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Abstract

The receiver operating characteristics (ROC) curve has been widely used to evaluate the dis-
crimination performance of biomarkers, but it has been criticized for overlooking their under-
lying distributions. In this paper, we propose a continuous version of the ROC curve that can
assess not only the discrimination performance of biomarkers but also their continuity perfor-
mance. Our method summarizes the biomarker values as conditional tail expectations at varying
thresholds and compare them with true positive and false positive rates. The proposed method
is particularly useful for an early phase of biomarker study that enrolls heterogeneous disease
populations. Analysis of data from an ovarian cancer biomarker study illustrates the practical
utility of the proposed method over the standard ROC curve analysis. The proposed methods
are implemented in the R package varoc.

Keywords area under the ROC curve; biomarker; classification; outlier sum statistics;
truncated mean analysis

1 Introduction
Early detection of disease is essential for alleviating disease burden, increasing treatment success
rate and decreasing mortality rate. Over the past decade, many candidate biomarkers have been
sought to improve diagnostic accuracy using molecular biology or image analysis techniques.
These candidate biomarkers are evaluated by multiple studies, and those that perform consis-
tently well across all studies hold potential for clinical application (Pepe et al., 2001, 2008b).
For these clinical applications, a continuous biomarker, denoted as X, is converted to a binary
biomarker for a threshold θ , where X > θ (or X ⩽ θ), called a positive (or negative) biomarker
test result, is to rule in (or rule out) a disease of interest. It is thus crucial to choose the optimal
threshold to accurately classify individuals with and without the disease. The receiver operat-
ing characteristics (ROC) curve analysis has been widely accepted for this problem, where it
visualizes X’s discrimination performance over all possible threshold values and determines the
optimal threshold by considering a trade-off between true positive fraction (TPF or sensitivity)
and false positive fraction (FPF or one minus specificity) or maximizing Youden’s J statistics
(Youden, 1950).

Despite the widespread use of the ROC curve analysis, a number of authors have pointed
out its limitations and proposed alternatives to better evaluate X. Parmigiani (2019) proposed
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fuzzy ROC curve to address situations where an intermediate or gray zone leads to inconclusive
biomarker test results. Lorenz curve, which was originally developed to represent inequality in
wealth distribution (Lorenz, 1905), was extended for evaluating X (Lee, 1999; Lee and Hsiao,
1996). Decision curve analysis was proposed to consider costs and benefits associated with X

(Vickers and Elkin, 2006). Bangdiwala et al. (2008) developed the agreement chart to include
not only TPF and FPF but also predictive values. Predictive plot was suggested for evaluating
X while taking disease prevalence into account (Huang et al., 2007; Pepe et al., 2008a). These
methods can capture another aspect of X that the ROC curve does not and can therefore be
useful for biomarker studies. However, all of them, including the ROC curve, focuses on visual-
izing and quantifying the discrimination performance of X, which results in information loss by
transforming the continuous biomarker to a binary one, i.e., X to X > θ . When the value of X

itself is important, the standard techniques, such as the histogram or two-sample t-test, can be
used to visualize or compare the continuity performance of X between groups with and without
disease, but it makes no consideration about θ . As the threshold θ plays a key role in evaluating
X for biomarker studies, a special technique that incorporates it becomes imperative.

To address this issue, we suggest the value-added ROC (VAROC) curve as an alternative
of the ROC curve. Specifically, we introduce new evaluation measures to summarize X values
exceeding a threshold θ , formulated as tail expectations. We then propose new visualization
tools by incorporating the proposed measures into the ROC curve. Consequently, the VAROC
curve assesses not only the discrimination performance of X but also its continuity performance,
whereas the ROC curve only evaluates the former. Importantly, both the ROC and VAROC
curve analyses share the same goal of evaluating the performance of X under the common as-
sumption that higher values of X are associated with greater likelihood of diseases. However,
they differ in their definitions of “high performance” — high discrimination probabilities in the
ROC curve versus high tail expectations in the VAROC curve. Assessing biomarkers from both
perspectives is useful particularly for an early stage of biomarker research, such as preclinical or
biomarker discovery studies, further discussed in Subsection 3.4.

The truncated or tail mean analysis has been extensively studied in literature, primarily
through two distinct approaches. The first aimed to improve normality and get more robust
results by excluding outliers (Tukey and McLaughlin, 1963; Bickel, 1965; Huber, 1972; Stigler,
1973; Yuen and Dixon, 1973; Yuen, 1974). The second utilizes outliers for specific applications,
such as detecting oncogenes that consistently exhibit high levels of gene expression in a subset of
samples (Tibshirani and Hastie, 2007; Wu, 2007; Chen et al., 2010). While our approach is more
closely aligned with the latter, it differs in important ways. The previous methods relied on a
single, fixed threshold, e.g., the third quartile plus 1.5 times the interquartile range, to identify
outlier samples. In contrast, our approach a continuum of thresholds and assesses the continuity
performance of X, alongside the trade-offs between the corresponding TPFs and FPFs.

The remainder of the paper is organized as follows. In Section 2, we review the ROC curve
analysis and discuss its limitations especially for heterogeneous diseases. In Section 3, we in-
troduce our proposed method and demonstrate its advantage over the ROC curve analysis via
simulated data. In Section 4, we conduct simulation studies. In Section 5, we analyze a real
ovarian cancer biomarker study. We conclude with a discussion in Section 6.

2 Review: ROC Curve
Let’s denote Y as a binary random variable, where Y = 1 and Y = 0 indicate case (or disease) and
control (or non-disease), respectively, and X as a biomarker measured on a continuous scale. By
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convention, we assume higher X is associated with a greater probability of Y = 1. The observed
data consist of n independent and identically distributed replicates of (Y, X), denoted by (Yi, Xi)

for i = 1, 2, . . . , n.
The TPF and FPF at a threshold or cutoff θ are defined as

TPF(θ) = Pr(X > θ | Y = 1)

and
FPF(θ) = Pr(X > θ | Y = 0),

respectively. The ROC curve plots TPF(θ) versus FPF(θ) for θ ∈ (−∞, ∞). There are three
popular ROC-based summary measures for evaluating the discrimination performance of X. The
area under the ROC curve (AUC) is a global measure of X across all thresholds, which is defined
as

AUC =
∫︂ ∞

−∞
TPF(θ)dθ.

When it is of interest to evaluate the discrimination performance of X at a specific threshold θ ,
TPF(θ) or (normalized) partial AUC (PAUC)(θ) can be used, where

PAUC(θ) =
∫︁ ∞
c

TPF(u)du

FPF(θ)
, (2.1)

and FPF(θ), which is used in the denominator of the above equation, is the normalization factor.
The threshold θ is commonly determined by considering an acceptable FPF(θ) ≡ t , and θ is
set to FPF−1(t) for a fixed t ∈ [0, 1] (Pepe, 2003). Let θ denote an arbitrary threshold value,
whereas θt specifically refers to the threshold corresponding to a FPF of t . The ROC curve is
then equivalently defined as {(t, TPF(θt ))|t ∈ (0, 1)}, where t = FPF(θt ). Consequently, TPF(θt )

is interpreted as the TPF corresponding to a FPF of t , and AUC (or PAUC(θt)) is interpreted as
an average of TPFs corresponding to a FPF between 0 and 1 (or 0 and t). Since the perfect (or
useless) biomarker X is the one connecting points (0,0), (0,1) and (1,1) (or (0,0) and (1,1)) on
the ROC curve, its AUC, TPF(θt ), and PAUC(θt ) is 1, 1, and 1 (or 0.5, t , and t/2), respectively.

For a given t , the empirical estimators of TPF and FPF are

ˆ︁TPF(θ̂t ) =
∑︁

i∈𝕐1
I (Xi > θ̂t )

|𝕐1| ,

ˆ︃FPF(θ̂t ) =
∑︁

j∈𝕐0
I (Xj > θ̂t )

|𝕐0| ,

where 𝕐1 = {i | Yi = 1, i = 1, 2, . . . , n} and 𝕐0 = {j | Yj = 0, j = 1, 2, . . . , n} are disjoint sets of
case and control samples, respectively, and |𝕐| is a size of set 𝕐, and

θ̂t = arg min
θ∈{−∞,X1,X2,...,Xn,∞}

{ ˆ︃FPF(θ) ⩽ t}. (2.2)

The empirical estimator of PAUC is

ˆ︂PAUC(θ̂t ) =
∑︁

i∈𝕐1

∑︁
j∈𝕐0

ψ(Xi, Xj )I (Xj > θ̂t )

|𝕐1||𝕐0| /t, (2.3)
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where ψ(Xi, Xj) = I (Xi > Xj) + I (Xi = Xj)/2. When t = 1, θ̂1 is estimated as −∞, and the
empirical estimator of AUC is computed as ˆ︂PAUC(θ̂1) because

ˆ︂PAUC(θ̂1) =
∑︁

i∈𝕐1

∑︁
j∈𝕐0

ψ(Xi, Xj)

|𝕐1||𝕐0| ≡ ˆ︁AUC.

Alternatively, we can compute PAUC using a numerical integration technique. For given t and
K, we define a sequence of FPFs as t = t0 > t1 > · · · > tK−1 > tK = 0 such that the interval
between adjacent FPFs is uniform: △tk = tk−1 − tk = t/K for k = 1, 2, . . . , K. For example, if
t = 0.3 and K = 6, then t0 = 0.3, t1 = 0.25, . . ., t5 = 0.05, t6 = 0 with △tk = 0.05 for each
k = 1, 2, . . . , K. Threshold values corresponding to these FPFs are estimated to θ̂t0 ⩽ θ̂t1 ⩽
· · · ⩽ θ̂tK−1 ⩽ θ̂tK via (2.2). Since the empirical estimator of the ROC curve {(t̂ , ˆ︁TPF(θ̂t̂ ))|θ ∈
{−∞, X1, X2, . . . , Xn, ∞}} is equivalent to {(tk, ˆ︁TPF(θ̂tk ))|k = 1, 2, . . . , K} for large K, where
t̂ = ˆ︃FPF(θ), (2.3) is alternatively computed as

ˆ︂PAUC(θ̂t ) =
{︃ K∑︂

k=1

△tkˆ︁TPF(θ̂tk )

}︃
/t =

{︃
t

K

K∑︂
k=1

ˆ︁TPF(θ̂tk )

}︃
/t =

∑︁K
k=1

ˆ︁TPF(θ̂tk )

K
. (2.4)

Here, ˆ︁TPF(θ̂0) is excluded from this numerical integration above because the empirical estimator
of the ROC curve is a right-continuous step-function.

3 Value-Added ROC Curve
3.1 Summary Measures of Continuity Performance
As continuous versions of TPF and FPF, we introduce true positive mean (TPM) and false
positive mean (FPM), where

TPM(θ) = E(X|X > θ, Y = 1)

and
FPM(θ) = E(X|X > θ, Y = 0)

are the tail expectations of X that are higher than θ for the case and control groups, respectively.
By combining these two, we introduce a composite metric, called the tail mean difference (TMD),
where

TMD(θ) = TPM(θ) − FPM(θ)

is the difference of the two tail expectations conditioning on Y and X > c.
Similar to AUC = PAUC(−∞) and PAUC(θ) that integrate TPF(θ) over thresholds of

(−∞, ∞) and (c, ∞), respectively, we propose integrated TMD (ITMD) and (normalized) partial
ITMD (PITMD), where

PITMD(θ) =
∫︁ ∞
c

TMD(u)du

FPF(θ)

and
ITMD = PITMD(−∞)

are integrations of TMDs over thresholds above θ and all thresholds, respectively. Similar to
(2.1), FPF(θ), used as the denominator of PITMD(θ), serves as the normalization factor. When
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θ is set to FPF−1(t), TMD(θt) is interpreted as the TMD corresponding to a FPF of t , and
ITMD (or PITMD(θt)) is interpreted as an average of TMDs corresponding to a FPF between
0 and 1 (or 0 and t).

Fog a given t , we estimate

ˆ︂TMD(θ̂t ) = ˆ︁TPM(θ̂t ) − ˆ︁FPM(θ̂t ),

where

ˆ︁TPM(θ̂t ) =
∑︁

i∈𝕐1(θ̂t )
Xi

|𝕐1(θ̂t )|
, (3.1)

ˆ︁FPM(θ̂t ) =
∑︁

j∈𝕐0(θ̂t )
Xj

|𝕐0(θ̂t )|
, (3.2)

where 𝕐1(θ) = {i : Xi > θ, i ∈ 𝕐1} and 𝕐0(θ) = {j : Xj > θ, j ∈ 𝕐0} are disjoint sets of the
case and control samples whose X’s are higher than θ , respectively. Here 𝕐1(θ) and 𝕐0(θ) are
disjoint because they are subsets of the disjoint sets 𝕐1 and 𝕐0, respectively. If θ̂t is set too high,
(3.1) (or (3.2)) is not well defined because 𝕐1(θ̂t ) (or 𝕐0(θ̂t )) is an empty set. In this case, we
set ˆ︁TPM(θ̂t ) = ˆ︁TPM(c̃t ) (or ˆ︁FPM(θ̂t ) = ˆ︁FPM(c̄t )), where c̃t (or c̄t) is the maximum threshold
value among all possible thresholds that satisfies |𝕐1(c̃t )| > 0 (or |𝕐0(c̄t )| > 0). Similar to (2.4),
for large K, we estimate

ˆ︂PITMD(θ̂t ) =
{︃

t

k

K∑︂
k=1

ˆ︂TMD(θ̂tk )

}︃
/t =

∑︁K
k=1

ˆ︂TMD(θ̂tk )

K
, (3.3)

and ˆ︂ITMD = ˆ︂ITMD(θ̂1). Thus, (3.3) is interpreted as an average of TMD due to the normaliza-
tion factor t .

Given the same classification rule (e.g., classifying individuals with X values greater than
θt as having the disease), the performance of X can be evaluated by either the standard metrics,
which include TPF, FPF, AUC, and PAUC, or the proposed metrics, which include TPM, FPM,
TMD, ITMD, and PITIMD, respectively. We refer to the former as assessing the discriminatory
performance of X, and the latter as assessing its continuity performance.

3.2 Hypothesis Testing
The useful (or useless) biomarker has an TMD(θt ) greater than (or equal to) zero or equivalently
has a higher TPM(θt) than FPM(θt) (or the same value of TPM(θt) as FPM(θt)). We thus state
the null and alternative hypotheses as

H0 : TPM(θt ) ⩽ FPM(θt ) versus HA : TPM(θt ) > FPM(θt ). (3.4)

When t = 1 or θt = −∞, TPM(θt ) and FPM(θt ) are population means of the case and control
groups, and Welch’s two-sample t-test is directly applicable to test (3.4). When θt is higher,
(3.1) and (3.2) are computed using truncated data that is possibly small or skewed. We propose
a nonparametric bootstrap technique (Efron, 1979) to test (3.4), in the following steps:

Step 1. Set an acceptable FPF of t .
Step 2. Compute ˆ︂TMD(θ̂t ) using the original data, where θ̂t = ˆ︃FPF−1

(t).
Step 3. Draw B bootstrap samples with replacement from the original data.
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Step 4. For each bth bootstrap sample, b = 1, 2, . . . , B, assign the first |𝕐1| resampled
observations the label Y = 1 and the remaining observations Y = 0 and compute ˆ︂TMDb(θ̂b,t ),
where θ̂b,t = ˆ︃FPF−1

b (t).
Step 5. Calculate the bootstrap p-value as B−1

∑︁B
b=1 I {ˆ︂TMDb(θ̂b,t ) ⩾ ˆ︂TMD(θ̂t )}.

Similarly, the useful (or useless) biomarker has an PITMD(θt ) greater than (or equivalent
to) zero or equivalently has a higher ITPM(θt ) than IFPM(θt ) (or the same value of ITPM(θt )

as IFPM(θt )) because ITMD is expressed as integrated TPM (ITPM) minus integrated FPM
(IFPM), where ITPM(θt ) = ∫︁ ∞

θt
TPM(u)du and IFPM(θt ) = ∫︁ ∞

θt
FPM(u)du. We state the null

and alternative hypothesis as

H0 : ITPM(θt ) ⩽ IFPM(θt ) versus HA : ITPM(θt ) > IFPM(θt ). (3.5)

The nonparametric bootstrap technique as stated above is directly applicable to test (3.5) by
replacing TMD(θt ) with PITMD(θt) (or ITMD) in Steps 3–5.

There are two practical considerations when conducting the proposed bootstrap hypothesis
test. First, although the total sample size n may be large, the number of observations satisfying
X > θt can be relatively small, particularly when the FPF of t is set to a low value. It is therefore
important to examine the conditional distributions of X given X > θt . If these distributions are
skewed, a transformation of X may be considered to improve normality. Second, both the TMD
estimate and corresponding p-value can vary depending on whether raw and transformed values
of X values are used. This dependence is an undesirable property in comparison to the standard
ROC curve, which is invariant to the monotonic transformation of X. Accordingly, we recommend
applying a transformation to X only when it is scientifically justified and results in a meaningful
improvement in normality, rather than for the purpose of achieving statistical significance.

These considerations are primarily relevant in settings with finite sample sizes. As n ap-
proaches infinity, the number of truncated observations is sufficiently large regardless of the
FPF of t , and the proposed bootstrap test remains appropriate for non-normal data, provided
that TMD(θt ) (or PITMD(θt )) has finite second moments. However, if this condition is violated,
for example, when the underlying distribution is a Cauchy distribution with infinite mean and
variance, the proposed test becomes invalid.

3.3 Visualizations

In this subsection, we illustrate visualization methods under a finite Gaussian mixture ROC curve
model (Gönen, 2013), assuming X given Y = 1 and Y = 0 are πN(μ1, σ

2
1 )+(1−π)N(μ0, σ

2
0 ) and

N(μ0, σ
2
0 ), respectively. Here, μ1 and σ 2

1 (or μ0 and σ 0
1 ) are mean and variance of the case (or con-

trol) group, respectively, and N(μ, σ 2) is a normal distribution with a mean μ and variance σ 2.
The mixture proportion π ∈ (0, 1) represents a level of heterogeneity, indicating that X is effec-
tive for only a fraction π of the case population. This modeling framework is particularly relevant
for heterogeneous diseases such as cancer, which often comprise multiple molecular subtypes. In
such contexts, one can only find a biomarker that can perform only for a specific subtype corre-
sponding to only a subset (i.e., π fraction) of the case population rather than entire population.

We consider the following three scenarios: (i) μ1 = 3, (ii) μ1 = 6, and (iii) μ1 = 9, while
fixing the remaining parameters at π = 0.3, μ0 = 0, σ1 = σ0 = 1 across the all three scenarios.
Under each scenario, we generated simulated datasets consisting of 50 case and 50 control sam-
ples. We then computed (ˆ︁TPF(0.97), ˆ︂PAUC(0.97), ˆ︁AUC) = (0.42, 0.36, 0.70), (0.44, 0.38, 0.72),
(0.44, 0.38, 0.72) and (ˆ︂TMD(0.97), ˆ︂PITMD(0.97), ˆ︂ITMD) = (1.59, 1.33, 1.34), (3.27, 3.26, 2.48),
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Figure 1: JDPs for the scenarios (i), (ii), and (iii) (upper left, middle, and right), and corre-
sponding VAROC curves for each scenario (bottom left, middle, and right). In the JDPs, the
dotted horizontal line represents the threshold θ̂t = 0.97, which corresponding to the FPF of
t = 0.1.

(5.95, 6.53, 4.29) for scenarios (i), (ii), (iii), respectively, where θ̂t is estimated to 0.97 by fixing
FPF of 0.1.

To visualize these, we propose a jittered dot plot (JDP) by plotting jittered X values over
case and control groups, as displayed in the first row of Figure 1. Here, the first, second, and
third columns correspond to the scenarios (i), (ii), and (iii), respectively. On each JDP, θ̂t = 0.97
is represented by a horizontal line, and thus, ˆ︁TPF(θ̂t ) and ˆ︃FPF(θ̂t ) are visualized as the numbers
of blue and red dots; and ˆ︁TPM(θ̂t ) and ˆ︁FPM(θ̂t ) are visualized as their averages. Next, we
propose the VAROC curve, which incorporate ˆ︂TMD(θ̂t ) to the ROC curve, as illustrated in
the second row of Figure 1. All pairs of ˆ︃FPF(θ) and ˆ︁TPF(θ) are colored according to ˆ︂TMD(θ)

for θ ∈ (−∞, ∞), thereby enabling simultaneous visualization of both the discrimination and
continuity performance of X. Here, the VAROC curves are presented as two-dimensional plots.
Additionally, three-dimensional VAROC curve, with x-, y- and, z-axes representing TPF, FPF,
and TMD, respectively, are also provided in Appendix A.

In this example, the VAROC curves clearly differentiate among the scenarios (i), (ii), and
(iii), whereas the ROC curves do not. These distinctions facilitate a more comprehensive evalu-
ation of X, as further discussed in the following subsection.

3.4 Characteristics of VAROC Curve Analysis

In general, the summary measures of continuity and discrimination performance are positively
correlated because X is considered informative when higher values are associated with an in-
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creased probability of Y = 1. As a result, high discrimination performance typically coincides
with a high continuity performance, and vice versa, as illustrated in Appendix A. However, ex-
ceptions do occur: X may exhibit strong discrimination performance while showing either high or
low continuity performance. In such cases, reporting both continuity and discrimination metrics
is particularly useful in the context of biomarker development.

Biomarker development typically proceeds through multiple phases (Pepe et al., 2001),
broadly categorized into early (discovery) and late (validation) phases. These phases are com-
monly separated in study organization and study design (Feng and Pepe, 2020). For example,
discovery laboratories employ high-throughput assays to screen a large number of candidate
biomarkers using relatively small sample sizes, aiming to identify promising candidates for fur-
ther evaluation. Pharmaceutical companies may then acquire these biomarkers and conduct
large-scale trials to validate their effectiveness. These validation studies often use clinical-grade
assays to measure biomarkers with greater precision and consistency. Although the discovery
and validation assays are expected to be correlated, they do not always yield concordant results.
Even when using similar technologies, variations in biological samples, collection sites, or timing
can introduce substantial study-to-study heterogeneity. Therefore, successful validation requires
prioritizing biomarkers that not only demonstrate strong discrimination performance but also
exhibit robustness and reproducibility across diverse experimental settings.

To illustrate this, we revisit the Gaussian mixture model introduced in the subsection above.
Its AUC is formulated as

AUC = πΦ

(︃
μ1√︂

σ 2
1 + 1

)︃
+ (1 − π)0.5, (3.6)

where Φ is the cumulative standard normal density. Due to the technical or study-to-study
variations, we consider potential degradation in biomarker performance, assuming (μ1, σ1) is
changed to (μ1 −δμ, σ1 +δσ ) for δμ, δσ > 0. We consider three levels of variation: weak, moderate,
or strong variations if (δμ, δσ ) = (1,1), (2,2), or (3,3), respectively. The resulting reductions in
AUC are shown in Figure 2, where AUC decreases from 0.64 to 0.59, 0.54, or 0.50 for (i); from 0.65
to 0.65, 0.62, or 0.58 for (ii); and from 0.65 to 0.65, 0.65, or 0.63 for (iii). We thus conclude (iii)
exhibits the greatest robustness to technical or study-to-study variation, followed by (ii), with
(i) being the most sensitive biomarker. Furthermore, it usually requires complicated techniques

Figure 2: Robustness of AUC values under study-to-study variations over δμ and δσ for the
scenarios (i) (left), (ii) (middle), and (iii) (right), respectively.
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to quantify biomarkers from small molecules present in the human body, and (iii) that has the
higher μ1 is generally easier to measure and more reproducible than (i) and (ii). This aspect of
reproducibility and robustness is captured by the VAROC curve, not by the conventional ROC
curve.

In summary, while the ROC curve captures discrimination ability of X, it is sensitive when
study-to-study or technical variation exists. In contrast, the VAROC curve integrate both its
discrimination and continuity performance, thereby supporting more informed decisions in the
biomarker development process.

4 Simulations
We conducted simulation studies to assess the performance of our proposed method. We con-
sidered the two scenarios, as below:

Scenario 1 (Binomial ROC curve): X|Y = 1 ∼ N1 and X|Y = 0 ∼ N0,
Scenario 2 (Gaussian mixture ROC curve): X|Y = 1 ∼ 0.3N1 + 0.7N0 and X|Y = 0 ∼ N0.
Scenario 3 (Gamma mixture ROC curve): X|Y = 1 ∼ 0.3Γ1 + 0.7Γ0 and X|Y = 0 ∼ Γ0,

where N1 = N(μ, 1), N0 = N(0, 1), Γ1 = Γ(μ + 1, 1), and Γ0 = Γ(1, 1), respectively. Here,
Γ(μ, β) is a gamma distribution with shape and rate parameters of μ and β, respectively. Thus,
μ represents the mean difference of N1 and N0 or Γ1 and Γ0. Across all scenarios, we set μ =
(0, 0.5, 1, 1.5, . . . , 5), where μ = 0 implies a useless biomarker with TMD(θt ) = PITMD(θt ) =
0; and when μ1 increased, the biomarker became more useful with increased TMD(θt ) and
PITMD(θt ).

For each scenario, we generated R = 200 datasets with sample sizes of 50, 100, 200, 500, and
1000, respectively, with equal allocations for the control and case groups. For each rth dataset,
r = 1, 2, . . . , R, we computed TMD and PITMD at a FPF of 0.2 and ITMD and performed
the bootstrap hypothesis tests with B = 2000 replicate samples. We then estimated the power
function as an average of the p-values less than α = 0.05 over the R = 200 replicates.

The upper panels of Figure 4 displayed the simulation results for Scenario 1. The proposed
methods performed well across all settings, with statistical power increasing as either μ or n

increased. When n was small, type I error rates were slightly inflated for TMD and PITMD due
to the small number of samples beyond a FPF of 0.2. However, these error rates approached the
nominal level of 0.05 as n increased. This issue did not arise for ITMD which used information
from all samples as a global measure. As a result, ITMD consistently demonstrates higher power
compared to TMD and PITMD.

Similar patterns were observed in Scenarios 2–3, shown in the middle and bottom panels
of Figure 3, respectively. However, statistical power in these scenarios was lower due to the
greater skewness in the data-generating distributions. In Scenario 1, the data were normally
distributed, and the truncated data (i.e., truncated normal) were skewed but still relatively
close to a normal distribution. In contrast, the Gaussian mixture model in Scenario 2 produced
more skewed truncated data, and the Gamma mixture data in Scenario 3 were the most skewed.
Consequently, Scenario 3 yielded the lowest power, followed by Scenario 2, with Scenario 1
achieving the highest power when comparing across scenarios with the same sample size.

In summary, the proposed method controlled the type I error rate well, regardless of whether
the truncated distributions were skewed. However, statistical power decreased as the underlying
truncated distributions deviated further from normality. Therefore, when biomarker data are
expected to be skewed, a larger sample size should be considered to ensure adequate statistical
power.
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Figure 3: Simulation results. Upper: Scenario 1; lower: Scenario 2; left: TMD at FPF = 0.2;
middle: PITMD at FPF = 0.2; right: ITMD. Red, black, blue lines are n = 50, 100, 200, respec-
tively. Gray vertical line is 0.05.

5 Ovarian Cancer Study
The ovarian cancer study examined 23 normal and 30 ovarian cancer tissues and quantified
their 1523 genes using a microarracy technology (Pepe et al., 2003). Its scientific goal was to
identify genes that were overexpressed in ovarian cancer tissues compared to normal tissues.
These overexpressed genes would produce specific proteins in blood or urine, which can be used
in population cancer screening. As an early phase of the biomarker development, Pepe et al.
(2003) discovered the top 100 genes based on the ROC curve-based metrics (Pepe et al., 2001).

We reanalyze the ovarian cancer dataset to demonstrate an advantage of our proposed
method over the standard ROC curve analysis. We summarize the discrimination and continu-
ity performances for each of the 1523 genes using the two global measures, ITMD and AUC,
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Figure 4: Analysis of ovarian cancer dataset across all thresholds. A two dimensional plot of
ITMD versus AUC, where the horizontal and vertical lines are ITMD = 0 and AUC = 0.5,
red dots are significant genes based on AUC, not ITMD, green dots are significant genes based
on ITMD, not AUC, blue dots are significant genes based on both AUC and ITMD (left), and
VAROC curves for gene 1393 (middle) and gene 535 (right).

respectively, as shown in the left panel of Figure 4. The useful genes are expected to lie above
(or the right of) the horizontal (or vertical) line, i.e., ITMD ⩾ 0 (or AUC ⩾ 0.5), which are
further classified into three gene sets using one-sided hypothesis tests: (a) 302 significant genes
based on ITMD, (b) 314 significant genes based on AUC, and (c) 243 significant genes based on
both ITMD and AUC. The two measures are correlated, while some genes with higher AUCs
have lower ITMDs, or vice versa. Since AUC is primarily used for evaluating biomarkers, a main
advantage of using ITMD is to discover the gene set (c) by excluding the gene set (b). That is,
even though the gene set (b) consist of genes with higher AUCs, they are less likely reproducible
for biomarker validation studies due to their lower ITMDs, as discussed in Subsection 3.4. For
example, we compare the two genes: gene 1393, which has the highest ITMD among the gene set
(c), and gene 535, which has the lowest ITMD among the gene set (b), where AUC and ITMD
are 0.69 and 3.50 (and 0.72 and −6.62) for gene 1393 (and gene 535), respectively. The ROC
curve fails to distinguish between the two genes with similar AUCs, whereas the VAROC curve
clearly distinguish them by using different colors, as shown in Figure 5. Thus, given a limited
resources, gene 1393, more robust to technical variation than gene 539, is selected for biomarker
validation study based on the VAROC curve analysis.

We perform similar analysis based on PITMD and PAUC (and TMD and TPF) with the
threshold corresponding to FPF of 0.3. Both of the measures agree in that gene 1483 is ranked
best based on the all of the three ROC-based metrics, AUC = 0.99, PAUC = 0.98, and TPF =
1.00, and gene 93 with AUC = 0.93, PAUC = 0.91, and TPF = 0.93 has the highest PITMD (and
TMD) among all the other genes that are significant based on both PITMD and PAUC (and
both TMD and TPF). As displayed in Figure 5, the two genes with almost perfect discrimination
performances have similar ROC curves, but gene 93 with PITMD = 1.26 and TMD = 1.28 has
a higher continuity performance than gene 1483 with PITMD = 0.53 and TMD = 0.56. Since
the two genes are evaluated at FPF ⩽ 0.3, we further use JDP analysis in Figure 5. Both
genes are almost not expressed in the normal samples, resulting in similar thresholds, while gene
93 (or gene 1483) is expressed far from (or close to) their thresholds for most of the ovarian
cancers. Thus, gene 93 would be more robust to technical variations than gene 1483 and further
considered for biomarker validation studies, although gene 93 has a slight lower discrimination



12 Brister, D. and Chung, Y.

Figure 5: Analysis of ovarian cancer dataset at the threshold corresponding to FPF = 0.3. A two
dimensional plot of PITMD versus PAUC, where the horizontal and vertical lines are PITMD
= 0 and PAUC = 0.15, red dots are significant genes based on PAUC, not PITMD, green dots
are significant genes based on PITMD, not PAUC, blue dots are significant genes based on both
PAUC and PITMD (upper left); VAROC curves for gene 93 (upper middle) and gene 1483
(upper right); a two dimensional plot of TMD versus TPF, where the horizontal and vertical
lines are TMD = 0 and TPF = 0.3, red dots are significant genes based on TPF, not TMD,
green dots are significant genes based on TMD, not TPF, blue dots are significant genes based
on both TPF and TMD (bottom left); JDPs for gene 93 (bottom middle) and gene 1483 (bottom
right).

performance than gene 1483. We refer to Schummer et al. (1999) and Pepe et al. (2003) for gene
labels and their biological interpretations. For these analysis, we used bootstrap t-test with 2000
replications and considered Benjamini and Hochberg adjusted p-value less than 0.05 statistically
significant (Benjamini and Hochberg, 1995).

6 Discussion
The ROC curve is primarily used for evaluating biomarkers, but it can be misleading especially
when biomarkers are applied to more general populations. From biomarker discovery to vali-
dation studies, technical or study-to-study variations are expected. Since the two studies are
commonly conducted independently, these sources of variation are neither quantified nor con-
trolled by study design, and are commonly underestimated or ignored in practice. Biomarker
studies are therefore less likely to succeed when they focus on biomarkers that are highly sensi-
tive to such variations. For instance, while a biomarker with an AUC of one is statistically ideal,
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biologists may consider it unreliable or biologically irrelevant if its values are inconsistent across
studies. The proposed VAROC curve is particularly well suited for such situations, providing a
robust tool that supports the identification of reproducible biomarkers and contributes to more
successful validation studies.

In our data analysis, we use p-values to identify statistically significant biomarkers. How-
ever, in practice, many biomarker discovery studies rely solely on ROC-based metrics without
accompanying statistical inference. For example, biomarkers with AUC > 0.9 or 0.8 are often
regarded as high-performance biomarkers and subsequently tested in validation studies with p-
values. Likewise, candidate biomarkers can be evaluated using TMD or ITMD, with or without
associated p-values.

Following Pepe’s suggestion (Pepe, 2003), we select θt by considering an acceptable FPF,
such that FPF(θt ) ≡ t . In general, evaluating biomarkers at higher θt is preferred, but there may
be no data point to compute TPF(θt) or PAUC(θt) if θt is set too high (Pepe et al., 2001). The
same limitation applies to TMD(θt) or PITMD(θt). Alternatively, the cutoff θ can be determine
using other criteria (López-Ratón et al., 2014). For example, Youden’s J statistics (Youden, 1950)
can be used to estimate the optimal cutoff that maximizes J(θ) = TPF(θ) − FPF(θ) across all
possible cutoff values. The continuity performance of the biomarker can then be evaluated by
TMD at the corresponding cutoff. Interesting, since TMD is defined as TPM minus FPM, it can
also be interpreted as a continuous version of Youden’s J statistics.

In some cases, not only higher but also lower biomarker values may indicate a higher likeli-
hood of disease. Several authors (Martínez-Camblor et al., 2017; Martínez-Camblor and Pardo-
Fernández, 2019; Martínez-Camblor et al., 2019; Yang et al., 2024) have generalized ROC curves
to appropriately evaluate the discrimination performance of biomarkers on the both directions.
Similarly, our methods can be extended to accommodate such scenarios when both extremes of
biomarker values are meaningful indicators of diseases.

The term “tail” used in this paper focuses on evaluating the performance of Y at a higher
cutoff value of θt or, equivalently, at a lower FPF value t . More generally, however, θt may be
set at any point; for example, in some settings it may also be of interest to evaluate Y at a
higher FPF value of t . In this broader context, the term “above,” which refers to evaluating the
performance of Y above θ or θt can also be used. Accordingly, the term above MD (AMD) may
also be used instead of TMD.

The varoc R package (Chung, 2025) implements the methods developed in this article and
is publicly available on CRAN.

Supplementary Material
The R code and data used in Section 5 are available at the Supplementary Material of this
paper.

A Appendix
We further explore the relation between ROC and VAROC curves. First, Scenario 1, described
in Section 4, is commonly used framework for modeling normally distributed biomarker data.
Given a fixed values of μ0, σ1, σ0, the overlap between N1 and N0 decreases as μ1 increases.
As a result, both AUC and ITMD are expect to increase with increasing μ1. We illustrate
this relationship through simulation studies using 25 case and 25 control samples, assuming
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Figure A1: Relations between AUC and ITMD via simulations under the binomial ROC curve
models with μ1 = 0, 1 and 2 (left, middle, and right): two-dimensional and corresponding three-
dimensional VAROC curves (upper and bottom).

μ0 = 0 and σ0 = σ1 = 1, and varying μ1 across 0,1, and 2. When μ1 = 0, the biomarker X is
non-informative, yielding estimated AUC and ITMD values of 0.54 and 0.07, respectively. As
μ1 increases to 1 (and 2), the estimated AUC and ITMD rise to 0.73 and 0.54 (and 0.93 and
1.13), respectively. These results are visualize as two- and three-dimensional VAROC curves in
Figure A1.

Next, we explore how ROC curves vary with different values of variances. We consider
scenarios (i), (ii), and (iii) described in Subsection 3.3, while additionally considering (σ1, σ0) =
(1, 1), (6, 1), (1, 6). Figure A2 presents their theoretical distributions for each scenario. Here, we
set a FPF of t = 0.1, specifying a corresponding threshold as θt = σ0Φ

−1(t) + μ0. For example,
if σ0 = 1 and μ0 = 0, θt = 1.28. When σ0 is fixed, θ does not change, and FPM(θt) remains the
same. Thus, the increase of σ1 solely increases TPM(θt), leading to an increase in TMD(θt). On
the other hand, if σ0 increases, θt also rises, which causes both TPM(θt) and FPM(θt) to increase.
However, as displayed in the last row of the panels of Figure A2, the increase in FPM(θt) is larger
than that in TPM(θt), resulting in a decrease in TMD(θt). Therefore, the variance shift from σ1

or σ0 have different effects on TMD(θt) and ITMD.
To better understand the effect from these variance shifts, we performed simulation stud-

ies under the Gaussian mixture model introduced in Subsection 3.4 under the following two
scenarios.

Scenario A: μ1 = 3, 6, 9, σ1 = 1, 1.5, 2, . . . , 6, σ0 = 1,
Scenario B: μ1 = 3, 6, 9, σ1 = 1, σ0 = 1, 1.5, 2, . . . , 6,

where μ0 = 0 and π = 0.3 for both scenarios. For each scenario, we generated 500 simulated
datasets with n = 30 (n = 15 for the case and n = 15 for the control groups) and computed
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Figure A2: Hypothetical distributions of biomarkers under variation shifts for scenarios (i),
(ii), and (iii) (left, middle, and right columns), and (σ1, σ0) is (1,1), (6,1), (1,6) (first row),
(6,1) (upper, middle, bottom rows). The dashed vertical line represents the threshold value
corresponding to the false positive fraction = 10%.

AUC and ITMD values and corresponding p-values. We then averaged these measures and p-
values over the 500 iterations. Figure A3 demonstrates the simulation results. Both AUC and
ITMD increase as μ1 increases across all scenarios. On the one hand, as expected from (3.6),
AUC decreases as σ1 or σ0 increases. On the other hand, ITMD increases as σ1 increases, but
it decreases as σ0 increases, as explained in the paragraph above. However, the increase in
(σ1, σ0) leads to a rise in the standard error of ITMD, which results in large (or small) p-values
when (σ1, σ0) is large (or small). Thus, both AUC and ITMD agree that in a useful biomarkers,
μ1 > μ0, and σ1 and σ0 are small. Note that directly comparing AUC and ITMD based on
their p-values is not straightforward because they evaluate different aspects of biomarkers, i.e.,
discrimination versus continuity performance.
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Figure A3: Simulation results: average AUC and ITMD under Scenario A (top first and second
columns) and Scenario B (top third and fourth columns), with corresponding average p-values
shown in the bottom panels. Blue, black and red lines represents μ1 = 9, 6, and 3, respectively.
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