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Supplementary

S.1 Podlya-Gamma augmentation for our model

For completeness, we will first introduce the data augmentation method with some useful results
and then we shall write down the joint distribution of the augmented model.

For b > 0 and ¢ € R, a positive random variable w follows Pélya Gamma distribution
PG(b, c) if

w~ PG, < 2# i (S1)
k=1

2 47r2

where the gi’s are independently distributed according to Gamma(b,1). We will apply the fol-
lowing two important properties involving Polya-Gamma distribution in our setting. Firstly, let
us denote the density function of PG(b, ¢) to be p(w;b,c). For u € R and n € R,

_~ 0 2
Lb — 2—be(u—b/2)77 / e_%p(w; b, O)dw. (S2>
(1+4em) 0

The first property suggests how the augmentation helps in replacing the difficult logistic likelihood
with a easier Normal likelihood. The second property gives a relationship between Polya Gamma
distributions,

2

p(w;b,c) oce” 2 p(w;b,0). (S3)

Let us first write down the joint distribution of our model before data augmentation. Denote &
to be all the observed data and © be the model parameters. So the joint density is of the form:
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(S4)

The first line includes the two logistic likelihood. Therefore we shall augment them with two
sets of Polya-Gamma random variables, namely {w;}icq1,. .1y and {vitieqi,.. 1,},ieq1,... 1y With
w; following PG(y; + 7;0) and v;; following PG(1;0). Denote % to be the set of all auxiliary
Polya-Gamma random variables, the complete joint distribution including the auxiliary variales
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becomes
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S.2 Variational EM steps

Below we write down the variational distributions of each component. The expectations E, refers
to the most updated variational distributions of the variables.

e Update ¢; for ©; = al(g) forde {1,..,D}, k€ {1,2,3} and l € {1, ..., I},

qj (afs)) = TN(O,oo) (M?dka (wzadk)_l) (S6)
where
Wiar, = Z ((Eq(wi) + Ey(74)) H Eq (agf:;2)> + Eq(Aa),
drig =l k' £k
pi—r & X (k)
{1 B, (alh) | 255 = Bawd) X 11 Eglall)) + Eq(ro) | E@) = X 11 Eylal)),
M?dk _ =l \ k'#k d'#d k=1 _ d'#d k=1 .
Widk

e Update ¢; for ©; = A\ for d € {1,..., D},

¢;(Aqg) = Gamma <Zlk/2+e ZZE ald /2+e> . (S7)

k=11=1

e Update ¢; for ©; = ¢; for i € {1,...,I}

qj(¢i> =N (Ndh‘v (w¢i)_1) (88)

where

=1

D i i
Eyr) 3 11 Eo(a®) + Ey(€) (ymu 05— lyzl ,Tlm)
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e Update g; for ©; = w; for i € {1,...,1}

D 3 2

qj(w;) = PG | yi + 1, 4| Eq (Z H agk;)

d=1 k=1

e Update g; for ©; = v; for l € {1, ..., J;},i € {1,...., I}
2
qj(v,;l) = PG <1, \/Eq (f‘bz + Zg; ) ) .
e Update g; for ©; = 74,
2
5 I
I Ez zd Hk 1@ ik
q;(14) = Gamma 21 I + 0, ! ( 5 ! ) +9

e Update ¢; for ©; = ¢,

3;(€) = N (e, (we) ™)

where

I Yi
we=Te+ Y (Eq(ﬁb?) > Eq(”l’l)) :
=1 =1
Sy (Ba(o) S (20— 0.5 — Ey(vuzh9))

we

He =
e Update g; for ©; = 3,
4 (8) = Nin (13, (23)7")

where

Iy
Qﬁ = Z Z Eq(vz-l)zilzz; + Q,

i=1 [=1

Iy
ps = Q' (Z Z(ﬂﬁiz —0.5)zy — 2 ZE (0i) Eq(vir Zzl>

i=1 =1 i=1 [=1

(S10)

(S11)

(S12)

(S13)

After updating the variational distributions, we search r that maximize the ELBO. In this
step we only have to maximize the part of the ELBO that is affected by r, which is the following

function g(r):

I
PG(w;y; + 7, w,)
= log I'(y; ITlogT(r KL
;Og i+ r) = o Z <PGwyz+er))

where 7 is the current estimate of r, and the constant w. and K, are,

D 2
we = 4| By (Z H aEfé)

d=1k=1

(S14)
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and
I

I D 3
K, =1TIlog2+ % Z Z H Eq(afgft)j) + Z log cosh <;wc>
i=1 d=1k=1 i=1
respectively. The last sum in (S14) is difficult to calculate as there is no closed form for the KL
divergence. Thus we follow Soulat et al. (2021) to use moment-matched Gamma distributions
to approximate the Polya-Gamma distributions to calculate the KL divergence values. Applying
this method, g(r) in (S14) can be approximated by,

I I
> logT(y; + 1) — TogT(r) — Kgr + Y [(yi + 1) Cyh((yi + 7)Cy) — log T'((y; + 7)Cy)]
=1 =1

where h denotes the digamma function and

weCosh?(w./2)tanh?(w./2)

sinh(w.) — we

Cy=

After dropping terms with no r and rearranging the terms, eventually the function to be optimized
is,

1 I
g(r) = > [logT(yi+r) —logT((yi +r)Cy) —logT'(r)] + (Z Coh((yi +7)Cq) — Kg> .
} =1

=1

(S15)

To study the shape of g(r), we differentiate it twice to get

I
g(r)= Z [T(yi +7) = T(r) =T (Cylys + 1)) Ca] ,

where T denotes the trigamma function. As we know that trigamma function is positive and
decreasing on the positive axis, the term T'(y; + 1) — T'(r) is negative for positive r. In addition,
the constant Cy is obviously positive. Thus we see that §'(r) < 0 and hence §(r) is strictly
concave for positive . Hence the maximum can be easily located numerically.
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S.3 More graphs for the analysis in section 4

Below are the graphs of the seasons not reported in Figure 2:
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Figure 1: The first, second, third and fourth rows are for seasons 2016-17, 2018-19, 2020-21 and 2022-23
respectively. The columns correspond to the three latent factors of the location mode. Zones with redder

colors and larger areas are with larger posterior means for the latent factor.
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Below are the graphs of the seasons not reported in Figure 3:
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Figure 2: The three bar graphs are correspond to the three latent factors of the period mode of the regular
seasons 2015-16 to 2021-22. Each bar graph shows the normalized posterior means of the factor values
for the four quarters.
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Below are the graphs of the seasons not reported in Figure 4:
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Figure 3: Each panel demonstrate histograms for the five positions for a latent factor of the player mode
in a regular season. Each histogram reveals the frequency distribution of the normalized posterior means.
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