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A Proof of Lemmas

A.1 Proof of Lemma 1

Proof. By the construction of 8¢, we have
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When [|6*|]2 < B, we have

t—1 n,

AMA DD 05 (Vs — 9T000")

=1 i=1

ot L0t — ollo*| < +aBll¢i i Ml (1)

Next, we bound the two terms on the right-hand side in (11) separately. To bound the first term,
we first note that every (UiTJT(i) — QSZET (i)9*> is o-sub-Gaussian with mean 0, and mutually
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independent. Recall that we define 52 =1/ gi)ﬁ—';Mtillqbi e Then, for any n > 0, we have
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Here the last inequality uses the fact that
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For given 6 > 0, letting n = (A — 1) ; with our choice

T 2
)\:BR+0\/2log22t51nt,
we have
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Using a union bound argument, we have that
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We now bound the second term on the right-hand side of (11). Note that

ot MY |13 < qﬁ”M WMy ML 6= — (st )2

),

1).
_ !

Hence we have aBHgZ)tTM L2 < st” = BRS . Combining this with (11) and (12

conclude that

P

This completes the proof for Lemma 1.

(Z);;:;et ¢tT9* ”7 vt € [T), i,j € [nt]) >1-09.

(A — BR)s! i, Ve [T], i,j € [nt]> >1-0.

(12)

), we
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A.2 Proof of Lemma 2
Proof. We first introduce the following lemma that will be used to bound ||¢t]|? _; .
t—1

Lemma 3. Let ¢ be a d-dimensional vector with ||¢|l2 < R. Let M be a d x d positive definite
matriz with the minimum eigenvalue Apin(M) > R?. Then we have

2 det(M + ¢pT)
HQSHM*l < ng

To prove Lemma 3, we note that

det(M +607) = det(M)det (14-+ M~26(M~/20)T)
= det(M) (1 + [|¢3-1)

Since [|¢[l2 < R and Amin(M) > R?, we have ||¢]|3,-, < 1. Using the fact that z < 2log(1 + )
for x € [0,1], we get

det(M + ¢ ")

61371 < 210g(1 + [163;-1) = 2log — ;2

The proof for Lemma 3 is thus completed.
We now continue to prove Lemma 2. Note that we assume HgbeHg < R for all t,4, 7. Also,
by our construction of M;’s, we have Apin (M) > R? for all t. By defining Mi_1; = My_1 +
l 5t l)qﬁl 5 and using Lemma 3, we have

T m H‘bz(s || L T m M. i
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e[ [T1L, det(Mi—1,)]

=1 det (Mt—l)

M2 det(MT—l,i)]%
det(Mo)

< 2log (13)

Here the last inequality uses the fact that det(M;—1;) < det(M) for every t and i, by our

construction. Since My = R%I; and ||<Z>§j|]2 < R, the maximum value det(Mp_; ;) can take is

1, d T d
R? + w}?) , which can be further upper bounded by <R2 + #R% . Therefore,

following (13), we have

T 6] 5,015,
Zzwé2dlog< Zt 1 R2>

n
t=1 =1 t

This completes our proof for Lemma 2. O
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B Proof of Theorems

B.1 Proof of Theorem 1

Proof. By the construction of (/9\t, we have

0" — 60" = M, "\ro 1 — M-} M, 16"
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Note that (Ug(sT(i) — gbz;;(i)&*) is assumed to be o-sub-Gaussian with mean 0. Following the

equation above, we have

16" — 6*)13,,_, = (8" — 6") " M_1(8" — 6%)

t—1 n, 2
T T TT * *
<233 s (Vo —dihot)|  +2%0150 09
T=1 =1 M,

Before we continue, we introduce a useful Lemma to help bound the first term on the right-hand
side of (14).

Lemma 4 (Theorem 1 in Abbasi-Yadkori et al. (2011)). Let {F;};2, be a filtration. Let {e:}5
be a real-valued stochastic process such that €, is Fy_1-measurable, and €; is conditionally o-sub-
Gaussian, i.e.,

\252

Elexp(Aey)|Fi—1] < exp < > , YAeR.

Let {Xt}fil be an R%-valued stochastic process, such that Xy is Fy_1-measurable. Assume M is
a d X d positive definite matriz. Define

t t
Mt:MJrZXSXST, St:ZeSXS.
s=1 s=1

Then for any § > 0, with probability at least 1 — 9,

det(M;)'/? det(M)~1/2
B

”StH?\;[t—l < 20” log ( ) , for allt > 0.

Using Lemma 4, with probability at least 1 — d, we have

t—1 n 2
- T T T * det(Mt_1)1/2
HZ Z qbiﬁf(i) (Ui,ST(z’) - ¢i,]5;(¢)9 ) < 202 log ((5
=1 =1 Mt:11
> pmi 1
<o'd|log  R* + ST=—R" | + 2log <5) .
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Here the last inequality uses the assumption that ||¢||2 <

R. Meanwhile, we also have

167115, < *H@ I3 < (16)
Plugging (15) and (16) into (14), and using o = R?, we finally obtain that
ot 2 2 2 Ztil 1 5o 1 2 2
16" — 0*(|3;,_, < o’d|log | R +%R +2log<5> +2B*R*.
This completes our proof for Theorem 1. O

B.2 Proof of Theorem 2

Proof. For notational simplicity, we first define

1
1
=1

T p*
0~

i))T0*>

where §; and d; denotes the assignment decided by the algorithm and the oracle assignment at

t, respectively. Then we have

T

Ry =) (V= W).

t=1

We first upper bound the performance gap (V;* —V;) for each single round ¢, and then upper

bound their summation as the total regret.

Under the events £!’s, we can first bound the term (V;* — V;) as below:

nt
1 t

V=V = e ;( i,67 (i) g,é(i))
1 &

S nt;( 50 s
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t
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ne
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(17)

Here the second inequality is by the construction of our assignment ¢; that maximizes the total
upper confidence bound, and the first and third inequality uses the events SZ{ j’s.

From (17), we have

ZAZZ f:t

t=1 i=1

(18)
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To further bound the right-hand side, we use Lemma 2 to obtain that

2
Y3t < ry ()
t=1 i=1 =
2
 [r33s Vo)
t=1 i=1
T (195 H
IS 9 gl
t=1 =1
T
< 2dTlog<R2+Zt;ntR2>.

Combining (19) with our choice of A in (7), we obtain that

Ry <2)\ZZ REX

t=1 i=1

2y L p2 T
<do dTlothdlnﬂog <R2 +Etdl”tR2>

T
+2BR, | 2dT log <R2 + thl”tR?),

which completes our proof for Theorem 2.
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