If Ay, > 0, then there exists a unique A > pn such that
(A, = Bp0) B = Ay, gu(BM™) = 0. (S.4)
Moreover, if XA > pn, then fMM = X (\A,, — k) Mgy

The Lagrange multiplier )\ is found by substituting ﬁMM = S\(S\An — zk?z)—lmw into the constraint
¢n(BMM) = 0 and solving the resulting scalar equation numerically.
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Case A, < 0. The quadratic has no real solution, so min Lypg > 0. Define
s 1. S I
X = nz;X Y= nz;Y

Lemma S.2. Suppose A, < 0. Fort e R, define

B = A7 (g —tX) . Bolt) = ey — wlLBE) +1,
and

tn(t) = Ty = i, A iy + 2 (1, AT X =V ) b4 (1= XTATX) 2

zy‘in zy‘in

Then every element of OMM has the form (By(t), 8(t)) for some real t satisfying
(2t + 1l (1)  un(t) — ot (ul(£)* = 0. (S.5)
With probability tending to one, A, > 0 when [ # 0, so this case is asymptotically negligible.

S.1.3 Hybrid: gradient and optimal weight

The hybrid loss Ly (6; w) in (2) does not admit a closed-form minimizer. Let 5(0) :=n~'||Y — X 6|3
and t(0) := /0T %y, .0 + s(f). A direct differentiation gives the gradient

257 = - -

t(@) — Oky

+ 2w 0

- 1 ~ -
(zme _SX Ty - XG)) .
n
In practice, we solve VyLy = 0 by gradient descent initialized at GOLS.

Optimal w* via quartic equation. By Corollary 3.1, the asymptotic MSE is (¢2/n) Vi1 (w) +
o(n™1). To find the optimal weight, define

- 1~ 1 . 1. 1 1~
my = u{,sz iz mg = —— kT,sz Y00, m3 = 3 UIEQS "o,
Tkyy Tky
- _ 1~ 1 _ 1~
ny = MkT,mQS 1PgP5Qs 1ﬂk,ma Nno 1= ;Hg’sz IPJPBQS 11)067
7y

1 . _ 1~
ng = 5 UU,BQS IP/;J—PBQS 11105,
Tk
and the denominator polynomial

An(w) :== 1+ (mq +mz)w + (mimz — m3)w?.
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Proposition S.2 (Rational form of Vi1). Under Assumptions 3.1-3.5,

_ Ajw + Agw? + Azw? + Ayt
Vir(w) = tr(PﬁQS ip] ) + AP , (S.7)

where

A1 = —2(n1 + n3),

2

o
Ay = —(n1 +n3)(m1 + m3) — 3(ming + many — 2mana) + 20; ng,
ky
o2
Az = —2(m1 + mg)(m1n3 + m3ny — 2m2n2) + UTe(mmg — mgng),
ky
2 o2 2 2
Ay = —(mimg — m3)(ming + many — 2mangy) + U; (mins — 2mymang + many).
ky

Any minimizer w* > 0 satisfies the quartic equation

By + Biw* + Ba(w*)? 4 B3(w*)? + By(w*)* =0, (S.8)
where

By = Ay, By =243 — (m1 +m3) A1,

By = 3A3 — 3(mymg —m3) Ay,

Bz = 4A4 + (my +m3)As — 2(mimz — m3) As,

By = 2(m1 + m3) Ay — (mims — m3)As.
In practice, one collects the nonnegative real roots of (S.8) and compares Vi at those roots and at
w=0.
S.1.4 MM prediction error
If (X,Y) is independent of the training sample with X ~ N (ukz, Xk) and Y = Sy + XTB+e,
then by the same argument as (S.1),

- 2 2 -
E [(Y - XTeMM) ] =024 % tr((Ek,m t ik afin ) T Q92 QQ;JM) +o(nh). (S.9)

S.1.5 Hybrid prediction error

Similarly, the prediction error of the hybrid estimator under the target distribution is

2
_£

[ (v = X70%w)"] = o+ Ztr( (S + rail) Q) 2Q) ) o). (510
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S.2 Proofs

S.2.1 Proof of Theorem 3.1
The proof proceeds via a mean value expansion of the gradient of Ly.

Consistency. The population criterion Ly (0;w) = E[(Y — X 6)?] + w(ﬂlggﬁ — py)? +

w(\/HTf]k,mH +E[(Y — XT0)2]—0},)? has 6 as its unique minimizer because the first term is strictly

convex and equals o2 only at the true parameter. Since Ly(-;w) converges uniformly on compacts
to Li0o(+;w) by the law of large numbers, standard M-estimation arguments give 6 (w) 5.

Linearization. Let 1,,(0) := £V Ly (0;w). Define

1 = - 1 —
U, = — X;ei, Wy, = — (512 — 02).

Since ,&;’19 = uky and t(0)? = QTik@G + %ZSZQ = Uzy + ﬁWn, a Taylor expansion gives

w ~
%Wn Vo + op(1).

\/ﬁd)n(g) =-Up+

By the multivariate central limit theorem, (U,, W,) = N(0, diag(c2Qs, 202)), since E(Xe) = 0,
E[Xe(e? — 02)] =0, and Var(e? — 02) = 202, Hence —/n,(0) = Z with Var(Z) = 02Q(w).

€

Hessian limit. Differentiating 1, and evaluating at a consistent intermediate point 6,, on the
line segment between 6§ and 6% (w) yields Vgib, (6,) = Q(w), which is positive definite.

Conclusion. The first-order condition 1, (0" (w)) = 0 and the mean value expansion give
VB (@) — 0) = ~Fothn(Ba) VT E(0) = N0, 02Q(w) 1 2(w)Q(w) ).

S.2.2 Proof of Theorem 3.2

Write X; = :Xl — [z Y, = 1{1 — [tky, and define My = %ZZ XZ-XZT, Mgy = %ZZ XY,
My = %ZZ Y2 Ap = Spa + Myg, and ¢, 1= 1y, — Ul%,y + B8BTSk ., so that the MM variance
constraint becomes ¢, (3) := BT A, — 2m;ryﬁ +cp, = 0.

Consistency. Under the true parameter, the MM loss is exactly zero. The constraint set is
nonempty with probability 1 — O(n~!) (shown by verifying the discriminant A, = UUTBAT_L Yep -
(BT AnB — ¢,) > 0 with high probability). The RSS-minimizing element converges to 3 by the
continuous mapping theorem.

Linearization. Define Gy, (b, \) := (A(Anb — Migy) — Sk, gn(b))T. The MM first-order condi-
tions are Gy, ( MM ;\) — 0 where Ais a Lagrange multiplier converging to 1. A mean value expansion
gives

BYM —

\/ﬁ< : ):—D%an,mop(l» D::<

Qs|k Vo
A—1 '

21};—5 0
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Score evaluation. Substituting the true parameter,

—U, 1 3 1
VnGn(B,1) = <W ) Uy, = \/ﬁzi:Xiei, W, = \/ﬁzi:(sf

n

which is jointly Gaussian with Var(U,) = 02Q), and Var(W,,) = 202

£

(independent).
Solving. Block inversion of D yields

UBQS“C

w
\/>(5MM /3) = Qs|iU o Qs\k o8 — 2 Qs|k B

whose covariance is a?Q;“iQ Q;li with Q = Qi — n_lvggvlg + (03/2)/{_2v03v;—ﬁ. Since BAE)V[M — By =
—MZI(BMM — f3), the joint result follows.

S.2.3 Proof of Theorem 3.3

— BOLS ~2 2

We work under the normalization py, = 0 and Xy, = I;. Let 6, — B, T =02 — 02, and

r? .= ||B||?. Since 8 # 0 and O']iy =12 + o2,

1/2
b ((r?—mn) /
18+ dnl?
By standard OLS theory, 6, = O,(n~/2) and 7,, = O,(n~'/2). Hence the positive part is inactive
with probability tending to one, and Taylor expansion gives

B'on  Tn
r2 2r2

b=1-— + op(n~Y?).

Therefore

Vi (35— ) = s, - L g o)

Conditional on the design, the OLS coefficients and the residual variance estimator are inde-
pendent, and (n —d — 1)62 /02 ~ x2_, ;. Thus

Vnd, = Z, Vnt, = W,
where Z ~ N(0,025;1), W ~ N (0,202), and Z L W. It follows that

Acali /BTZ w
Va (B - 8) = 2 -8 - 5B

The limiting second moment is

B'Z

w E(B'Z)?  EW?

r2 472
BTE_I ol
=o; 2¢r(27L) — o2 STy £

(Fea) == a0 * qap

The required uniform integrability follows from the sub-Gaussian assumption on X and the Gaus-

2
=E|Z|* -
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sianity of €. Hence

E||

For prediction, since the test covariates have empirical mean zero and empirical covariance I,
Y; = pgy + (th-eSt)Tﬁcah. Also py,y = Bo under the normalization. Therefore

Ty—1
B Es,az o?

e

+o(n1).

Bcan_ﬁuT _ cf [tr(E;i«) _

;iﬂz[(}}j _thest)z] _ J€2+E“ feali _/3‘)1 7
j=1

which gives (8).

S.3 Additional Experimental Results

S.3.1 Covariance geometry across noise levels

Figure S1 displays the full covariance geometry experiment across multiple noise levels o2. At low
noise (high signal-to-noise ratio), the three target-aware estimators are nearly indistinguishable
and all substantially improve over OLS. As the noise increases, the estimators separate: moment-
matching (MM) continues to exploit the full geometry of Q;, and improves steadily as ﬂTZ;}:
grows, whereas the two-stage estimator, which projects only onto 3 through ¥, ,, improves more
slowly. The hybrid remains uniformly best across all noise levels and geometry configurations.

S.3.2 Mean mismatch across noise levels

Figure S2 displays the full mean mismatch experiment across multiple noise levels. The two-stage
estimator is flat in p at every noise level because its MSE (7) depends on ¥, but not on j ;.
Moment-matching, by contrast, benefits from mean shifts in the g+ direction through Qx> and
this advantage grows with noise. At low noise all three target-aware estimators cluster together;
at higher noise the ordering hybrid < moment-matching < two-stage becomes pronounced, with
moment-matching gaining the most from favorable mean-shift geometry.
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Figure S1: Covariance geometry across noise levels. Scaled coefficient error (left) and scaled
excess prediction error (right) vs. ﬁTE;}ﬁ , for multiple values of o2. Points: Monte Carlo averages
(L = 10%, n = 1000); dashed lines: theoretical values.
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Figure S2: Mean mismatch across noise levels. Scaled errors vs. p = [Py jiso||? /|| s ]|, for

multiple values of o2. Points: Monte Carlo averages (L = 10%, n = 1000); dashed lines: theoretical
values.

S-9



