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Abstract

Inter-rater agreement is fundamental to decision making in medicine, psychology, and the social
sciences, as it reflects the quality and reliability of rating systems. ICC (intraclass correlation) has
been widely used as a measure of inter-rater agreement. To date, there has been no methodolog-
ical development that properly assesses improvement in ICC for pre–post studies with ordinal
ratings. It remain uninvestigated whether/how correlations between pre- and post-intervention
scores impact the estimation and comparison of ICC. We present a Bayesian hierarchical probit
framework for evaluating changes in ICCs in such settings. The model incorporates rater- and
item-level correlations and compares two parameterizations: an “individual components” prior
that separately models variances and correlations, and an inverse Wishart prior. Simulation
studies show that accounting for pre–post correlation substantially improves estimation accu-
racy and power to detect changes in agreement, while ignoring it reduces efficiency. Application
to a multicenter study on conjunctival inflammation demonstrates that a novel grading scale
markedly increased inter-rater agreement. This framework underscores the importance of mod-
eling ordinal outcomes appropriately and provides a flexible Bayesian tool for evaluating the
effectiveness of interventions on inter-rater agreement in pre-post studies.
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1 Introduction
In areas such as medicine, psychology, education, and business, a routine task is to score items
(e.g., images, bio-samples, responses, products) into mutually exclusive (often ordinal) cate-
gories, which are used to support decision making (e.g., whether to start chemotherapy on a
cancer patient or whether to flag an email as spam). The validity of the resulting decisions hinges
upon the quality of the scoring. As a measure of reliability of a scoring system, the agreement
among two or more raters is of high interest to researchers and practitioners alike in a wide range
of areas (Hallgren, 2012). High inter-rater agreement indicates that different raters have a high
tendency of scoring the same items to the same categories, hence are less prone to the influence
of variation in human judgment (Shrout and Fleiss, 1979). Such assessments are particularly
relevant in domains where subjective or semi-quantitative evaluations are common, including
radiology, biomarker research, and survey research.

∗Corresponding author. Email: song.zhang@utsouthwestern.edu.

© 2025 The Author(s). Published by the School of Statistics and the Center for Applied Statistics, Renmin
University of China. Open access article under the CC BY license.
Received September 2, 2025; Accepted December 8, 2025

mailto:song.zhang@utsouthwestern.edu
https://creativecommons.org/licenses/by/4.0/


2 Berry, A. et al.

The most widely used statistics to assess inter-rater agreement include Kappa-like mea-
sures and intraclass correlation coefficient (ICC). Kappa-like measures are computed as chance-
corrected agreement, which apply to categorical variables and in most cases with 2 raters (Fleiss
et al., 2013; Cohen, 1960). For situations involving ordered categories, weighted kappa has been
proposed. It employs weighting schemes that give partial credit when raters’ scores are close but
not identical (Cohen, 1968). The concept of ICC was first introduced by R.A Fisher to examine
the familial resemblance between siblings (Fisher, 1921). ICC is a measure that compares the
variance that is attributable to the difference between what is being rated to the total variance
of all scores, which further includes variability among raters and random error (Müller and Büt-
tner, 1994). In other words, ICC quantifies how much of the observed variability is due to true
differences across items, as opposed to inconsistency between raters and measurement error. For
continuous variables, ICC is often derived from linear mixed models with a clear interpretation
in terms of variance components (Shrout and Fleiss, 1979).

In many applications, however, the ratings are ordinal categories instead of continuous
scores, e.g., tumor grades and Parkinson’s severity scales. To facilitate data collection and com-
munication, the ordinal categories are often represented by numbers. In data analysis, including
the assessment of inter-rater agreement by ICC, a common practice has been to treat ordinal
scores as if they were continuous and normally distributed (Gajewski et al., 2007). It has been
established that ICC is sensitive to the assumption of normality and its maximum likelihood
estimator is negatively biased (Fisher, 1921; Konishi, 1985; Wang et al., 1991; Atenafu et al.,
2012). Treating ordinal scores as continuous in the estimation of ICC exacerbates the method-
ological issues, resulting in biases as well as misleading p-values and confidence intervals. For
remedy, researchers have turned to latent variable models, in particular, ordinal probit models,
for the assessment of inter-rater agreement in ordinal rating systems. Specifically, the observed
ordinal scores are assumed to arise from a continuous latent variable upon which variance com-
ponents can be extracted for the calculation of ICC (Gajewski et al., 2007; Yue et al., 2015).
The observed categories are determined by the value of the latent variable in relation to a set
of thresholds. For example, let xij be the latent variable and suppose that there are K ordinal
categories. Then the observed ratings are

yij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, if xij < c1

2, if c1 ⩽ xij < c2
...,

...

K, if xij ⩾ cK−1

where c1 < c2 < · · · < cK−1 are the ordinal cutoffs. Defining ICCs for ordinal scores on the latent
variable provides a statistically sound solution, as it removes bias caused by violations of the
normality assumption. However, the ICC on the latent scale is somewhat abstract. It reflects
agreement on an underlying continuous construct rather than on the observed ordinal ratings,
which introduces conceptual challenges for interpretation.

Under the frequentist paradigm, inference about the ICC (such as p-values and confidence
intervals) has traditionally relied on normal approximations and asymptotic theory (Giraudeau
and Mary, 2001). In addition to deviation from the normality assumption, estimation of ICC can
be further complicated by experimental design. For example, in wine competition (Olkin et al.,
2015), each rater may score only a random subset of wines, and each wine may be evaluated by
only a random subset of raters, giving rise to incomplete data. To assess rater reliability, identi-
cal (blinded) samples of the same wine may be presented to a rater multiple times, introducing
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a hierarchical data structure. As the model and design become more complicated, frequentist
inference for ICC becomes increasingly intractable. The Bayesian framework provides a prac-
tical alternative: Bayesian hierarchical models offer flexibility in handling incomplete data and
complex data structures, while prior distributions allow incorporating evidence from previous
studies or expert opinion. Moreover, because inference is drawn from random samples of the
posterior distribution, Bayesian inference does not rely on large-sample theory for its validity
(Gelman et al., 1995; Albert and Chib, 1993).

In this study, we present a Bayesian approach to evaluating the effectiveness of an inter-
vention on improving inter-rater agreement under a pre-post study design. It is motivated by
a multicenter prospective validation study that assessed the inter-rater agreement of a novel
grading scale evaluating conjunctival inflammation in cicatrizing conjunctivitis associated with
Pemphigoid (Eziama et al., 2025). Ocular cicatricial pemphigoid (OCP) is an autoimmune dis-
ease characterized by chronic inflammation resulting in subepithelial fibrosis and conjunctival
scarring. Close monitoring of disease progression is critical but existing grading systems uti-
lize irreversible features of ocular damage that occur over months to years, resulting in loss of
valuable intervention time. Researchers at the University of Texas Southwestern Medical Center
proposed a visual analog grading scale that utilizes typified images of conjunctival inflamma-
tion of OCP patients. It offers increased sensitivity to subtle changes, thereby allowing ample
opportunity for treatment before the onset of irreversible ocular damages. The validation study
recruited 106 raters, including trainees and attendings. The clinical images of palpebral conjunc-
tiva of 14 patients with OCP were first presented. The raters were asked to independently score
the degree of conjunctival inflammation by 5 grades: 0 (no inflammation) to 4+ (severe inflam-
mation). Afterwards, the visual grading scale was presented for reference, and the participants
were asked to re-score the same 14 conjunctival images in the presence of the grading scale. To
minimize potential bias from recall or anchoring effect—where earlier assessments influence later
ones—participants were restricted from revisiting prior responses or changing prior responses.
The primary research question is whether the new grading scale improves inter-rater agreement.

There has been limited development of Bayesian methods for the assessment of inter-rater
agreement in ordinal scores. For the cases of two raters, Tran et al. (2021) presented Bayesian
approaches to the weighted kappa-like measures. Van Oest and Girard (2022) presented a gener-
alized Bayesian framework for chance-corrected inter-rater agreement that accommodates var-
ious weighting schemes and incomplete data. Calle-Alonso and Perez Sanchez (2015) proposed
a unified Monte Carlo–based framework to estimate different types of measures of agreement
in qualitative responses. Fanshawe et al. (2008) proposed an intuitive measure that reflects the
extent to which the distribution of ratings provided by individual raters agrees with those pro-
vided by all raters, and estimated it using a Bayesian probit model. Gajewski et al. (2007)
proposed a Bayesian approach for interrater agreement with ordinal data, incorporating a hier-
archical ordinal probit model with prior distributions for the error variance and ICC. To the best
of our knowledge, there has been no development of Bayesian methods that formally compare
inter-rater agreement in the setting of pre-post studies with ordinal ratings. The correlation
between pre- and post-intervention ratings cannot be ignored in statistical inference. In partic-
ular, whether/how this correlation impacts the comparison of pre- and post-intervention ICCs
warrants investigation.

We present a Bayesian hierarchical probit model framework that appropriately accounts
for the complex correlation structure, where each image is graded by each rater twice (pre- and
post-intervention). Inference about ICC (estimation and comparison) is based on posterior sam-
ples of variance components on the latent scale. The rest of the paper is organized as follows.
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In Section 2 we present Bayesian probit models with and without accounting for pre-post cor-
relation. Extensive simulation results are presented in Section 3, where we show that properly
accounting for pre-post correlation markedly improves the power in comparing ICCs. We apply
the proposed method to the motivating example in Section 4. Finally, we briefly review the
proposed Bayesian method and discuss the direction of future development in Section 5.

2 The Bayesian Probit Model
While the proposed model framework is generally applicable to inter-rater agreement studies
with ordinal scores, here we adopt the notations of the motivating example, where raters are
called “graders” and rated items “images”. Let yijt be the observed ordinal score by the ith
grader (i = 1, . . . , N) on the jth image (j = 1, . . . , J ) at time t (t = 0/1 for pre-/post-adoption
of the grading scale). The value of yijt is determined by a continuous latent variable xijt and a
set of cutoff points c1 < c2 < · · · < cK−1:

yijt | xijt , c =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, if xijt < c1

2, if c1 ⩽ xijt < c2
...

...

K, if xijt ⩾ cK−1,

(2.1)

where c = (c1, . . . , cK−1)
′. We model xijt by a linear mixed effect model:

xijt = μ + αjt + βit + ϵij t , (2.2)

where μ is a fixed effect representing the overall mean, αjt the random effect of image-time inter-
action, βit the random effect of grader-time interaction, and ϵij t the residual error. Furthermore,
we model αjt by

(︃
αj0

αj1

)︃
| σ 2

α0, σ
2
α1, ρα

iid∼ N

[︃
0,

(︃
σ 2

α0 ρασα0σα1

ρασα0σα1 σ 2
α1

)︃]︃
, for j = 1, . . . , J. (2.3)

Under the above model, within period t (t = 0, 1), αjt ’s are independently and identically dis-
tributed with N(0, σ 2

αt ). Across periods, each pair of (αj0, αj1)
′ are dependent with a correlation

coefficient ρα. Similarly, βit ’s are modeled by
(︃

βi0

βi1

)︃
| σ 2

β0, σ
2
β1, ρβ

iid∼ N

[︃
0,

(︃
σ 2

β0 ρβσβ0σβ1

ρβσβ0σβ1 σ 2
β1

)︃]︃
, for i = 1, . . . , N. (2.4)

The residual errors ϵij t ’s are assumed to be independent but with different variances across
periods, ϵij t | σ 2

ϵt

iid∼ N(0, σ 2
ϵt ) for t = 0, 1. A non-informative flat prior is specified for the overall

mean μ. Finally, we assume independent Uniform(0,1) priors for ρα and ρβ ; and independent
inverse gamma priors for the variance components:

σ 2
αt ∼ IG(aα, bα),

σ 2
βt ∼ IG(aβ, bβ),

σ 2
ϵt ∼ IG(aϵ, bϵ),

for t = 0, 1. Here IG(a, b) denotes an Inverse-Gamma distribution with parameterization such
that the mean is b/(a − 1).
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The ICC that measures inter-rater agreement at time t is defined by

ICCt = σ 2
αt

σ 2
αt + σ 2

βt + σ 2
ϵt

, t = 0, 1. (2.5)

Inference about ICCt is based on samples of (σ 2
αt , σ

2
βt , σ

2
ϵt) from the full conditional distribution

[15]. Specifically, let (σ 2(q)

α0 , σ
2(q)

α1 , σ
2(q)

β0 , σ
2(q)

β1 , σ
2(q)

ϵ0 , σ
2(q)

ϵ1 ) be the random samples obtained at
the qth (q = 1, . . . , Q) iteration of MCMC simulation and calculate ICC(q)

0 and ICC(q)

1 following
Equation (2.5). Then the posterior mean and posterior variance of ICCt are estimated by the
sample mean and sample variance of {ICC(q)

t , q = 1, . . . , Q}, t = 0, 1. The posterior probability
that the new grading scale improves inter-rater agreement is estimated by

P̂ (ICC1 > ICC0 | Y) =
Q∑︂

q=1

I
(︂
ICC(q)

1 > ICC(q)

0

)︂
/Q. (2.6)

Here Y = {︁
yijt

}︁
denotes the collection of observed data. A large value of P̂ (ICC1 > ICC0 | Y)

provides strong evidence that the new grading scale improves inter-rater agreement.
When the main goal is to compare ICC0 versus ICC1, to avoid introducing undue bias, it

is important to assume identical priors for (σ 2
αt , σ

2
βt , σ

2
ϵt) across periods t = 0, 1. Furthermore,

when there is no strong knowledge regarding the relative contribution of variability from different
sources (i.e., raters (σ 2

βt), images (σ 2
αt), and measurement error (σ 2

ϵt)), one option is to set aα =
aβ = aϵ = a and bα = bβ = bϵ = a. Assigning weakly informed and identical priors to the
variance components ensures that the estimation and comparison of ICCs fully reflect learning
from observed data. On the other hand, when there are reliable data from previous studies or
expert opinion that should be incorporated into the inference of ICCs, through the specification
of prior distributions, Bayesian modeling provides a principled and coherent mechanism for
integrating prior information (Gelman et al., 1995).

To analyze the motivating example, due to lack of prior information, we assign identical
IG(a, b) priors to (σ 2

α0, σ
2
α1, σ

2
β0, σ

2
β1, σ

2
ϵ0, , σ 2

ϵ1). Importantly, they are variance components of
latent variables xijt ’s, whose values are only meaningful in their relation to the cutoffs c =
(c1, . . . , cK−1)

′. In this study the latent variable xijt is assumed to follow the N(0, 1) distribution,
hence the cutoffs c = (c1, . . . , cK−1)

′ can be viewed as quantiles of the N(0, 1) distribution,
corresponding to the cumulative probabilities of Y at observed ordinal categories. We employ a
data driven approach to specifying the prior for c. First we empirically estimate the cumulative
distribution of Y and obtain (h1, . . . , hK−1), where hk is the observed proportion of yijt ’s with
values less than or equal to k (k = 1, . . . , K − 1). Then we assume the prior distribution of ck to
be centered around the (100hk)th percentile of N(0, 1), by specifying a truncated distribution:

ck ∼ N(0, 1)I (lk, uk), k = 1, . . . , K − 1.

Here lk = Φ−1(hk−δ) and uk = Φ−1(hk+δ), with Φ−1(·) being the inverse cumulative distribution
function N(0, 1), and δ is a tuning parameter controlling how much ck’s can deviate from the
empirical quantiles. The above prior specification for c takes two key factors into consideration:
(1) the assumed N(0, 1) distribution of the latent variable; (2) the empirical distribution of
observed ordinal scores. Since the cutoffs determine how the latent variable is mapped to the
observed categories, poorly specified priors of c can cause the latent variable xijt to deviate from
the N(0, 1) distribution and misfit between model and observed data, eventually leading to bias
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in ICC estimation. On the other hand, as parameters defined on the latent scale, non-informative
priors on c would lead to poor mixing of MCMC when observed data is limited. In practice,
when the sample size (number of images and raters) is relatively small, we would recommend a
data driven approach similar to what was described above.

The specified prior distribution of c effectively anchors the distribution of latent variable
xijt around N(0, 1). For the prior distributions of variance components, accordingly, we set the
values of a and b so that (σ 2

αt + σ 2
βt + σ 2

ϵt) has a prior mean of 1 for t = 0, 1. Specifically, we
set a = 2 and b = 0.333. Note that IG(2, 0.333) has a mean of 0.333 but the distribution is so
diffuse that its variance does not exist.

Hence we complete the specification of the Bayesian model. By jointly modeling (αj0, αj1)

and (βj0, βj1), we properly account for correlation between pre- and post-intervention ratings.
Although the effect of such correlation on the inference of ICC is theoretically intractable, it is
appropriately channeled through MCMC simulation to the Bayesian estimation and comparison
of ICCs. Because separate priors are specified on each component of the variance matrices in
(2.3) and (2.4), we call it the “individual components” model.

Alternatively, we can re-parameterize (σ 2
α0, σ

2
α1, ρα) and (σ 2

β0, σ
2
β1, ρβ) as covariance matrices

and employ the inverse Wishart prior (Zhang, 2021). Define

𝚺α =
(︃

σ 2
α0 ρασα0σα1

ρασα0σα1 σ 2
α1

)︃
and 𝚺β =

(︃
σ 2

β0 ρβσβ0σβ1

ρβσβ0σβ1 σ 2
β1

)︃
,

and assume 𝚺α ∼ IW(𝛀, ν) and 𝚺β ∼ IW(𝛀, ν), where IW(𝛀, ν) denotes an inverse Wishart
distribution with a degree of freedom ν and mean 𝛀/(ν − 2 − 1). Following consideration similar
to that in the “individual components” model, we set ν = 4 and

𝛀 =
(︃

0.333 0
0 0.333

)︃
.

Under such specification the prior means of 𝚺α and 𝚺β equal
(︃

0.333 0
0 0.333

)︃
and their vari-

ances do not exist (Von Rosen, 1988). The other components of the Bayesian model remain
unchanged. We refer to this approach as the “inverse Wishart” model. Under this approach,
𝚺α and 𝚺β are sampled as random matrices from the posterior distribution. Let 𝚺(q)

α and 𝚺
(q)

β

be the posterior samples obtained at the qth (q = 1, . . . , Q) iteration of MCMC simulation,
then

(︂
σ

2(q)

α0 , σ
2(q)

α1

)︂
and

(︂
σ

2(q)

β0 , σ
2(q)

β1

)︂
are extracted from the diagonal elements of 𝚺(q)

α and 𝚺
(q)

β ,

respectively, and plugged into Equation (2.5) to calculate ICC(q)

0 and ICC(q)

1 .
Because the inverse gamma and inverse Wishart distributions have distinct properties,

we have not identified a specification of the “inverse Wishart” model under which the prior
distributions of (σ 2

α0, σ
2
α1, σ

2
β0, σ

2
β1) are equivalent to those under the “individual components”

model. Nevertheless, we believe the “individual components” model and the “inverse Wishart”
model specified here are comparable in key respects, as they share two features: 1) for t = 0, 1
the prior mean of (σ 2

αt + σ 2
βt + σ 2

ϵt) equals to 1; 2) weakly informed priors are assumed for
σ 2

α0, σ
2
α1, σ

2
β0, σ

2
β1, σ

2
ϵ0, σ

2
ϵ1 under which the prior variances do not exist.

The “inverse Wishart” model is appealing for its ease of coding and computational conve-
nience, since inverse-Wishart priors are conjugate to normal models. In contrast, the “individ-
ual components” model allows separate prior specification for (σ 2

α0, σ
2
α1, ρα, σ

2
β0, σ

2
β1, ρβ), offering

greater flexibility in incorporating prior information. For example, assuming degenerate priors
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that fix ρα = ρβ = 0 makes the “individual components” model equivalent to analyzing pre- and
post-intervention ratings independently—an extension that is difficult to achieve directly within
the “inverse Wishart” framework. We have conducted extensive simulation to assess performance
of these two approaches.

3 Simulations
We conduct extensive simulation to evaluate performance of the proposed Bayesian method
in assessing inter-rater agreement. The research question is whether by properly accounting
for correlation between ordinal ratings in pre-post studies, we can improve the estimation and
comparison of ICCs. Besides the “individual components” model and the “inverse Wishart”
model, two additional models are considered: the “unpaired” model which is a degenerative
version of the “individual components” model with correlation parameters fixed at 0, i.e., ρα =
ρβ = 0; and the “numeric” model which treats the observed ordinal ratings as if they were
continuous. That is, we directly apply the linear mixed effect model (2.2) to yijt ’s.

The simulation adopts a setting similar to that of the motivating example, where N = 106
raters score J = 14 images by K = 5 ordinal categories. The true values of variance components
are specified as

σ 2
α0 = 0.5, σ 2

β0 = 0.3, σ 2
ϵ0 = 0.2,

σ 2
α1 = 0.7, σ 2

β1 = 0.2, σ 2
ϵ1 = 0.1,

and correlation parameters ρα = 0.7 and ρβ = 0.6. The cutoffs c = (c1, c2, c3, c4) are set at
the 20th, 40th, 60th, and 80th percentiles of the N(0, 1) distribution. Note that the variance
components sum to 1 within each period and the implied true ICCs are ICC0 = 0.5 and ICC1 =
0.7. The simulation proceeds as follows:
1. Given the true values of parameters, generate (αj0, αj1)

′ for j = 1, . . . , J and (βi0, βi1)
′ for

i = 1, . . . , N from (2.3) and (2.4), respectively.
2. The latent variable xijt ’s are generated following the linear mixed effect model (2.2).
3. The ordinal ratings Y = {yijt} are obtained following (2.1)
4. Feed dataset Y to each of the four Bayesian models (“individual components”, “inverse

Wishart”, “unpaired”, “numeric”), conduct MCMC simulation, obtain the posterior estimates
of means and standard deviations of ICCs, as well as the probability of improvement in inter-
rater agreement, P̂ (ICC1 > ICC0 | Y).

5. Repeat Steps 1–4 for M = 100 times. Obtain the overall mean, bias, and rMSE (root of mean
squared error) for the Bayesian estimators of ICC0, ICC1, as well as the overall mean and
standard deviation of P̂ (ICC1 > ICC0 | Y).
The simulation results are summarized in Table 1. Each row corresponds to one of the

models evaluated, where “Ind Comp” denotes the “individual components” model and “IW”
the “inverse Wishart” model. Columns “ICCt Mean” and “ICCt rMSE” report the overall mean
and rMSE of the Bayesian estimator of ICCt (t = 0, 1) across 100 simulations. Columns “P.P
Mean” and “P.P SD” report the overall mean and standard deviation of the estimated poste-
rior probability P̂ (ICC1 > ICC0 | Y). Several observations can be drawn from Table 1. First,
the performances of the “individual components” and “inverse Wishart” models are compara-
ble in terms of their accuracy in estimating the ICCs and P(ICC1 > ICC0 | Y). The small
observed differences are generally negligible relative to the random variability inherent in simu-
lation. Second, when the correlation between pre- and post-intervention observations is ignored,
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Table 1: Simulation: performance of estimated ICCs and P(ICC1 > ICC0 | Y) based on correlated
data.
Model ICC0 Mean ICC1 Mean ICC0 rMSE ICC1 rMSE P.P Mean P.P SD

Ind Comp 0.460 0.651 0.074 0.080 0.934 0.109
IW 0.457 0.654 0.075 0.079 0.937 0.097
Unpaired 0.440 0.634 0.084 0.090 0.883 0.101
Numeric 0.415 0.605 0.096 0.104 0.930 0.105

the “unpaired” model performs substantially worse than the “individual components” model.
The ICCs are estimated with less accuracy: the rMSE increases from 0.074 to 0.084 for ICC0

and from 0.08 to 0.09 for ICC1. More importantly, the estimated probability of improvement
in inter-rater agreement, P̂ (ICC1 > ICC0 | Y), decreases on average by 0.051 (from 0.934 to
0.883). Since estimated posterior probabilities form the basis in Bayesian hypothesis testing,
an underestimated P(ICC1 > ICC0 | Y) under the “unpaired” model indicates reduced power
to detect intervention effects on inter-rater agreement. The loss of power when ignoring corre-
lation in pre–post studies is well documented in the clinical trial literature (Ahn et al., 2014;
Zhang et al., 2018), where hypotheses often concern means (continuous outcomes), proportions
(binary outcomes), or hazards (survival outcomes). Our simulations extend this conclusion to
settings where the outcome of interest is inter-rater agreement. Finally, the ICCs estimated
under the “numeric” model are severely biased, underscoring the importance of respecting the
ordinal nature of observed ratings and employing an appropriate model. Interestingly, because
the “numeric” model does not ignore pre–post correlation, its estimates of P(ICC1 > ICC0 | Y)

are close to those obtained from the “individual components” and “inverse Wishart” models.
Nonetheless, due to the incompatibility between model and data, we regard the probabilities
estimated by the “numeric” model as untrustworthy.

Compared with the simulation truths (ICC0 = 0.5 and ICC1 = 0.7), the Bayesian estimates
exhibit a noticeable downward bias. Two factors contribute to this bias. First, the prior means
of ICCs are centered around 0.333. Taking ICC0 for example, recall that the prior distributions
of σ 2

α0, σ 2
β0, and σ 2

ϵ0 are specified so that each has a prior mean of 0.333. By definition, ICC0 =
σ 2

α0/(σ
2
α0 +σ 2

β0 +σ 2
ϵ0), so its prior distribution is centered around 0.333. Second, the small sample

size in terms of the number of images increases the tendency of posterior ICC estimates to
shrink toward their prior means. In our simulations, we assume 106 raters and 14 images, with
ICC defined as the proportion of total variance due to between-image variability. Given only
14 images, even if the number of raters (106) and the total number of observed ratings (14 ×
106 × 2 = 2968) are relatively large, the information about between-image variability in the
data is limited. To verify this intuition, we conduct a second simulation study with all settings
the same as those in Table 1, except that we reversed the sample sizes, assuming N = 14
graders and J = 106 images. The results are presented in Table 2. We observe a universal
reduction in the biases and rMSEs of Bayesian ICC estimators across all models, although the
total number of observed ratings (2968) remains unchanged. Equation (2.5) shows that the
image variance component σ 2

αt appears in both the numerator and denominator of ICCt , playing
a more important role than σ 2

βt and σ 2
ϵt in the calculation of ICCs. Increasing the number of

images directly improves the estimation of σ 2
αt , which can more effectively improve the inference

about ICCs than increasing the number of raters. This observation provides an important insight
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Table 2: Simulation: performance of estimated ICCs and P(ICC1 > ICC0 | Y) with reversed
sample sizes.

Model ICC0 Mean ICC1 Mean ICC0 rMSE ICC1 rMSE P.P Mean P.P SD

Ind Comp 0.491 0.693 0.039 0.042 0.985 0.023
IW 0.491 0.694 0.040 0.043 0.987 0.021
Unpaired 0.495 0.690 0.039 0.039 0.973 0.033
Numeric 0.456 0.646 0.057 0.064 0.990 0.022

Table 3: Simulation: performance of estimated ICCs and P(ICC1 > ICC0 | Y) based on inde-
pendent case.

Model ICC0 Mean ICC1 Mean ICC0 rMSE ICC1 rMSE P.P Mean P.P SD

Ind Comp 0.477 0.650 0.086 0.080 0.838 0.206
IW 0.480 0.657 0.088 0.081 0.838 0.204
Unpaired 0.472 0.637 0.083 0.079 0.834 0.203
Paired Numeric 0.447 0.607 0.087 0.083 0.826 0.220

to researchers planning studies of inter-rater agreement: increasing the number of rated items
is more effective than increasing the number of raters for improving inference about ICCs. In
practice, cost considerations will inevitably influence the choice between the two strategies, but
this result offers a valuable guiding principle.

We conduct a third simulation where the simulation truths are the same as those in Table 1
except that the true correlations are set at zero, ρα = ρβ = 0. That is, the simulated pre- and
post-intervention observations are in truth independent. Our goal is to evaluate the robustness
of the proposed Bayesian method when they are misapplied to data that are actually indepen-
dent. The results are presented in Table 3. Under this setting the “unpaired” model is the true
model, as corroborated by its rMSEs being the smallest among four models. Nevertheless, the
“individual components” and “inverse Wishart” models’ performances are only slightly inferior.
For practical purposes, the differences in estimated P(ICC1 > ICC0 | Y) among the three mod-
els are negligible. This simulation provides reassurance to practitioners: when the “individual
components” and “inverse Wishart” models are correctly applied to correlated data, they yield
substantial gains in inference about ICCs, while in the unfortunate case that they are misapplied
to independent data, the cost is minimal.

Under ρα = ρβ = 0, this simulation in effect represents a parallel randomized study where
each arm involves a distinct set of 106 raters and a distinct set of 14 images. It is noteworthy
that given the same group size (the same numbers of raters and images) and the same effect size
(the same true values of ICC0 and ICC1), the posterior probability of detecting improvement in
inter-rater agreement, P(ICC1 > ICC0 | Y), under a parallel randomized design is 0.834, which
is considerably smaller than that under a pre-post design (0.934). This observation suggests that
when properly designed and analyzed, a pre- and post-intervention design can achieve greater
power in detecting improvement in inter-rater agreement.

In the supplementary material, we have presented an additional scenario where there is no
improvement in inter-rater agreement (ICC0 = ICC1 = 0.5). The estimated posterior probabili-
ties P(ICC1 > ICC0 | Y) are very close to 0.5, which is expected because we have assumed iden-
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Table 4: Application to the motivating example.

Method ICC0 (SD) ICC1 (SD) P(ICC1 > ICC0 | Y)

Ind Comp 0.252 (0.070) 0.560 (0.087) >.999
IW 0.253 (0.071) 0.554 (0.087) .999
Unpaired 0.245 (0.064) 0.532 (0.084) 0.996

tical priors for variance components pre- and post-intervention. Furthermore, the 95% credible
intervals of ICCs and the difference between ICC1 and ICC0 were presented in the supplementary
material.

4 Application to the Motivating Example
With the accuracy and robustness of the proposed Bayesian method well established, we ap-
ply the “individual components” and “inverse Wishart” models to the motivating example. A
prospective validation study was conducted to assess whether a novel grading scale improved
inter-rater agreement in scoring the degree of conjunctival inflammation on patients with OCP.
106 raters were recruited, who were instructed to score the clinical images of 14 OCP patients
by 5 ordinal categories. Afterwards, the grading scale was presented to the raters, and they were
asked to re-score the 14 images. Based on the empirical distribution of observed ratings, each
of the cutoffs c = (c1, . . . , c4) is assigned a truncated N(0, 1) prior with h1 = 0.09, h2 = 0.365,
h3 = 0.694, h4 = 0.889, and tuning parameter δ = 0.03. The analysis results are presented in
Table 4. For illustrative purposes, results of the “unpaired” model are also presented. Under the
“individual components” model, the estimated ICC has a posterior mean (standard deviation) of
0.252 (0.07) before implementing the novel grading scale, and the ICC increases to 0.56 (0.087)
after implementation. The posterior densities of ICC0 and ICC1 are presented in Figure 1. With
P̂ (ICC1 > ICC0 | Y) > 0.999, there is overwhelming evidence that the novel grading scale im-
proved inter-rater agreement. Consistent with what we have observed in simulation, the results of
the “inverse Wishart” model are very close to those of the “individual components” model. The
“unpaired” model, however, underestimates the probability of the novel grading scale improving
inter-rater agreement.

The traceplots of the variance components (σ 2
α0, σ

2
β0, σ

2
ϵ0) are presented in Figure 2. They

indicate good mixing of the MCMC chains for variance components on the latent scale, suggest-
ing that our strategy of specifying the priors of cutoffs (c) and variance components (σ 2

α0, σ 2
β0,

σ 2
ϵ0, σ 2

α1, σ 2
β1, σ 2

ϵ1) to anchor the distributions of latent variables xijt ’s around N(0, 1) is effective
in enhancing identifiability of the latent variables and improving the efficiency of MCMC simu-
lation. As a result, the parameters of primary interest, ICC0 and ICC1, also show good mixing
in Figure 3.

In the frequentist paradigm, Nelson and Edwards (2015) employed a generalized linear
mixed model to assess inter-rater agreement of ordinal scores among multiple raters. A Kappa-
like measure, Kma, was proposed as the metrics of agreement. This approach does not accom-
modate the pre-post design and the agreement metrics is different from ICC. Nonetheless, we
can analyze pre- and post-intervention data separately and report the 95% confidence intervals
of Kma for each period. Inference about improvement in agreement can be made by examining
whether the two confidence intervals overlap. Such assessment is statistically valid although it
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Figure 1: Posterior distributions of ICC0 and ICC1.

Figure 2: Traceplots of variance components σ 2
α0, σ

2
β0, andσ 2

ϵ0.

loses power because pre-post correlation is ignored. We have conducted the analysis and the
estimated Kma in the pre- and post-training periods are (kma = 0.15, 95% CI 0.06–0.24) and
(kma = 0.4, 95% CI 0.26–0.54), respectively. The two confidence intervals do not overlap, indi-
cating significant improvement in agreement after the training. It is noteworthy that the 95%
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Figure 3: Traceplots of ICC0 and ICC1.

confidence intervals of kma are closely separated, suggesting marginal statistical significance. The
proposed Bayesian method reports P̂ (ICC1 > ICC0 | Y) > 0.999, indicating that by properly
accounting for pre-post correlation, we can achieve greater power in detecting improvement in
ICC.

5 Discussion
The pre–post design has been widely used to evaluate the effects of interventions. To date, how-
ever, no statistical methodology has been developed for pre–post studies where the effectiveness
metric is inter-rater agreement based on ordinal ratings. This study introduces a Bayesian pro-
bit modeling framework for assessing pre–post change in inter-rater agreement when the rating
scores are ordinal. By incorporating the correlation between pre- and post-intervention ratings,
our approach improves estimation of ICCs and posterior probabilities of improvement, offering
greater power compared to models that ignore such correlation. Simulations confirm that both
the “individual components” and “inverse Wishart” models perform well, with negligible dif-
ferences in practice. However, the “individual components” model affords greater flexibility in
specifying priors for variances and correlations, making it more adaptable in applications where
prior knowledge is available. In the motivating example every rater graded every image. The
proposed Bayesian approach, however, naturally accommodates scenarios with incomplete obser-
vations where each rater only grades a random subset of images. Such scenarios are common in
practice due to time and resource constraints. In such cases, the missing ratings arise by design
rather than non-response, and can be considered as missing completely at random (MCAR).
The proposed Bayesian model can handle such incomplete rating designs in the same fashion as
frequentist mixed-effect models handle incomplete observations. The MCAR assumption ensures
that the variance components and ICCs estimated based on observed data are valid, and that
the missingness does not introduce bias in the estimation process.
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Several insights emerge. First, treating ordinal ratings as continuous produces biased ICC
estimates and unreliable inference, underscoring the need for ordinal-specific modeling. Second,
study design strongly influences inference: increasing the number of items is more effective than
increasing the number of raters in reducing bias and mean squared error for the assessment
of ICCs. Third, the proposed Bayesian method properly account for pre–post correlation and
improves inference about inter-rater agreement. Our simulation show that, however, even when
the Bayesian method is misapplied to independent data, the resulting loss in accuracy is mini-
mal. Together, these findings reassure practitioners that the proposed framework is robust and
practically advantageous.

The application to grading of conjunctival inflammation in patients with OCP illustrates
the clinical relevance of this methodology, providing strong evidence that a visual analog grading
scale improves rater reliability. Our future research interests include evaluating the effects of rater
and image characteristics on inter-rater agreement, exploring alternative prior specification for
ICCs, and accounting for hierarchical study designs. Such extensions will further enhance the
utility of Bayesian methods for evaluating inter-rater agreement.

Supplementary Material
The supplementary material includes supplementary tables and R codes.
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