
Supplementary material 2 for

The Double Descent Behavior in Two Layer Neural Network for

Binary Classification

S.1 Generating the plots in Section 2 and Section 6

Here we present the R/RStudio code used to draw the figures in Section 2 and Section 6.

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
# Wisconsin Breast Cancer Dataset Ana lys i s in Sec t ion 2
#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
l i b r a r y ( t i d y v e r s e )
l i b r a r y ( keras )
l i b r a r y ( c a r e t )
l i b r a r y ( fastDummies )
l i b r a r y ( r eadx l )
l i b r a r y ( dplyr )
l i b r a r y ( t en s o r f l ow )

s e t . seed (42)
t en so r f l o w : : s e t random seed (42) # Ensures r e p r o d u c i b i l i t y in Keras

# Load data
df <− read e x c e l ( ”wi scons in data . x l sx ”)
df $Y <− i f e l s e ( df $Y == ”B” , −1, 1) # Convert ’B’ to −1 and ’M’ to 1
f i n a l <− df

# Normalize the f e a t u r e s
X <− f i n a l %>%

s e l e c t (−Y) %>%
s c a l e ( )

y <− to c a t e g o r i c a l ( f i n a l $Y)

# Function to t r a i n the model and re turn t e s t er ror
t r a i n and eva luate <− f unc t i on (X, y , sample s i z e ) {
# Ensure the sample s i z e doesn ’ t exceed the da t a s e t s i z e
sample s i z e <− min ( sample s i z e , nrow (X) )

# Subset data to the curren t sample s i z e
s e t . seed (42) # Ensure r e p r o d u c i b i l i t y f o r random sampling
sample i n d i c e s <− sample ( 1 : nrow (X) , s i z e = sample s i z e , rep l a ce = FALSE)

X t r a i n subset <− X[ sample i nd i c e s , , drop = FALSE]
y t r a i n subset <− y [ sample i nd i c e s , ]
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# Define the t e s t s e t as the r e s t o f the data
X t e s t <− X[− sample i nd i c e s , , drop = FALSE]
y t e s t <− y[− sample i nd i c e s , ]

# Bui ld the model
model <− keras model s e q u e n t i a l ( ) %>%

l a y e r dense ( un i t s = 30 , a c t i v a t i o n = ’ r e l u ’ , input shape = nco l (X) ,
k e rne l r e g u l a r i z e r = r e g u l a r i z e r l 2 ( 0 . 0000 01 ) ) %>%
l a y e r dropout ( ra t e = 0 . 3 ) %>%
l a y e r dense ( un i t s = 2 , a c t i v a t i o n = ’ s igmoid ’ )

model %>% compile (
l o s s = ’ binary c ro s s ent ropy ’ ,
opt imize r = ’adam ’ ,
metr i c s = c ( ’ accuracy ’ )

)

# Train the model
model %>% f i t (

X t r a i n subset , y t r a i n subset ,
epochs = 200 ,
batch s i z e = 5 ,
v a l i d a t i o n data = l i s t (X te s t , y t e s t ) ,
verbose = 0

)

# Evaluate the model on the t e s t data
t e s t r e s u l t s <− model %>% eva luate (X te s t , y t e s t , verbose = 0)

# Return the l o s s ( t e s t e r ror )
return ( t e s t r e s u l t s [ 1 ] ) # Access l o s s d i r e c t l y

}

# Sample s i z e s to cons ider ( i n c r ea s in g from 5 to the s i z e o f the f u l l d a t a s e t )
sample s i z e s <− c ( seq (10 , 40 , 5 ) , seq (50 , 550 , by = 10))

# Record t e s t e r ro r s f o r each sample s i z e
t e s t e r r o r s <− sapply ( sample s i z e s , f unc t i on (n) {

t r a i n and eva luate (X, y , n)
})

# Create a data frame fo r p l o t t i n g
r e s u l t s <− data . frame (

Alpha = sample s i z e s / 30 ,
TestError = t e s t e r r o r s

)

requ i re ( mass )
l i b r a r y ( s c a l e s )
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# Plot the t e s t e r ror curve
ggp lot ( r e s u l t s , aes ( x = Alpha , y = TestError , c o l o r = ”lambda = 0.000001 ”) ) +

geom l i n e ( ) +
geom point ( ) +
labs (

t i t l e = ”Test Error vs . Sample S i z e /Dimension ” ,
x = expre s s i on ( paste ( alpha ) ) ,
y = ”Test Error ”

) +
s c a l e x cont inuous (n . breaks = 8 , l i m i t s = c (0 , 8 ) ) +
geom v l i n e ( x i n t e r c e p t = 1 , l i n e t y p e = ”dashed ” , c o l o r = ”black ” , s i z e = 0 . 5 ) +

# Add v e r t i c a l l i n e at x = 1
s c a l e c o l o r manual ( va lue s = c ( ”lambda = 0.000001 ” = ”blue ”) ) +
theme (

panel . gr id . major = element blank ( ) ,
panel . gr id . minor = element blank ( ) ,
panel . background = element blank ( ) ,
ax i s . l i n e = element l i n e ( co l our = ”black ”) ,
panel . border = element re c t ( c o l o r = ”black ” , f i l l = NA, s i z e = 0 . 5 ) ,
legend . text = element text ( s i z e = r e l ( 1 ) ) ,
legend . t i t l e = element blank ( )

)

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
# Generating p l o t s in Sec t ion 6
#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
l i b r a r y ( t i d y v e r s e )
l i b r a r y ( matl ib )
l i b r a r y (MASS)
l i b r a r y ( quadprog )
l i b r a r y ( ”ggp lot2 ”)
s e t . seed (100)

quad <− f unc t i on ( a , b , c )
{

a <− as . complex ( a )
answer <− c ((−b + sqr t (bˆ2 − 4 ∗ a ∗ c ) ) / (2 ∗ a ) ,

(−b − sqr t (bˆ2 − 4 ∗ a ∗ c ) ) / (2 ∗ a ) )
i f ( a l l (Im( answer ) == 0)) answer <− Re( answer )
i f ( answer [ 1 ] == answer [ 2 ] ) return ( answer [ 1 ] )
i f ( answer [1]<=0) return ( answer [ 2 ] )
i f ( answer [2]<=0) return ( answer [ 1 ] )
answer

}

# Parameters
f e a t u r e s <− 60 # Dimension/ number o f f e a t u r e s
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N<−300 # maximum sample s i z e
eta <− rnorm ( f e a t u r e s ) # Gaussian vec to r e ta
l 2 lambda <− 1e−5 # L2 r e g u l a r i z a t i o n
alpha<−N/ f e a t u r e s # Ratio o f sample s i z e / f e a tu r e s , i nc r ea se a lpha from 1 to 10

y <− sample ( c (1 , −1) , s i z e = N, rep l a ce = TRUE) # Random binary vec t o r o f l e n g t h N
p r o b a b i l i t i e s <− t ab l e ( y ) / sum( t ab l e ( y ) )
rho1<−p r o b a b i l i t i e s [ [ 2 ] ] # p r o b a b i l i t y o f g e t t i n g y=−1
rho2<−p r o b a b i l i t i e s [ [ 1 ] ] # p r o b a b i l i t y o f g e t t i n g y=1
x <− matrix (0 , nrow = N, nco l = f e a t u r e s ) # I n i t i a l i z e matrix f o r x i
f o r ( i in 1 :N) {

e p s i l o n <− rnorm ( f e a t u r e s ) # Generate e p s i l o n
x <− ( eta ∗ y ) / sqr t ( f e a t u r e s ) + e p s i l o n # Ca lcu l a t e x i

}

s t ep s<−0 .05 # Steps to p l o t the curve
TestError<−matrix ( data=NA, nco l=1, nrow=(alpha / s t ep s ) )
begin<−0 .05
i=0
j=0
f o r ( l in c ( l 2 lambda ) ){

j<−j+1
f o r ( a in seq ( begin , alpha , s t ep s ) ){

i<−i+1
g<−quad (4 ∗ l , a+4∗ l −1,−1)
g1<−sqr t ( ( a+4∗ l −1)ˆ2+16∗ l )
s<−(8 ∗a∗g∗ rho1∗ rho2 ) /(1+g+4∗a∗ rho1∗ rho2∗g )
b<−(2 ∗ rho1 −1)∗(2− s )
r<−( ( a∗gˆ2∗(−bˆ2+(s −2)ˆ2)+(1+g )ˆ2 ∗ s ˆ2) / ((1+g)ˆ2−a∗g ˆ2))
TestError [ i , j ]<−1−rho1∗pnorm ( ( s+b) / sqr t ( r ) ,0 ,1) − rho2∗pnorm ( ( s−b) / sqr t ( r ) , 0 , 1 )
pr in t ( r )

}

i=0

}

# Reshape data frame
a = seq ( begin , alpha , s t ep s )
l 1=TestError [ , 1 ]

k<−which .max( TestError [ , 1 ] )
ggp lo t ( ) + geom l i n e ( aes ( x=a , y=l1 , group=1, c o l o r=’ \u03BB=0.00001 ’ ) ) +

labs ( x=expre s s i on ( paste ( alpha ) ) , y=”Test e r r o r ”)+
s c a l e x cont inuous ( breaks = c ( seq (0 , 10 , by = 1)))+
theme ( legend . p o s i t i o n = c ( 0 . 8 , 0 . 6 ) , legend . t i t l e = element blank ())+
geom v l i n e ( x i n t e r c e p t = k∗ steps , l i n e t y p e=”dotted ”)+
theme ( panel . gr id . major = element blank ( ) , panel . gr id . minor = element blank ( ) ,

panel . background = element blank ( ) ,
ax i s . l i n e = element l i n e ( co l our = ”black ”) ,
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panel . border = element re c t ( c o l o r = ”black ” , f i l l = NA,
s i z e = 0.5))+

theme ( legend . text=element text ( s i z e=r e l ( 1 ) ) )
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