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A Proof of Lemmas

A.1 Proof of Lemma 1

Proof. By the construction of b✓t, we have
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Next, we bound the two terms on the right-hand side in (11) separately. To bound the first term,
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independent. Recall that we define s
t
i,j =

q
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i,j . Then, for any ⌘ > 0, we have
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Here the last inequality uses the fact that
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Using a union bound argument, we have that
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We now bound the second term on the right-hand side of (11). Note that
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This completes the proof for Lemma 1.
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A.2 Proof of Lemma 2

Proof. We first introduce the following lemma that will be used to bound k�t
ik2M�1

t�1
.

Lemma 3. Let � be a d-dimensional vector with k�k2 6 R. Let M be a d ⇥ d positive definite
matrix with the minimum eigenvalue �min(M) > R

2. Then we have
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The proof for Lemma 3 is thus completed.
We now continue to prove Lemma 2. Note that we assume k�t
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Here the last inequality uses the fact that det(Mt�1,i) 6 det(Mt) for every t and i, by our
construction. Since M0 = R

2
Id and k�t

i,jk2 6 R, the maximum value det(MT�1,i) can take is
✓
R

2 +
(
PT�1

t=1 nt)+1

d R
2

◆d

, which can be further upper bounded by
⇣
R

2 +
PT

t=1 nt

d R
2
⌘d

. Therefore,

following (13), we have

TX

t=1

ntX

i=1

k�t
i,�t(i)

k2
M�1

t�1

nt
6 2d log

 
R

2 +

PT
t=1 nt

d
R

2

!
.

This completes our proof for Lemma 2.
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B Proof of Theorems

B.1 Proof of Theorem 1

Proof. By the construction of b✓t, we have
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Before we continue, we introduce a useful Lemma to help bound the first term on the right-hand
side of (14).
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Here the last inequality uses the assumption that k�k2 6 R. Meanwhile, we also have
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Plugging (15) and (16) into (14), and using ↵ = R
2, we finally obtain that
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This completes our proof for Theorem 1.

B.2 Proof of Theorem 2

Proof. For notational simplicity, we first define
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Here the second inequality is by the construction of our assignment �t that maximizes the total
upper confidence bound, and the first and third inequality uses the events E t

i,j ’s.
From (17), we have
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To further bound the right-hand side, we use Lemma 2 to obtain that
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Combining (19) with our choice of � in (7), we obtain that
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which completes our proof for Theorem 2.
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