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ABSTRACT 

The Weibull distribution due to its suitability to adequately model data with 

high degree of positive skewness which is a typical characteristics of the claim 

amounts, is considered a versatile model for loss modeling in general Insurance. 

In this paper, the Weibull distribution is fitted to a set of insurance claim data 

and the probability of ultimate ruin has been computed for Weibull distributed 

claim data using two methods, namely the Fast Fourier Transform and the 4 

moment Gamma De Vylder approximation. The consistency has been found in 

the values obtained from the both the methods. For the same model, the first two 

moments of the time to ruin, deficit at the time of ruin and the surplus just prior 

to ruin have been computed numerically. The moments are found to be 

exhibiting behavior consistent to what is expected in practical scenario. The 

influence of the surplus process being subjected to the force of interest earnings 

and tax payments on the probability of ultimate ruin, causes the later to be higher 

than what is obtained in the absence of these factors. 
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1. Introduction 

Weibull distribution has the virtue of being a mathematically tractable model and is 

versatile in terms of its applications in reliability, life data analysis, actuarial science and 

others. Apart from being a potential model in survival analysis and reliability engineering, it 

has a vast domain of other applications (see [41], [27]) The evidence for the use of Weibull 

distribution in actuarial statistics is found in [25] and [7]. In the reference [7], the Weibull 

distribution is fitted to a small data set of hurricane losses whereas [6] used it for modeling 

two illustrious set of published data namely the Danish fire Insurance data and property claim 

services data. 

In a general Insurance company, one of the main challenges of an actuary is to model the 

uncertainty involved in the claim arrival pattern and the claim severity pattern by means of 

suitable random variables. Specifically, the uncertainty in the claim arrival pattern is modeled 

through a counting distribution whereas a continuous distribution is used for modeling the 

claim severity. This is done with the objective of risk assessment and this in turn forms the 

foundation on which is dependent the accuracy of many other actuarial quantities associated 

with pricing of insurance products, premium loading, the probability of ruin, optimum 

reserves to be maintained and the identification of appropriate deductibles for reinsurance. 

The actuaries try making a financial sense of the future by means of modeling the loss 

through random variables. Loss modeling constitutes a vital aspect of actuarial science. The 

insurance industry is important to a country’s economy for it provides a means of spreading 

the financial losses arising out of these risks over a large number of people. 

The use of a probability model for explaining the uncertainty in claim severity or the loss 

amounts; when seen from a perspective of an insurance company, is called loss modeling in 

general insurance. The reference [25] entails good details on the subject of loss modeling. One 

of the common characteristic of the data arising from the general insurance sector is the 

existence of high positive skewness which makes distributions such as Lognormal, Pareto, 

Gamma, Weibull and Burr, potential candidates for modeling claim severity in general 

insurance. A very flexible approach to deal with the skewed and fat tails present in financial 

and economic data is discussed in [24]. 

One of the classical problems in Actuarial science is the evaluation of the probability of 

ultimate ruin. Probability of ultimate ruin is a useful measure of the financial risk in an 

insurance company. It gives some idea on the prospect of insolvency, if any, and hence 

functions as an early warning system for the guidance of an insurance company. Except for 

the exponential and the mixture of exponential distributions, for all other loss distributions 

including Weibull, the probability of ruin can’t be obtained analytically and hence, there has 

been extensive research on a number of computational techniques to obtain this probability. 

For some of the numerical methods for computing the probability of ultimate ruin. refer to [4], 
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[10], [19], [21] and [26]. 

The moments of the time to ruin, the surplus prior to ruin and the deficit at the time of ruin 

have academic as well as practical importance in assessing the probable chance for insolvency 

of the insurance company. The surplus prior to ruin guides the insurance company on the 

precautionary measures to be taken by it in terms of maintaining enough reserves to avoid any 

probable chance of ruin. On the other hand, the primary significance of the deficit at the time 

of ruin is that it guides the action to be taken for recovery in case of occurrence of ruin for the 

insurance company. 

The classical risk model which underlines the framework within which the actuarial 

quantities are obtained, does not make any assumption on the possibility of the surplus process 

being subjected to some realistic constraints like the presence of interest rates and the 

deduction of taxes. In this work, the computation of the probability of ruin is also done when 

the surplus process is assumed to be subjected to the influence of both of these factors. 

The actuarial quantities under consideration don’t have any closed form expressions when 

the underlying claim severity model is Weibull and hence, the use of numerical methods is 

made to obtain these quantities. 

The real significance of this work lies on the fact that we are dealing with the computation 

of some important actuarial quantities when the underlying claim severity model is Weibull. 

These quantities don’t have a closed form expressions and the selected numerical algorithms 

which are used for obtaining approximations to these values pose challenges in terms of 

control of error and the execution time. These aspects have been dealt with moderate success 

to arrive at the output which are in turn, very important actuarial quantities and whose 

importance can be appraised from the discussions as given above. 

In this paper, use has been made of Fast Fourier Transform (FFT) to compute the 

probability of ultimate ruin for the Weibull model and the results thus obtained are compared 

with those obtained by a simple yet considerably accurate approximation namely the 4 

moment Gamma De Vylder’s approximation. The first two moments of the time to ruin, deficit 

at the time of ruin and surplus prior to ruin for Weibull distributed claims have been obtained. 

The impact of the presence of interest earnings and tax payments on the probability of ultimate 

ruin has also been investigated. 

The contents of the paper are organized in the following manner. The section 1 deals with 

the introduction. The first subsection under methodology deals with the fitting of the Weibull 

distribution. The computation of the probability of ultimate ruin through FFT and the 4 

moment Gamma De Vylder approximation are respectively presented in subsection 3 and 

subsection 4 of methodology. The subsection 5 and subsection 6 under methodology 

respectively deals with the concerned moments and the influence of interest rate and tax 
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payments on the probability of ultimate ruin. The section 3 is on results and discussions 

whereas concluding remarks including the limitations of the work and further extensions is 

presented in section 4. 

 

2. Methodology  

2.1 Fitting of the weibull distribution 

The cumulative distribution function for the two parameter Weibull distribution is given 

by 

𝐹𝑤(𝑥; 𝛽, 𝜃) = 1 − exp (− (
𝑥

𝜃
)
𝛽

) (1) 

where the positive parameters β,θ are respectively the shape and the scale parameters.  

And the corresponding probability density function is given by 

𝑓(𝑥) =
𝛽

𝜃
(
𝑥

𝜃
)
𝛽−1

exp−(
𝑥
𝜃
)
𝛽

 , 𝑥 ≥ 0, 𝛽 > 0, 𝜃 > 0 (2) 

If we consider a sample of “m” items 𝑑1, 𝑑2…… . 𝑑𝑚  from the Weibull distribution 

whose probability density function is given by (2), the log likelihood function can be put in 

the form 

𝐼𝑤 = 𝑚𝑙𝑜𝑔𝛽 −𝑚𝛽𝑙𝑜𝑔𝜃 + (𝛽 − 1)𝑆𝑒 − 𝜃
−𝛽𝑆0(𝛽) (3) 

where 𝑆𝑒 = ∑ 𝑑𝑟
𝑚
𝑟=1 , 𝑆0(𝛽) = ∑ 𝑑𝑟

𝛽𝑚
𝑟=1  

As it can be intuitively felt, the estimation procedure for Weibull distribution is not easy 

as it does not have closed form expression for its maximum likelihood estimators. The 

reference [38] have derived a consistent and closed form estimator for the shape parameter of 

the three parameter Weibull distribution. In our case, use has been made of the multi parameter 

Newton Raphson method for estimating the parameters of the Weibull distribution. In the 

appendix, a very brief introduction to the multi parameter Newton Raphson method in 

accordance with [39] is given. 

We give a brief introduction to the classical risk model which constitutes the basis of the 

framework within which the probability of ultimate ruin and the other related quantities are 

defined. 

2.2 Classical risk model 

Let {𝑈(𝑡)}𝑡≥0 denote the surplus process of an insurer as 

𝑈(𝑡) = 𝑢 + 𝑐𝑡 − 𝑆(𝑡) (4) 

Where 𝑢 ≥ 0 is the initial surplus, 𝑐 is the rate of premium income per unit time and 

{𝑆(𝑡)}𝑡≥0 is the aggregate claim process and we have 𝑆(𝑡) = ∑ 𝑋𝑖
𝑀(𝑡)
𝑖=1  where {𝑀(𝑡)}𝑡≥0 is 

a homogeneous Poisson process with parameter 𝜆, 𝑋𝑖 denotes the amount of the ith claim 



WEIBULL DISTRIBUTION AS AN ACTUARIAL RISK MODEL: COMPUTATION OF ITS PROBABILITY 

OF ULTIMATE RUIN AND THE MOMENTS OF THE TIME TO RUIN, DEFICIT AT RUIN AND SURPLUS 

PRIOR TO RUIN                                    165 
 

and {𝑋𝑖}𝑖=1
∞  is a sequence of iid random variables with distribution function 𝐹 such that 

𝐹(0) = 0 and probability density function 𝑓. We denote 𝐸(𝑋1
𝑘) by 𝑝𝑘. Also we have 𝑐 =

(1 + 𝜃1)𝜆𝑝1, where 𝜃1 is the security loading factor. 𝑝1 is the mean of the claim severity 

distribution. 

Let 𝑇𝑢 denote the time to ruin from initial surplus 𝑢 so that𝑇𝑢 = inf {𝑡: 𝑈(𝑡) < 0} and 

define 𝜓(𝑢) = pr{𝑇𝑢 < ∞} = 1 − 𝜗(𝑢)  and 𝜓(𝑢, 𝑡) =Pr (𝑇𝑢 ≤ 𝑡).  𝜓(𝑢) is known as 

the ultimate ruin probability whereas 𝜓(𝑢, 𝑡)   is the finite time ruin probability. For a 

detailed discussion on the classical risk model and the probability of ruin, ( see [20], [32], [28], 

[2] and [26]). 

The underlying model in the classical risk model is the compound Poisson risk model since 

the inter arrival time of the claim arrival process is assumed to be exponentially distributed. 

Classical risk model is loaded with many simplification assumptions, some of which are not 

realistic. But it still constitutes the base of many Mathematical models in Actuarial Science. 

Also, it can be remarked that determining 𝜓(𝑢) amounts to solving an integro-differential 

equation (stated later in the paper) which does not permit explicit solutions to most of the 

claim severity distributions including Weibull distribution. Therefore bounds and 

approximations to the ultimate ruin probability 𝜓(𝑢)  are required and two of these 

approximation methods are under consideration in this paper. 

2.3 Computation of the probability of ultimate ruin through the fast fourier transform 

The Fast Fourier transform (FFT) can be applied for the evaluation of certain quantities of 

interest in the classical risk theory. For example, it can be used for the evaluation of the 

probability of ultimate ruin and the quantiles of the aggregate claim amount distribution. The 

approach through which the FFT is explored to evaluate the probability of ultimate ruin can 

be further extended to the evaluation of the first moment of the time to ruin in the classical 

risk model. 

In this paper, we have used FFT to compute the probability of ultimate ruin for the claim 

severity distributed as Weibull. The use of FFT for the evaluation of the probability of ruin is 

discussed in [13]. Methods of reducing the error that creeps into the use of FFT have been 

discussed in [22] and [23]. The reference [29] also embodies a detailed discussion on the use 

of FFT for the evaluation of the probability of ultimate ruin. We illustrate the naïve application 

of FFT in computing the probability of ultimate ruin with no complexity in terms of further 

attempts at error reduction. 

2.3.1 The fast fourier transform in ruin theory 

As mentioned in [15], the probability of ultimate ruin satisfies the following integro-
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differential equation 

𝜓/(𝑢) =
𝜆

𝑐
𝜓(𝑢) −

𝜆

𝑐
∫ 𝜓(𝑢 − 𝑥)𝑑𝐹(𝑥) −

𝜆

𝑐

𝑢

0

{1 − 𝐹(𝑢)}, 𝑢 ≥ 0 (5) 

The following is a description on the use of FFT to compute the probability of ultimate 

ruin following the ideas as given in [33] 

Equation (5) can also be put in the form of a defective renewal equation (see [30]) 

𝜓(𝑢) =
1

1 + 𝜃1
∫ 𝜓(𝑢 − 𝑥)
𝑢

0

𝑑𝐹𝑋,𝑒(𝑥) +
1

1 + 𝜃1
�̅�𝑋,𝑒(𝑢) (6) 

where 𝐹𝑥,𝑒(𝑢) is the claim severity equilibrium distribution given by 

𝐹𝑋,𝑒(𝑥) =
1

𝑝1
∫ {1 − 𝐹(𝑡)}𝑑𝑡
𝑥

0

 (7) 

𝑝1 is the mean of the Weibul distribution. 

It has been shown in [30] , that a solution to (6) is given by 

𝜓(𝑢) = 1 − 𝐺(𝑢), 𝐺 = ∑(1 − 𝜙)

∞

𝑘=0

𝜙𝑘𝐹𝑋,𝑒
∗(𝑘)

 (8) 

where 𝜙 =
1

(1+𝜃1)
𝐹𝑋,𝑒
∗(𝑘)

 denotes the 𝑘𝑡ℎ  convolution of the claim severity equilibrium 

distribution. 

The equation (6) involves convolutions of the form ∫ 𝜓(𝑢 − 𝑥)
𝑢

0
𝑑𝐹𝑋,𝑒(𝑥)and this renders 

us valid scope for the use of FFT for the evaluation  of the probability of ultimate ruin 

2.3.2 Fast fourier transform in applied probability 

For a sequence 𝑓0, 𝑓1, … . 𝑓𝑀−1, the discrete Fourier transformation is defined as 

𝜁𝑘 = ∑ 𝑓𝑚 exp (
2𝜋𝑚

𝑀
𝑘) , 𝑘 = 0,1, … .𝑀 − 1

𝑀−1

𝑚=0

 (9) 

and the original sequence 𝑓𝑘 can be recovered from 𝜁𝑘 by the inverse transformation 

𝑓𝑘 =
1

𝑀
∑ 𝜁𝑚 exp (−

2𝜋𝑚

𝑀
𝑘) , 𝑘 = 0,1,2, … .𝑀 − 1

𝑀−1

𝑚=0

 (10) 

Here M is some truncation point (see [33]) 

Discretization 

Typically, claim severity distributions are continuous and since FFT allows only discrete 

severities as input, discretization of the continuous severity is necessary. To concentrate 

severity, whose continuous distribution is 𝐹(𝑥)  on {0, 𝜎, 2𝜎,…… }, 𝜎 > 0,  the central 

difference approximation might be used. The central difference approximation is given by 
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𝑓0 = 𝐹(
𝜎

2
) 

𝑓𝑛 = 𝐹 (𝑛𝜎 + (
𝜎

2
)) − 𝐹 (𝑛𝜎 − (

𝜎

2
)) , 𝑛 = 1,2,3, …. 

(11) 

Where 𝜎  is a small positive discretization parameters. Likewise, the other modes of 

discretization are the forward difference discretization given by 

𝑓𝑛
𝑢 = 𝐹(𝑛𝜎 + 𝜎) − 𝐹(𝑛𝜎) (12) 

and the backward difference discretization given by 

𝑓𝑛
𝐿 = 𝐹(𝑛𝜎) − 𝐹(𝑛𝜎 − 𝜎)  (13) 

The implication of the discretized distribution is that it assigns to the non–negative integer 

′𝑛′, a probability mass equal to that assigned by 𝐹 to the interval 

((𝑛 − (
1

2
))𝜎, (𝑛 + (

1

2
))𝜎] 

Proper choice of the truncation parameter 𝑀 is to be made so that (𝑓0, 𝑓1, … 𝑓𝑀−1) can 

be used as the input array of the FFT. For the effective use of the FFT, we choose 𝑀 to be a 

power of 2.To reduce both the discretization and the aliasing error, we need to choose 𝑀 and 

𝜎 such that �̅�((𝑀 − 0.5)𝜎) is negligible. (see [22],[23]) 

To obtain the FFT of 𝜓(𝑢), we require obtaining the Fourier transform of 

𝐺 = ∑(1 − 𝜙)

∞

𝑘=0

𝜙𝑘𝐹𝑋,𝑒
∗(𝑘)

  

It may be noted that in accordance with theorem (8.15) of [28], G is the distribution 

function of the maximal aggregate loss random variable given by 

𝐿 = 𝑌1 + 𝑌2 +⋯ .+𝑌𝐾  (14) 

where 𝐾  has a geometric distribution with parameter 𝜙 =
1

1+𝜃1
 and each of 𝑌𝑖 ( 𝑖 =

1,2, …𝐾) has a distribution whose distribution function is given by 𝐹𝑋,𝑒. 

To compute the FFT of 𝐿 which is the discrete counterpart of the characteristic function, 

we proceed as follows 

𝜒𝐿(𝑡) = 𝐸(𝑒𝑖𝑡𝐿) (𝜒𝐿(𝑡) is the characteristic function of 𝐿) 

= 𝐸{𝐸(𝑒𝑖𝑡𝐿|𝐾)} 

= 𝐸 {(𝜒𝑌(𝑡))
𝐾
} 

(15) 

Here 𝜒𝑌(𝑡) is the characteristic function of the random variable 𝑌  and the result is 

obtained by making use of the property that the characteristic function of the sum of 

𝐾independent random variables is equal to the product of the characteristic function of each 

of the random variables. 

We can caste 𝜒𝐿(𝑡) as 
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𝜒𝐿(𝑡) = 𝐸(𝑒
−𝑖2𝐾𝑙𝑜𝑔(𝜒𝑌(𝑡))) 

= 𝐸(𝑒𝑖𝐾(−𝑖𝑙𝑜𝑔(𝜒𝑌(𝑡))) 

= 𝜒𝐾 (−𝑖𝑙𝑜𝑔(𝜒𝑌(𝑡))) 
(16) 

where 𝜒𝐾(. ) denotes the characteristic function of 𝐾. 

But since 𝐾 has a geometric distribution with parameter 𝜙 =
1

1+𝜃1
 ,therefore, we can 

write 

𝜒𝐾(𝑡) =
1 − 𝜙

1 − 𝜙𝑒𝑖𝑡
 (17) 

Hence 

𝜒𝐿(𝑡) = 𝜒𝐾 (−𝑖𝑙𝑜𝑔(𝜒𝑌(𝑡))) =
1 − 𝜙

1 − 𝜙𝜒𝑌(𝑡)
 (18) 

To compute the FFT of 𝐺 from the characteristic function of 𝐿 as obtained in equation 

(18), We need to discretize the equilibrium distribution as 

𝑓𝑒,0 = 𝐹𝑥,𝑒(
𝜎

2
) 

𝑓𝑒,𝑛 = 𝐹𝑋,𝑒 (𝑛𝜎 + (
𝜎

2
)) − 𝐹𝑋,𝑒 (𝑛𝜎 − (

𝜎

2
)) , 𝑛 = 1,2,3, … 

(19) 

Since, we require an approximation to the compound Geometric distribution 𝐺, we first 

apply the FFT to the array {𝑓𝑒,0, 𝑓𝑒,1, 𝑓𝑒,2, . . , 𝑓𝑒,𝑀−1}  to obtain  𝑓𝑓𝑡(𝑓𝑒)  and then we 

calculate the array 

𝑔𝑓𝑓𝑡 =
1 − 𝜙

1 − 𝜙𝑓𝑓𝑡(𝑓𝑒)
   (20) 

The operations are to be carried point wise. The inverse FFT is then applied to give an 

array 𝑔 = {𝑔0, 𝑔1, 𝑔2, … 𝑔𝑀−1} 

Where 𝑔𝑛 is an approximation to the mass assigned by 𝐺 to the interval  

((𝑛 − (
1

2
)) 𝜎, (𝑛 + (

1

2
)) 𝜎]. 

Hence an approximation to 𝜓((𝑗 + 0.5)𝜎) is given by 

𝜓𝑗 = 1 −∑ 𝑔𝑖
𝑗

𝑖=0
  (21) 

It can be noted that in obtaining the probability of ruin through FFT, discretized 

equilibrium distribution of the corresponding claim severity distribution is required. The 

computation of the equilibrium distribution 𝐹𝑥,𝑒(. ) of Weibull is shown below. 

2.3.3 Computing the first order equilibrium distribution for weibull distribution 

From (7), we have the first order equilibrium distribution of Weibull as 
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𝐹𝑥,𝑒(𝑥) =
1

𝑝1
∫ {1 − 𝐹(𝑦)}𝑑𝑦
𝑥

0

 

Here 𝐹(𝑥) = 1 − 𝑒−(
𝑥

𝜃
)
𝛽

, 𝑥 > 0, 𝜃 > 0, 𝛽 > 0  , 𝑝1 = 𝜃Γ1 +
1

𝛽
 

Hence, 

∫ {1 − 𝐹(𝑦)}𝑑𝑦
𝑥

0

= ∫ 𝑒−(
𝑦
𝜃
)
𝛽

𝑑𝑦
𝑥

0

=
𝜃

𝛽
∫ 𝑒−𝑧𝑧

1
𝛽
−1
𝑑𝑧

𝑥1

0

, 𝑥1 = (
𝑥

𝜃
)
𝛽

 

=
𝜃

𝛽
𝛤
1

𝛽
𝑝𝑔𝑎𝑚𝑚𝑎 (𝑥1,

1

𝛽
, 1),  

(22) 

where 𝑝𝑔𝑎𝑚𝑚𝑎(𝑥, 𝑎, 𝑠) in R software is given by 

𝑝𝑔𝑎𝑚𝑚𝑎(𝑥, 𝑎, 𝑠) =
1

𝑠𝑎𝛤𝑎
∫ 𝑦𝑎−1𝑒−

1
𝑠
𝑦

𝑥

0

𝑑𝑦 (23) 

and is the representative of the incomplete Gamma function. 

2.4 The 4 moment gamma de vylder approximation for ruin probability 

The 4 moment Gamma De Vylder approximation is an approximation technique for 

computing the probability of ruin and was proposed by Burnecki, Mista and Weron [5]. It is 

based on the De Vylder ‘s idea to replace the claim surplus process 𝑈(𝑡) with another one 

�̅�(𝑡) for which the expression for 𝜓(𝑢) is explicit. 

It needs to be noted that an explicit expression for 𝜓(𝑢) exists for Gamma distribution 

and hence for any other distribution, for obtaining an approximation to the probability of ruin 

under it, the distribution is approximated by a Gamma distribution by matching its moments 

with those of the Gamma distribution. The surplus process �̅�(𝑡) for the gamma distribution 

is characterized by the four parameters (�̅�, �̅�1, �̅�1, �̅�2). So, to implement the 4 moment Gamma 

De Vylder approximation, the four moments of �̅�(𝑡) and  𝑈(𝑡), the original surplus process 

are matched to obtain the following expressions for (�̅�, �̅�1
̅̅ ̅, �̅�1, �̅�2) 

�̅� =
𝜆𝑝3

2𝑝2
3

(𝑝2𝑝4 − 2𝑝3
2)(2𝑝2𝑝4 − 3𝑝3

2)
 

�̅�𝟏 =
𝜽𝟏𝒑𝟏(𝟐𝒑𝟑

𝟐 − 𝒑𝟐𝒑𝟒)

𝒑𝟐
𝟐𝒑𝟑

 

�̅�𝟏 =
𝟑𝒑𝟑

𝟐 − 𝟐𝒑𝟐𝒑𝟒
𝒑𝟐𝒑𝟑

 

�̅�2 =
(𝑝2𝑝4 − 2𝑝3

2)(2𝑝2𝑝4 − 3𝑝3
2)

(𝑝2𝑝3)
2

 

For �̅� to exist, we need to have 𝑝2𝑝4 <
3

2
𝑝3
2 which is true for gamma distribution. 

When this assumption can’t be fulfilled, a simple alternative is given by 
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�̅� =
2𝜆𝑝2

2

𝑝1(𝑝3 + 𝑝2𝑝1)
 

�̅�1 =
𝜃1𝑝1(𝑝3 + 𝑝2𝑝1)

2𝑝2
2  

𝑝1̅̅̅ = 𝑝1 

𝑝2̅̅ ̅ =
𝑝1(𝑝3 + 𝑝2𝑝1)

2𝑝2
 

With these notations, the 4 moment Gamma DeVylder approximation is given by 

𝜓4𝑀𝐺𝐷𝑉(𝑢) =
�̅�1 (1 −

𝑅
�̅�
) 𝑒𝑥𝑝 (−

�̅�𝑅𝑢
�̅�
)

1 + (1 + �̅�1)𝑅 − (1 + �̅�1) (1 −
𝑅
�̅�)
+ �̅��̅�1

𝑆𝑖𝑛(�̅�𝜋)

𝜋
𝐼  (24) 

where 

𝐼 = ∫
𝑥�̅�exp (−(𝑥 + 1)�̅�𝑢)

[𝑥�̅�{1 + �̅�(1 + �̅�1)(𝑥 + 1)} − 𝐶𝑜𝑠(�̅�𝜋)]2 + 𝑆𝑖𝑛2(�̅�𝜋)

∞

0

𝑑𝑥 

and 

�̅� =
�̅�2

�̅�2 − �̅�1
2 

�̅� =
�̅�1

�̅�2 − �̅�1
2 

𝑅 is the adjustment coefficient for Gamma surplus process with parameters (�̅�, �̅�1, �̅�1, �̅�2) 

For applying this approximation, the first four moments of the claim severity distribution 

should exist and since for our fitted Weibull distribution, the first four moments exist, the 4 

moment Gamma DeVylder approximation can be applied.The 4 moment Gamma DeVylder 

approximation is often considered best among the simple approximations for probability of 

ruin (see [21]). 

The computation for 𝜓4𝑀𝐺𝐷𝑉(𝑢) denoting the 4 moment Gamma DeVylder 

approximation for 𝜓(𝑢) is done using the Xplore software (see [3]) 

2.5 The moments of the deficit at the time of ruin, surplus just prior to ruin and the time to 

ruin for weibull distributed claim severity 

The analysis of the distribution of the time to ruin, the surplus just prior to ruin and the 

deficit at the time of ruin are important in warning the management of any adverse situation 

related to the insolvency of the insurance company. There has been considerable research 

interest in these aspects. Lack of analytical expression and no closed form solution makes the 

identification of these distributions very difficult. 

The references [16] and [12] carried investigation focused on the analytical expression on 

the probability of ruin and the distribution function of the surplus before the time of ruin for 

the case when the individual claim severity distribution is a combination of exponential 
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distribution or a combination of gamma distribution. The references [8], [9], [42] and [36] 

discussed analytical properties of the distribution of the surplus before the time of ruin, the 

distribution of the deficit at the time of ruin and their relationship. The references [17] and 

[18] study the joint distribution of the time of ruin, the Surplus before the time of ruin and the 

deficit at the time of ruin by considering an expected discounted penalty function involving 

these three random variables They show that this expected discounted penalty as a function of 

the initial surplus, is the solution of a certain (defective) renewal equation. 

Two non–negative random variables in connection to the time to ruin are the surplus just 

prior to the time of ruin and the deficit at the time of ruin. While the former is denoted by 

𝑈(𝑇−), where 𝑇− is the left hand limit of 𝑇, the deficit at the time of ruin 𝑇 is denoted by 

|𝑈(𝑇)|. Vital to the analysis of these quantities, is the role of the Equilibrium distribution. 

The following is extracted from [31] which gives the background and the derivation of the 

formulae for the moments of the deficit at the time of ruin and the surplus just prior to ruin. 

Let 𝑊(𝑥1, 𝑥2), 0 ≤ 𝑥1, 𝑥2 < ∞ be a non negative function. For 𝜏 ≥ 0, define 

∅(𝑢) = 𝐸{𝑒−𝜏𝑇𝑊(𝑈(𝑇−), |𝑈(𝑇)|)𝐼(𝑇 < ∞)}  (25) 

where 𝐼(𝑇 < ∞) = 1 , 𝑖𝑓 𝑇 < ∞ and 𝐼(𝑇 < ∞) = 0,otherwise. 

The quantity 𝑊(𝑈(𝑇−), |𝑈(𝑇)|)  can be interpreted as the penalty at the time of ruin, 

where the surplus is 𝑈(𝑇−) and the deficit is |𝑈(𝑇)|. The quantity ∅(𝑢) is the expected 

discounted penalty when 𝜏  is interpreted as a force of interest. Since 𝜓(𝑢) = 𝐸{𝐼(𝑇 <

∞)}, ∅(𝑢) reduces to 𝜓(𝑢) if 𝜏 = 0 and 𝑊(𝑥1, 𝑥2) = 1. 

The reference [18] show that the function ∅(𝑢) satisfies the following defective renewal 

equation 

∅(𝑢) =
𝜆

𝑐
∫ ∅(𝑢 − 𝑥)
𝑢

0

∫ 𝑒−𝜌(𝑦−𝑥)
∞

𝑥

𝑑𝐹(𝑦) +
𝜆

𝑐
𝑒𝜌𝑢∫ 𝑒−𝜌𝑢

∞

𝑢

∫ 𝑊(𝑥, 𝑦 − 𝑥)𝑑𝐹(𝑦)𝑑𝑥
∞

𝑥

 (26) 

where 𝜌 = 𝜌(𝜏) is the unique non-negative solution of the equation 𝑐𝜌 − 𝜏 = 𝜆 − λF̃(ρ)and 

�̃�(. ) denotes the laplace transform of the function 𝐹(. ) 

2.5.1 The deficit at the time of ruin 

Considering 𝑊(𝑥1, 𝑥2) = 𝑥2
𝑘, it is derived in theorem (4.1) of [31] 

𝐸{𝑒−𝜏𝑇|𝑈(𝑇)|𝑘𝐼(𝑇 < ∞)} =
1

𝛽𝜓(𝑢)
[𝑘𝜇𝑘−1(𝜌)𝛼𝑘−1(𝑢, 𝜌) − 𝜇𝑘(𝜌)�̅�(𝑢)], 𝑘 

= 1,2,3 

(27) 

In the special case, when 𝜏 = 0, we have 

𝐸{|𝑈(𝑇)|𝑘|𝑇 < ∞} =
𝑝𝑘
𝑝1𝜃1

𝜏𝑘(𝑢)

𝜓(𝑢)
−

𝑝𝑘+1
(𝑘 + 1)𝑝1𝜃1

, 𝑘 = 1,2,3…  (28) 

where 𝜏𝑘(𝑢) are given by the corollary (3.1) of [31], as 
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𝜏1(𝑢) = 𝜃1∫ 𝜓(𝑥)𝑑𝑥
∞

𝑢

 (29) 

and for n=2,3,4… 

𝜏𝑛(𝑢) =
𝑛𝑝1
𝑝𝑛

𝜃1∫ (𝑥 − 𝑢)𝑛−1𝜓(𝑥)𝑑𝑥
∞

𝑢

−∑(
𝑛
𝑗)

𝑛−2

𝑗=0

𝑝𝑛−𝑗

𝑝𝑛
∫ (𝑥 − 𝑢)𝑗𝜓(𝑥)𝑑𝑥 
∞

𝑢

 (30) 

This formula can be used to obtain the moments of the deficit at the time of ruin. 

Putting 𝑘 = 1, we have 

𝐸{|𝑈(𝑇)||𝑇 < ∞} =
𝜏1(𝑢)

𝜃1𝜓(𝑢)
−

𝑝2
2𝑝1𝜃1

 (31) 

 

From [15], we have 

𝐸(𝐿) = ∫ 𝜓(𝑥)𝑑𝑥 =
𝑝2

2𝜃1𝑝1

∞

0

 (32) 

where 𝐿 is the maximal aggregate loss random variable (see [4]) 

Hence, equation (29) can be put in the form 

𝜏1(𝑢) = 𝜃1∫ 𝜓(𝑥)𝑑𝑥
∞

𝑢

 

= 𝜃1 {
𝑝2
2𝑝1𝜃

− ∫ 𝜓(𝑥)𝑑𝑥
𝑢

0

} 

(33) 

Therefore, from equation (31), we have 

𝐸{|𝑈(𝑇)||𝑇 < ∞} =
𝑝2
2𝑝1𝜃1

{
1

𝜓(𝑢)
− 1} −

1

𝜓(𝑢)
∫ 𝜓(𝑥)𝑑𝑥
𝑢

0

 (34) 

∫ 𝜓(𝑥)𝑑𝑥
𝑢

0
 is computed numerically using 𝜓(𝑥) as obtained by the stable recursive 

algorithm (see [19]) 

Similarly 

𝐸{|𝑈(𝑇)|2|𝑇 < ∞} =
𝑝2
𝑝1𝜃1

𝜏2(𝑢)

𝜓(𝑢)
−

𝑝3
3𝑝1𝜃1

 (35) 

Now, 

∫ (𝑥 − 𝑢)𝜓(𝑥)𝑑𝑥
∞

𝑢

−∫ 𝜓(𝑥)𝑑𝑥
∞

𝑢

 

=
2𝑝1𝜃1
𝑝2

[∫ (𝑥 − 𝑢)𝜓(𝑥)𝑑𝑥
∞

0

−∫ (𝑥 − 𝑢)𝜓(𝑥)𝑑𝑥
𝑢

0

] 
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𝜏2(𝑢) =
2𝑝1𝜃1
𝑝2

 

−[∫ 𝜓(𝑥)𝑑𝑥
∞

0

−∫ 𝜓(𝑥)𝑑𝑥
𝑢

0

] 

=
2𝑝1𝜃1
𝑝2

{
1

2
[
𝑝3

2𝜃1𝑝1
+ (

1

2
) (

𝑝2
𝜃1𝑝1

)
2

] − 𝑢 [
𝑝2

2𝜃1𝑝1
] − ∫ (𝑥 − 𝑢)𝜓(𝑥)𝑑𝑥

𝑢

0

} 

−{
𝑝2

2𝜃1𝑝1
−∫ 𝜓(𝑥)𝑑𝑥

𝑢

0

} 
(36) 

The equation (36) is obtained using (32) and the following result 

𝐸(𝐿2) = 2∫ 𝑥𝜓(𝑥)𝑑𝑥
∞

0

=
𝑝3

2𝜃1𝑝1
+ (

1

2
) (

𝑝2
𝜃1𝑝1

)
2

)(𝑠𝑒𝑒  𝐺𝑒𝑟𝑏𝑒𝑟 [15]) (37) 

In equation (36), ∫ (𝑥 − 𝑢)𝜓(𝑥)𝑑𝑥
𝑢

0
 is computed numerically using 𝜓(𝑥) as obtained 

by the stable recursive algorithm. 

After a value of 𝜏2(𝑢) is obtained, it is substituted in (36) to get the 2nd moment of the 

deficit at the time of ruin. 

2.5.2 Surplus before the time of ruin 

As derived in equation (5.2) of [31] 

𝐸{{𝑈(𝑇 −)}𝑗|𝑈(𝑇)|𝑘𝐼(𝑇 < ∞)}

=
𝑝𝑘
𝑝1𝜃1

{∫ 𝜓(𝑢 − 𝑥)
𝑢

0

𝑥𝑗�̅�𝑘(𝑥)𝑑𝑥 + ∫ 𝑥𝑗
∞

𝑢

�̅�𝑘(𝑥)𝑑𝑥}

− {
𝑘! 𝑗! 𝑝𝑘+𝑗+1

(𝑘 + 𝑗 + 1)! 𝑝1𝜃1
}𝜓(𝑢) 

(38) 

Moments of 𝑈(𝑇−) can be obtained from (38) by putting 𝑘 = 0 as 

𝐸{{𝑈(𝑇−)}𝑗|𝑇 < ∞}

=
1

𝜃1𝜓(𝑢)
{∫ 𝜓(𝑢 − 𝑥)

𝑢

0

𝑥𝑗𝑑𝐹1(𝑥) + ∫ 𝑥𝑗𝑑𝐹1(𝑥)
∞

𝑢

} −
𝑝𝑗+1

(𝑗 + 1)𝑝1𝜃1
 

(39) 

Note that 𝐹𝑛(𝑥) is the 𝑛𝑡ℎ order equilibrium distribution function of 𝐹(𝑥) and as given 

in [30], it is defined as 

𝐹𝑛(𝑥) = 1 − �̅�𝑛(𝑥) =
∫ �̅�𝑛−1(𝑦)𝑑𝑦
𝑥

0

∫ �̅�𝑛−1(𝑦)
∞

0
𝑑𝑦

 (40) 

where �̅�0(𝑥) = 1 − 𝐹0(𝑥) = �̅�(𝑥) 

It can be shown that the mean of the distribution function 𝐹𝑛(𝑥), 𝑛 = 1,2, … is given by 

∫ �̅�𝑛(𝑥)
∞

0

𝑑𝑥 =
𝑝𝑛+1

(𝑛 + 1)𝑝𝑛
 (41) 



174                                  Jagriti Das, Dilip C. Nath
 

The first order equilibrium distribution function is denoted by 𝐹1(𝑥) which is the same 

as 𝐹𝑋,𝑒(𝑥) as defined in equation (7) 

From (39), putting 𝑗 = 1, we have 

𝐸{{𝑈(𝑇−)}|𝑇 < ∞} =
1

𝜃1𝜓(𝑢)
{∫ 𝜓(𝑢 − 𝑥)

𝑢

0

𝑥𝑑𝐹1(𝑥) + ∫ 𝑥𝑑𝐹1(𝑥)
∞

𝑢

} −
𝑝2
2𝑝1𝜃1

 (42) 

Now the integral ∫ 𝜓(𝑢 − 𝑥)
𝑢

0
𝑥𝑑𝐹1(𝑥) is computed using 𝜓(𝑥)  as obtained by the 

stable recursive algorithm (see [19]) and 𝑑𝐹1(𝑥) = 𝑓1(𝑥)𝑑𝑥, where 𝑓1(𝑥) is the density of 

the first equilibrium distribution of Weibull which has a known form and ∫ 𝑥𝑑𝐹1(𝑥)
∞

𝑢
=

∫ 𝑥𝑑𝐹1(𝑥)
∞

0
− ∫ 𝑥𝑓1(𝑥)

𝑢

0
𝑑𝑥. 

∫ 𝑥𝑑𝐹1(𝑥)
∞

0
 is the first moment of the first equilibrium distribution of Weibull and is 

given by 

∫ 𝑥𝑑𝐹1(𝑥)
∞

0

=
𝑝2
2𝑝1

  (43) 

(see formula (2.6) of [31]) and ∫ 𝑥𝑓1(𝑥)
𝑢

0
𝑑𝑥 is computed numerically. 

Similarly, putting 𝑗 = 2 in equation (39), we have 

𝐸{{𝑈(𝑇−)}2|𝑇 < ∞} =
1

𝜃1𝜓(𝑢)
{∫ 𝜓(𝑢 − 𝑥)

𝑢

0

𝑥2𝑑𝐹1(𝑥) + ∫ 𝑥2𝑑𝐹1(𝑥)
∞

𝑢

} −
𝑝3
3𝑝1𝜃1

 (44) 

∫ 𝜓(𝑢 − 𝑥)
𝑢

0
𝑥2𝑑𝐹1(𝑥)  is computed numerically using 𝜓(𝑥)  as obtained by the stable 

recursive algorithm and ∫ 𝑥2𝑑𝐹1(𝑥)
∞

𝑢
= ∫ 𝑥2𝑑𝐹1(𝑥)

∞

0
− ∫ 𝑥2𝑓1(𝑥)

𝑢

0
𝑑𝑥. 

∫ 𝑥2𝑑𝐹1(𝑥)
∞

0
 is the second moment of the first equilibrium distribution of Weibull and is 

given by  

∫ 𝑥2𝑑𝐹1(𝑥)
∞

0

=
𝑝3
3𝑝1

 (45) 

(see formula (2.6) of [30]) and ∫ 𝑥2𝑓1(𝑥)
𝑢

0
𝑑𝑥 is computed numerically. 
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2.5.3 The moments of the time to ruin 

The distribution of the time to ruin is another important quantity related to the probability 

of ruin. As mentioned in [30], there is no closed form expression developed for the distribution 

of the time to ruin except in case of Exponential, Mixture of Exponentials and the Erlang 

group of distributions. Hence, for all other distributions, the moments of the time to ruin can 

be computed only numerically.  

Initial ideas on this aspect can be found in [18] and working on those ideas,[30] presented 

methods from which explicit solutions for the moments of the time to ruin can be found 

recursively provided that  an explicit solution exist for the ultimate ruin probability. The 

reference [11] simplified the results of [31] to make them mathematically tractable for 

numerical computation and used them to calculate the approximate values for the moments of 

the time to ruin when explicit solutions for the probability of ultimate ruin do not exist. In 

their numerical computations, values of 𝜓(𝑢)   have been calculated from the stable 

algorithms described in [10]. 

The reference [31] shows that the 𝑘𝑡ℎ moment of the distribution of the time to ruin is 

given by 

𝐸(𝑇𝑘) =
𝜓𝑘(𝑢)

𝜓(𝑢)
, 𝑘 = 1,2,3… (46) 

where, 

𝜓𝑘(𝑢) =
𝑘

𝜆𝑝1𝜃1
∫ 𝜓(𝑢 − 𝑥)𝜓𝑘−1(𝑥)𝑑𝑥 + 𝜗(𝑢)∫ 𝜓𝑘−1(𝑥)

∞

0

𝑢

0

−∫ 𝜓𝑘−1(𝑥)𝑑𝑥
𝑢

0

 (47) 

Formula (6.2.1) of [31] has been simplified in [11] as 

𝜓1(𝑢) =
1

𝜆𝑝1𝜃1
{𝐸(𝐿)𝜗(𝑢) − ∫ 𝜓(𝑥)𝜗(𝑢 − 𝑥)𝑑𝑥}

𝑢

0

 (48) 

where, 𝜓1(𝑢) can be evaluated using numerical integration in case no closed form expression 

is available for 𝜓(𝑢) 

Similarly, 𝜓2(𝑢) appearing in [31] has been simplified in [11] as 

𝜓2(𝑢) =
2

𝜆𝑝1𝜃1
{
𝐸(𝐿2)𝜗(𝑢)

2𝜆𝑝1𝜃1
−∫ 𝜓1(𝑥)𝜗(𝑢 − 𝑥)𝑑𝑥}

𝑢

0

 (49) 

𝐸(𝐿) and 𝐸(𝐿2) appearing in equations (48) and (49) are computed using equations (32) 

and (37) respectively. 

It needs to be noted that explicit expressions for moments of the time to ruin can’t be 

obtained for any claim severity distributions except the Exponential, Mixture of exponentials 

and Erlang group of distributions. This is because except for these distributions, the integrals 

appearing in equations equations (48) and (49) can’t be solved explicitly. We have used 
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Simpson’s 1/3rd Rule for numerical integration. The occurrence of error in numerical 

integration is inevitable and situation gets more complex in case there exists no explicit 

expression for 𝜓(𝑢). In [11], numerical integration for the evaluation of 𝜓1(𝑢) is carried by 

taking values of 𝜓(𝑢) as obtained from the algorithm discussed in [10]. In contrast to their 

approach, we have taken the values of 𝜓(𝑢)  obtained from the Stable Recursive Algorithm 

mentioned in [19]. These are in turn, used for the numerical integration executed for obtaining 

𝜓1(𝑢) and 𝜓2(𝑢) 

2.6 Probability of ultimate ruin under interest earnings and tax payments for the weibull 

distribution 

The influence of interest earnings and tax payments in the classical risk model has been a 

theme of recent research. In this context, a remarkable result has been the Albrecher –Hipp 

tax identity (see [1]).  In their framework, tax is paid at a fixed rate 𝛾 ∈ [0,1) whenever the 

insurer is in profitable position. The modified surplus at time 𝑡 is written as 𝑈𝛾(𝑡) and the 

corresponding ruin and the non-ruin probabilities are denoted by 𝜓𝛾(𝑢)  and 𝜗𝛾(𝑢) 

respectively.They derived the following simple formula for 𝜗𝛾(𝑢) assuming that the insurer 

is in a profitable condition immediately after time. 

𝜗𝛾(𝑢) = [𝜗(𝑢)]
1
1−𝛾   (50) 

As given in Wei [40], the surplus process at time 𝑡, 𝑈𝑔(𝑡)  satisfies the following 

stochastic differential equation 

𝑑𝑈𝑔(𝑡) = {
𝐶1(𝑈𝑔(𝑡) dt − dS(t)), if 𝑈𝑔(𝑡) < 𝑀𝑔(𝑡)

𝐶2(𝑈𝑔(𝑡) dt − dS(t)), if 𝑈𝑔(𝑡) < 𝑀𝑔(𝑡)
} (51) 

Where 𝐶1(. ) and 𝐶2( . ) are two positive functions and 𝑀𝑔(𝑡) = 𝑚𝑎𝑥
𝑚{𝑈𝑔(𝑡): 0 ≤

𝑠 ≤ 𝑡} denotes the running maximum of the Surplus process. Whenever, the surplus is at the 

running maximum, the company is, according to the terminology of [1], is in a profitable 

situation. Let 𝜓𝑔(𝑢) denote the ruin probability for this process as a function of the initial 

surplus 𝑢. 

In this context an important quantity that is been introduced is 𝑞(𝑥)  which is a 

conditional probability, that as the surplus process up crosses the level 𝑥 for the first time, 

there is a claim at that instant, 𝑞(𝑥) denoting the probability that ruin occurs before the 

surplus return to level 𝑥. Also for 𝑥 ≥ 𝑢 ≥ 0, let ℎ(𝑢, 𝑥) denote the probability the surplus 

process {𝑈𝑔(𝑡): 𝑡 ≥ 0} having initial value 𝑢 will reach the level 𝑥 before possible ruin. 

Consequently it can be realized that 1 − 𝑞(𝑥) gives the probability that the surplus stays non 

negative before it returns to the level 𝑥. 

According to the proposition (2.1) of [40], we have 
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ℎ(𝑢, 𝑥) = 𝑒𝑥𝑝 {−∫
𝜆𝑞(𝑦)

𝐶2(𝑦)
𝑑𝑦

𝑥

𝑢

} (52) 

Also, it can be noted that ℎ(𝑢,∞) = 𝜗𝑔(𝑢) thereby giving rise to the corollary (2.1) of 

[40] as 

𝜗𝑔(𝑢) = 𝑒𝑥𝑝 {−∫
𝜆𝑞(𝑦)

𝐶2(𝑦)
𝑑𝑦

∞

𝑢

}  (53) 

, q(u) =
ϑg
′ (u)

ϑg(u)

C2(u)

λ
  

(54) 

Hence once 𝐶2(𝑢) is known, 𝜗𝑔(𝑢) can be determined if 𝑞(𝑢) is known. 

The result that we shall be using has been extracted from [40] considering the special cases 

𝐶1(𝑥) = 𝑐 + 𝛿𝑥  and 𝐶2(𝑥) = 𝑐 + 𝛿𝑥(1 − 𝛾(𝑥))  with 𝛿 > 0  interpreted as a constant 

force of interest and 𝛾(𝑥)𝜖[0,1) as a surplus dependent tax rate. For this special case, let 

𝜓𝛿,𝛾(𝑢) and 𝜗𝛿,𝛾(𝑢) denote the corresponding ruin and non-ruin probabilities respectively 

Hence, if 𝐶1(𝑥) = 𝑐 + 𝛿𝑥 and  𝐶2(𝑥) = 𝑐 + 𝛿𝑥(1 − 𝛾(𝑥)) with 𝛿 > 0, we have from 

equation(53) 

𝜗𝛿,𝛾(𝑢) = 𝑒𝑥𝑝 {−∫
𝜆𝑞(𝑦)

(𝑐 + 𝛿𝑦)(1 − 𝛾(𝑦))
𝑑𝑦

∞

𝑢

} (55) 

This gives 

𝜓𝛿,𝛾(𝑢) = 1 − 𝑒𝑥𝑝 {−∫
𝜆𝑞(𝑦)

(𝑐 + 𝛿𝑦)(1 − 𝛾(𝑦))
𝑑𝑦

∞

𝑢

} (56) 

Therefore, as 𝑢 → ∞ (56) implies 

𝜓𝛿,𝛾(𝑢)~∫
𝜆𝑞(𝑥)

(𝑐 + 𝛿𝑥)(1 − 𝛾(𝑥))
𝑑𝑥

∞

𝑢

 (57) 

We are primarily concerned with the results of [40] which deals with sub-exponential 

distributions.  Weibull distribution belongs to this category. 

By definition, a distribution 𝐹 on [0,∞) is said to be subexponential if �̅�(𝑥) = 1 −

𝐹(𝑥) > 0 for all 𝑥 > 0 and 

𝑙𝑖𝑚𝑥→∞

�̅�𝑛∗(𝑥)

�̅�(𝑥)
= 𝑛  (58) 

�̅�𝑛∗(𝑥) denoting the 𝑛𝑡ℎ convolution of �̅�(𝑥) with itself. 

For the computation of the probability of ultimate ruin in the presence of interest earnings 

and tax payments for sub-exponential distributions, the main result of [40] is cited below: 

For a distribution 𝐹 on [0,∞) with �̅�(𝑥) > 0 for all 𝑥 > 0, define 

𝐽∗(𝐹) = 𝑆𝑢𝑝 {−
𝑙𝑜𝑔�̅�∗(𝑣)

𝑙𝑜𝑔𝑣
: 𝑣 > 1}  (59) 
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with 

�̅�∗(𝑣) = 𝑙𝑖𝑚𝑥→∞𝑆𝑢𝑝
�̅�(𝑣𝑥)

�̅�(𝑥)
 𝑓𝑜𝑟 𝑣 > 1 (60) 

Main Result: Suppose that the claim size distribution 𝐹 and its equilibrium distribution 

𝐹1  are subexponential and that 𝐽∗(𝐹) defined by equation (59) satisfies 1 < 𝐽∗(𝐹) ≤ ∞, 

then 

𝜓𝛿,𝛾(𝑢)~∫
𝜆�̅�(𝑥)

(𝑐 + 𝛿𝑥)(1 − 𝛾(𝑥))
𝑑𝑥

∞

𝑢

   (61) 

For obtaining a slight insight into its proof found in [40], the lemma (4.1) stated herein is 

used to show that for a sub-exponential distribution 𝑞(𝑥)~�̅�(𝑥). 

Hence using this in equation (60), the main result stated in equation (61) is obtained. 

We have taken the tax structure as used in [40] for our computation. As a matter in practice, 

the interest rate is subjected to the choice of investment made by the insurance company and 

the tax rate is governed by the fiscal policies of the country concerned. 

The tax structure used is 

𝛾(𝑥) =

{
 

 
0.10,0 < 𝑥 ≤ 104

0.18, 104 < 𝑥 ≤ 105

0.30, 105 < 𝑥 ≤ 106

0.50, 𝑥 > 106 }
 

 
 (62) 

An illustrative value for the rate of interest has been taken as 𝛿 = 0.05.  

2.6.1 The computation of the probability of ruin for weibull distribution under interest 

earnings and tax payments 

The computation of the Probability of Ruin for Weibull distribution under interest 

Earnings and Tax Payments is as follows  

For the Weibul distribution, 

𝐹(𝑥) = 1 − 𝑒−(
𝑥
𝜃
)
𝛽

, 𝑥 > 0, 𝜃 > 0, 𝛽 > 0 

Therefore from (64),we have 

𝜓𝛿,𝛾(𝑢)~∫
𝜆�̅�(𝑥)

(𝑐 + 𝛿𝑥)(1 − 𝛾(𝑥))
𝑑𝑥

∞

𝑢

 

= ∫
𝜆

(𝑐 + 𝛿𝑥)

𝑒−(
𝑥
𝜃
)
𝛽

(
90
100)

𝑑𝑥
104

𝑢

+∫
𝜆

(𝑐 + 𝛿𝑥)

𝑒−(
𝑥
𝜃
)
𝛽

(
90
100)

𝑑𝑥
105

104
+∫

𝜆

(𝑐 + 𝛿𝑥)

𝑒−(
𝑥
𝜃
)
𝛽

(
90
100)

106

105
𝑑𝑥

+ ∫
𝜆

(𝑐 + 𝛿𝑥)

𝑒−(
𝑥
𝜃
)
𝛽

(
90
100)

∞

106
𝑑𝑥 

 

Changing the scale, we have 
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𝜓𝛿,𝛾(𝑢)~
𝜆

0.9
∫

𝑒−(
𝑦+𝑢
𝜃
)
𝛽

{𝑐 + 𝛿(𝑦 + 𝑢)}

104−𝑢

0

𝑑𝑦 +
𝜆

0.82
∫

𝑒−(
𝑦+𝑢
𝜃
)
𝛽

{𝑐 + 𝛿(𝑦 + 𝑢)}

105−𝑢

104−𝑢

𝑑𝑦

+
𝜆

0.70
∫

𝑒−(
𝑦+𝑢
𝜃
)
𝛽

{𝑐 + 𝛿(𝑦 + 𝑢)}

106−𝑢

105−𝑢

𝑑𝑦 +
𝜆

0.50
∫

𝑒−(
𝑦+𝑢
𝜃
)
𝛽

{𝑐 + 𝛿(𝑦 + 𝑢)}

∞

106−𝑢

𝑑𝑦 
(63) 

This integral is computed numerically using R software [34] 

 

3. Results and discussions 

Our data comprises of a set of 160000 insurance claim data occurring in between April 

2013 to September 2013 obtained from a reputed General Insurance company of India. The 

data pertains to its motor insurance portfolio covering all its branches in India. No adjustment 

is made for inflation for the time horizon is narrow and since the exact computation of the 

intensity parameter is not possible owing to the difficulty in keeping track of the inter arrival 

time of the claim arrival process, so an illustrative value of the intensity parameter is taken as 

𝜆 = 32.427. Furthermore, an illustrative value for the security loading factor is taken as 𝜃1 =

0.3. It needs mentioning that without placing much emphasis on the practical essence of the 

data, we are more interested in using it for illustrative purposes in show casing the use of the 

Weibull distribution as an Actuarial Risk Model, illustrating its fitting to a set of data and 

computation of the probability of ultimate ruin under this model and some other actuarial 

quantities. 

Summary statistics of the data is shown in Table 1. It indicates the presence of positive 

skewness in the data and this renders us valid reason to conclude that Weibull distribution can 

be a potential model for our data. For fitting the Weibull distribution, we have computed the 

maximum likelihood estimates of the parameters through multi parameter Newton Raphson 

method. The ideas for its execution are extracted from [39]. The Gradient and the Hessian 

matrix for Weibull distribution needed for this purpose are being placed in Appendix. The 

initial values required for the execution of this algorithm are identified on a trial and error 

basis. The Convergence criterion for this algorithm is found to occur at 100th iteration. Table 

2 shows the estimates of the parameters. 

The goodness of fit of the Weibull distribution to the observed data, are at first, assessed 

through some graphical displays. The histogram of a set of data simulated from Weibull with 

the values of the parameters taken as those of the estimated values (Figure 2) bears some 

resemblance with the histogram of the observed data displayed in Figure 1. This to some extent 

justifies the goodness of fit of the Weibull model to the observed data. The moderate deviation 
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of the QQ plot from the straight line passing through the origin further supports this fact. 

However the two EDF (Empirical Distribution Function) statistics namely the Anderson 

Darling Statistics and Cramer Von Mises Statistics (see [37] and [6]) and their p values 

computed through Monte Carlo simulation (see [35] ) indicate lack of fit of the Weibull model 

to our claim dataset. Table 2 also displays the calculated values of these two EDF statistics 

along with their p-values. Despite lacking adequate suitability to the dataset, the fitted Weibull 

model is retained as our model for subsequent computations targeted at determination of the 

actuarial quantities under consideration. 

 

 

Figure: 1 Histogram of the observed claim data on motor insurance 

 

Table:1 Summary Statistics for the Insurance claim data. 

Sample 

Size 
Mean 

Standard 

deviation 
Min 

25% 

Quantile 
Median 

75% 

Quantile 
Max Skewness Kurtosis 

160000 1.78834e+04 22805.81 523 6043.00 10583.00 19374.25 188209 3.576628 18.94972 

 

Table:2 Parameter estimates for the Weibull distribution obtained through the Multi parameter 

Newton Raphson and the value of the EDF statistics along with their p-values indicated in 

parentheses. 

Parameter Estimate 

𝜃 

�̂� 

18058.838357 

1.0196673 

Anderson Darling statistics 4123.742(0.04) 

Cramer Von statistics 655.1592(0.07) 

 



WEIBULL DISTRIBUTION AS AN ACTUARIAL RISK MODEL: COMPUTATION OF ITS PROBABILITY 

OF ULTIMATE RUIN AND THE MOMENTS OF THE TIME TO RUIN, DEFICIT AT RUIN AND SURPLUS 

PRIOR TO RUIN                                    181 
 

 

Figure: 2 Histogram for a data set simulated from the Weibull Distribution with 𝜃 = 18058.838357 

and �̂� = 1.0196673 

 

 

Figure 3 QQ Plot between the empirical quantiles estimated from the motor insurance data and the 

theoretical quantiles for the Weibull distribution with 𝜃 = 18058.838357 and �̂� = 1.0196673 

 

Table 3 shows the values of the ultimate ruin probability for our fitted Weibull model 

computed through FFT. In executing this computation, the main challenge lies in determining 

the distribution function of its first order equilibrium distribution for it is this distribution 

which has to be discretized and thereafter be used as input array for executing the FFT. Since 

this distribution function is computed by the use of the pgamma function of R, an element of 

approximation got further added to the computation. In executing the FFT, we have used 

central difference discretization to discretize the equilibrium distribution. The truncation 

parameter 𝑀 is chosen to be 𝑀 = 655356 and the discretization interval is taken as 𝜎 =

0.001. The inbuilt function “fft” of the R software is used to compute the FFT. As evident 

from Table 3, values of ultimate ruin probability 𝜓(𝑢) is found to be decreasing with an 

increase in the initial surplus and this is intuitively logical for larger initial surplus, tends to 

diminish the chance of ruin, if any. Also, the values of initial surpluses which are used are 

solely illustrative. The actual initial surplus used by an insurance company is an internal 
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decision which it might choose not to display in public. 

Table 4 shows the value of ultimate ruin probability computed through the 4 moment 

gamma De Vylder’s approximation. One of the main reasons to include it in our paper is to 

check the consistency of the values of 𝜓(𝑢) obtained for the fitted Weibull through FFT with 

a standard approximation method for the ultimate ruin probability. The values of 𝜓(𝑢) 

obtained through FFT and the 4 moment gamma De Vylder approximation are fairly 

consistent with each other. This leads us to conclude on the efficiency of FFT in computing 

the ultimate ruin probability for Weibull distribution. The details on the execution procedure 

of the 4 moment Gamma De Vylder’s approximation in Xplore software is found in [3]. No 

attempt is made in this paper to investigate the complexity occurring in the process of 

computation of the integral appearing in equation (24). 

 

Table 3. Computation of the probability of ultimate ruin for the fitted Weibull distribution with 

𝜃 = 18058.838357 and �̂� = 1.0196673 through FFT 

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 
Probability of ultimate Ruin (𝜓(𝑢)) 

10 0.7691160 

20 0.7690002 

30 0.7688851 

40 0.7687694 

50 0.7686545 

60 0.7685389 

70 0.7684241 

80 0.7683086 

90 0.7681939 

100 0.7680785 

200 0.7669308 

500 0.7635178 

1000 0.7579297 
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Table 4. Computation of the probability of ultimate ruin for the fitted Weibull distribution with 

𝜃 = 18058.838357 and �̂� = 1.0196673 through the 4 moment Gamma De Vylder’s 

Approximation 

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 
Probability of ultimate Ruin (𝜓(𝑢)) 

10 0.76859 

20 0.76849 

30 0.76839 

40 0.76829 

50 0.76820 

60 0.76810 

70 0.76800 

80 0.76790 

90 0.76781 

100 0.76771 

200 0.76674 

500 0.76382 

1000 0.75897 

 

Table 5 displays the first two moments of the deficit at the time of ruin in case of our fitted 

Weibull distribution. An idea on the severity of the ruin can be obtained by the mean (first 

moment) of the deficit at the time of ruin. The mean of the deficit at the time of ruin is found 

to be decreasing with an increase in the initial surplus. This of course, is an expected trend 

since larger initial surpluses should decrease the severity of the ruin. The second order moment 

of the deficit at the time of ruin is also found to be increasing with an increase in the initial 

surplus. An idea on the deficit at the time of ruin is important because it guides the action to 

be taken for recovery in case of ruin for the insurance company. 

The first two moments of the surplus prior to ruin for the claim severity distributed as our 

fitted Weibull are displayed in Table 6. Mean of the surplus just prior to ruin is found to be 

increasing with an increase in the initial surplus. The second moment of the surplus prior to 

ruin is also found to be increasing with an increase in the initial surplus. The importance of 

the surplus just prior to ruin can’t be underestimated for it gives some insight on the amount 

of the claim causing ruin and hence guides the precautionary measures to be taken by the 

insurance company to maintain enough reserves so as to avoid any probable case of ruin 

(insolvency). 

Table 7 gives the approximate value for the first moment (mean) of the time to ruin in case 
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of the fitted Weibull distribution as a function of the initial surplus. The mean of the time to 

ruin is found to be increasing with an increase in the initial surplus. This is intuitively logical 

for the induction of larger surpluses should prolong the time to ruin, if ruin at all occurs. An 

interpretation of a typical value in Table 5 is that for the claim severity distributed as our fitted 

Weibull, starting with an initial surplus of Rs 500, it would on the average take 0.1029923 

years for the surplus process to be less than or equal to zero for the first time thereby leading 

to ruin in the sense of its definition. 

Table 8 gives the second moment of the time to ruin in case of the fitted Weibull. It is 

interesting to observe that 2nd moment of the time to ruin tends to increase with an increase 

in the initial surplus. It needs further exploration to justify why the heterogeneity in the time 

to ruin should increase with an increase in the initial surplus. 

 

Table 5: First two moments of the deficit at the time of ruin for the fitted Weibull distribution 

with 𝜃 = 18058.838357 and �̂� = 1.0196673  

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 

First Moment of the deficit 

(in Rs) 
Second moment of the deficit 

10 17572.88 611692384 

20 17572.69 611682425 

30 17572.50 611672491 

40 17572.31 611662580 

50 17572.12 611652691 

60 17571.94 611642824 

70 17571.75 611632977 

80 17571.56 611623151 

90 17571.38 611613344 

100 17571.19 611603557 
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Table 6: First two moments of the surplus prior to ruin  for the fitted Weibull distribution with 

𝜃 = 18058.838357 and �̂� = 1.0196673 

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 

First Moment of the surplus just prior to ruin 

(in Rs) 

Second moment of the 

surplus just prior to ruin 

10 17582.88 612043866 

20 17592.68 612385431 

30 17602.48 612727061 

40 17612.28 613068756 

50 17622.07 613410514 

60 17631.86 613752335 

70 17641.65 614094217 

80 17651.43 614436161 

90 17661.21 614778165 

100 17670.98 615120229 

 

Table 7: First moments of the time to Ruin for the fitted Weibull distribution with 𝜃 =

18058.838357 and �̂� = 1.0196673 with 𝜆=32.427 

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 

First Moment 

(Mean in years) 

10 0.1008798 

20 0.1009229 

30 0.1009659 

40 0.1010090 

50 0.1010521 

60 0.1010951 

70 0.1011382 

80 0.1011813 

90 0.1012243 

100 0.1012674 

200 0.1016983 

500 0.1029923 
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Table 8: Second moments of the time to Ruin for the fitted Weibull distribution with 𝜃 =

18058.838357 and �̂� = 1.0196673 with 𝜆=32.427 

Initial Surplus 

(𝑢 𝑖𝑛 𝑅𝑠) 
Second  Moment 

10 0.03805771 

20 0.03807758 

30 0.03809744 

40 0.03811732 

50 0.03813719 

 

Table 9 shows the probability of ultimate ruin for the fitted weibull distribution under the 

influence of interest earnings and tax payments. As expected, the probability of ultimate ruin 

is found to be decreasing with an increase in the initial surplus. The initial surpluses displayed 

are solely for illustration. The computation for evaluating the integral stated in (63) involves 

numerical integration and hence there remains scope for the occurrence of error although the 

error margin remained as low as 1e-10. The general perception is that the interest earning 

should diminish the chance of ruin whereas tax payment being an outflow, should increase the 

chance of ruin. The computation of the probability of ultimate ruin through FFT and the 4 

moment gamma De Vylder approximation, as shown in sub sections(2.3) and (2.4) has not 

considered the influence of interest earnings and tax payments. Comparing the values of 𝜓(𝑢) 

computed under interest earnings and tax payments with those values lead us to conclude that 

net impact of interest earning and tax payment is negative thereby increasing the probability 

of ultimate ruin in our case. It needs mentioning that the interest rate used is purely illustrative 

and the tax structure is extracted from Wei, 2009. A tax structure prevalent in India during the 

time data was collected would have been more realistic. 
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Table 9: Probability of ultimate ruin for Weibull Distribution with parameters 𝜃 =

18058.838357 and �̂� = 1.0196673 under the tax structure given by (62) and rate of interest 

𝛿=0.05. 

Value of the initial surplus 𝑢 

(in Rs) 
𝜓𝛿,𝛾(𝑢) 

10 0.8534887 

20 0.8530119 

30 0.8525354 

40 0.8520591 

50 0.8515830 

60 0.8511072 

70 0.8506316 

80 0.8501563 

90 0.8496812 

100 0.8492063 

200 0.8482574 

500 0.8468357 

1000 0.8074712 

 

4. Concluding Remark 

The computational methodologies in regards to a fitting of a Weibull distribution including 

the MLE estimates of its parameters and testing the goodness of fit through two EDF statistics 

are presented. The values of the ultimate ruin probabilities obtained for the fitted Weibull 

model through both the methods, namely FFT and the 4 moment Gamma De Vylder 

approximation are found to be fairly consistent with one another. The first moments of the 

time to ruin and the deficit at the time of ruin indicate trends, consistent with the behavior 

expected in practice. The observed trend of the first moment of the surplus prior to ruin is 

exhibiting a behavior contrary to what is expected and will require further probe to identify 

the cause behind this behavior. In case of our fitted model, under the influence of the interest 

rate and tax structure, the probability of ultimate ruin is found to be increasing compared to 

the situation when the influence of both the factors is considered to be absent. The 

computations occurring in the paper make use of extensive programming in R. 
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The limitations of the work include the use of a model which lacks adequate fit to the data 

set under consideration. The computation of some of the actuarial quantities under 

consideration is extremely time consuming with the executing time extending to four hours in 

some cases. The accumulation of error via the simultaneous numerical integrations carried out 

in a nested order could not be avoided. Furthermore, the values of 𝜓(𝑢) which were used as 

input for the numerical integrations aimed at obtaining the required moments are taken from 

the stable recursive algorithm. The inclusion of these values computed through FFT as input 

for the subsequent numerical integrations will be more meaningful in maintaining the 

coherence among the contents of the work cited in this paper. 

Further extension of the work could be directed at removing the limitations of the work 

indicated above. Efforts can be made to furnish explanation for the behavior observed in some 

of the actuarial quantities. FFT can further be manipulated to compute the moments of the 

time to ruin and future work may also be aimed at studying the individual influence of interest 

earnings and the tax payments on the probability of ultimate ruin for the Weibull distribution 

as the underlying loss model. 
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Appendix: 

The Newton Raphson Method: The Multiparameter Situation 

One of the most used methods for optimization in the Multi Parameter situation in 

Statistics is the Newton –Raphson method which is described briefly as given below: 

Assume θ = (θ1, θ2, … θ𝑝)
𝑇 is a s a vector of p (say) unknown parameters and the log 

likelihood of the distribution involving θ is given by l(θ, �̃�). Then the MLE for θ are 

obtained by solving the equations l(θ, �̃�) = 0. 

Let us now define what is known as the gradient matrix and the Hessian matrix given by 

The gradient matrix is given by  

𝑆(𝜃) =

(

 
 
 
 

𝛿𝑙

𝛿𝜃1
𝛿𝑙

𝛿𝜃2.
𝛿𝑙

𝛿𝜃𝑝)

 
 
 
 

 

And the Hessian matrix is given by  

𝐽(𝜃) = (𝐽𝑖,𝑗)𝑖,𝑗=1,2,…𝑝 

Where  

𝐽𝑖,𝑗 = −
𝛿2l(θ)

𝛿θ𝑖𝜎θ𝑗
. 

Then the iterative relationship for the multi parameter Newton Raphson method is given 

by  

𝜃(𝑠+1) = 𝜃(𝑠) + [ 𝐽(𝜃(𝑠))]−1𝑠(𝜃(𝑠)) 

Where 𝜃(𝑠) is the estimated value of θ at the 𝑠𝑡ℎ iteration. The iteration is carried out 

until there is no significant difference between 𝜃(𝑠) and 𝜃(𝑠+1). 

Multi parameter Newton Raphson for Weibull distribution 

The log likelihood of the Weibull distribution is given by equation (3). 

The Gradient matrix for Weibull is given by  

G = [
𝑔1
𝑔2
] 

Where 

𝑔1 =
𝑚

𝛽
−𝑚𝑙𝑜𝑔𝜃 + 𝑆𝑒 + 𝜃

−𝛽𝑙𝑜𝑔𝜃𝑆0(𝛽) 𝑎𝑛𝑑 
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𝑔2 = −
𝑚𝛽

𝜃
+ 𝛽𝜃−𝛽−1𝑆0(𝛽). 

And the Hessian matrix is given by H = [
𝑎11 𝑎12
𝑎21 𝑎22

],where 

𝑎11 =
𝑚

𝛽2
+ 𝜃−𝛽𝑆0(𝛽)(log𝑒θ)

2 − 2𝜃−𝛽𝑆1(𝛽)log𝑒𝛽 + 𝜃
−𝛽𝑆2(𝛽) 

𝑎12 =
𝑚

𝜃
− 𝑆0(𝛽){(1 − 𝛽𝑙𝑜𝑔𝑒𝜃)𝜃

−𝛽−1} − 𝛽𝜃−𝛽−1𝑆1(𝛽) 

𝑎21 = 𝑎12 

𝑎22 =
mβ

θ2
+ 𝛽(𝛽 + 1)

1

𝜃𝛽+1
𝑆0(𝛽) 

And  

𝑆𝑗(𝑡) =∑𝑑𝑟
𝑡

𝑚

𝑟=1

(log𝑑𝑟)
𝑗 


