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Appendix

In the appendix, we present the details of the EM algorithm for our model estimation.

A Forward-backward procedure

(ryt

In order to compute 7, ) and 55;’”, we use the following forward-backward procedure. The

7

forward recursion is established as follows. Let 5Z»<T’t> = P(Y<’V1>, LYt xnt) — i|Z, 7, F ),

i = 0,1, denote the probability of observing Y "1 . Y{"!) and being the hidden state i at time
t for rth loan ID. Given 7r, Z and Z, we can get 5§T’t>,i =0, 1, at each time ¢ recursively:

7

Analogously, the backward recursion is established as follows. Let

7_‘<7"7t> — P(Y(T’,t""l)’ L ,Y<7"7T7‘>’X<7"7t> g ’L’, Z, 7/'\r, cgz\)

)

denote the probability of the ending partial sequence ynt+h oy Ty given hidden state 7 at

time ¢ for rth loan ID. We calculate 7'-<T’t>

-7 recursively as follows,

7_'<7',T1«> -1

7

7_‘<7'7t> — P(Y(T’,t+1>’ L. ,Y<7’7T7‘>’X<7"7t> = ’L’, Z, fr, cgz\)
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prt+1)  (rt+1) A (rt)
bjy<r,t+1> T; @i -

J=0

s =py st X = 4|z, &, F) = P(YOD | XUD = 4 7, &, F)P(XTY = i|Z, %, %) = b0 &
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The state posterior probability 'yy’w can be expressed in terms of § and 7. In particular,

according to the Bayes’ theorem, we have

nt) — p(xrt) —4Y,Z, %, %) = -
i ( Y.Z,%,7) PY[Z.

where P(X(Y =i, Y|Z, #, ﬁ‘:) can be rewritten as P(Y "0y T X0 =4 7 &, ﬁi)

xP(Y®D Ly Xt = 4|7, &, %) = 77600 Herein, P(Y|Z, #,.%) = YL, P(Y, X("T) =

iz, 7%, F) = Zz‘l:o 5§T’TT>. Thus, 75”') can be obtained by

NI L (12)
¢ Zl 5<T7TT>

=0 "1

Analogously, the transition posterior probability ff;’til) can be expressed in terms of § and 7 as
follows.

P(Xr = j X1 = Y|Z, &, .F)
P(Y|Z,%,.7)

)

grtl = p(X) = j XD =Y, 2,7, F) =

where the denominator can be rewritten as
P(xr = j, X0 =i, Y |2, %,.9) (13)
=Pyt Ly xtnt = 5 XD = 7 & F) (14)
x PV Ly i) x ) = x el 17 & F) (15)

The first term of the right-hand-side (15) can be rewritten as

pY"t L y®Io xrh — 5 x b — 5 7 & )
= p(y<r7t+1>, - "y<T,Tr>‘X(T¢> =, Xt = Zjﬁjj)p(y@“ﬁ,x(ﬁﬂ =, X" = 2w, F

_ rt)p(rt)
=7; bjy<m>.

The second term of the right-hand-side (15) can be rewritten as

Jas
}.<

<7",1>’ . 7y(r,t—1)’X<T,t> — j’X<T7t—1> = i\Z,ﬁ',ﬁ)

_ dg;,t—l)(sgr,t—l) .

Therefore, fg’tfn can be updated by

ity (r, Art—1) o(rit—1
(rt—1) Tj< t>b§yt<>rvt>a§jt >6i< Y
& = T . (16)
Zi:O 6@

P(XMD = 4| x{rt=b — g yb oyt 7 e gypy el Lyt x D — 17, & )
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