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SUPPLEMENTARY MATERIAL

A Data Generation Processes in Section 3.2

For our simulation study, first, we define the data generation process. The protected attribute
A ∈ {0, 1} is considered in simple binary form. n, d ∈ N are our sample size and feature dimension,
respectively. This general framework is considered unless otherwise specified.

A.1 Linear Bias

Let’s define µgap ⩾ 0, to introduce mean shift in the first feature, and the coefficient γ ∈ R to
quantify the effect of A on Y .
Formally, let

m = (1, 0, . . . , 0)⊤ ∈ Rd, µ0 = 0 ∈ Rd, µ1 = µgapm.

For each observation i = 1, . . . , n, we independently draw

Ai ∼ Bernoulli(0.5), Zi ∼ N (0, Id), εi ∼ N (0, 1),

and the feature vector is defined as
Xi = µAi + Zi,

such that
Xi | (Ai = a) ∼ N (µa, Id).

A score is then specified as
Z⋆
i = m⊤Xi + γAi + εi,

from which the binary response is obtained as

Yi = 1{Z⋆
i > 0}.

Accordingly, the conditional probability of a positive outcome satisfies

Pr(Yi = 1 | Xi = x,Ai = a) = Φ
(
m⊤x+ γa

)
,

where Φ(·) denotes the standard normal cumulative distribution function.

A.2 Nonlinear Bias

Let’s define ascale > 0, and σproxy > 0. The logistic link function is denoted by σ(z) = 1
1+e−z .

For each observation i = 1, . . . , n, we independently draw,

Ai ∼ Bernoulli(0.5), Ui ∼ N (0, 1), ε2i, ε3i ∼ N (0, 1), ηi ∼ N (0, σ2
proxy).

We define the features as follows,

X1i ∼ N (1.5 ascaleAi + 0.5Ui, 1)

X2i = sin(X1i) + 0.3 ascaleAi + ε2i
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X3i = log(|X1i|+ 1) (2Ai − 1) ascale + 0.2Ui + ε3i

A proxy variable is then defined as,

proxyi = 0.4X1i − 0.2X2i + 0.6X3i + ηi.

so, the feature vector is,
Xi = (X1i, X2i, X3i, proxyi)

⊤ ∈ R4.

We define a latent score,

Zi = 1.2X1i −X2i + 0.8X3i + 0.7 proxyi + 0.9 ascaleAi + 0.5Ui,

and the binary outcome is generated as

Yi | (Xi, Ai, Ui) ∼ Bernoulli
(
σ(Zi)

)
.

A.3 Noisy Outcome Process

This data generation process makes the observed Y noisy based on the classes of A.
Let n, d ∈ N, µgap ⩾ 0, and γ ∈ R be as previously defined. Let’s define q0, q1 ∈ [0, 1], the prob-
abilities of corrupting the observed response for individuals with A = 0 and A = 1, respectively.
We generate clean features and outcomes from the linear bias process in A.1:

Xi ∈ Rd, Y clean
i ∈ {0, 1}, Ai ∈ {0, 1}.

Y is then altered with probability qa, conditional on the class of A:

Pr
(
Y obs
i ̸= Y clean

i

∣∣Ai = a
)
= qa.

When q0 ̸= q1, one subgroup experiences a higher level of output corruption.


