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1 Proofs

1.1 Preliminaries

Recall that our loss function parametrized with L € L, is
((S; L) = trace(SLLT) — 2log |L|

and its gradient is

9 . _ —1I\T
SU(S; L) =251 —2(L7)T.

Let P(Sp,) be the set of all probability distributions supported on S, and Si,...,S, be an
independent and identically distributed random sample from S coming from a distribution on
P(Sp). Now, we restate the following two propositions, suitable to our context, that are the key
ingredients for proofs of the theorems.

Proposition 1.1 (Proposition C.2 of Cisneros et al. (2020)). For v > 0 and loss functions
((S'; L) that are upper semi-continuous in S’ € S, for each L € L, let

6y(Si: L) = sup {£(S; L) = 7e(S, 5i)}- (1)
SESy
Then,
: 1 & ‘
P:DC(S;I;Dn)gA Eplt(S; L)] = 7218 {fw‘ + n ; ¢~ (S5 L)} . (2)

Proposition 1.2 (Proposition C.1 of Cisneros et al. (2020)). Consider L € L,. Let h(-,L) be
Borel measurable. Also, suppose that Opxp lies in the interior of the convex hull of {h(S’,C) :
S"eS,}. Then,

R, (L) = sup {:L Z sup {trace(ATh(S; L)) — (S, Sl)}} . (3)

A€ES, 5 Ses,
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1.2 Proof of Theorem 3.1

Proof. Using the duality from Proposition 1.1, we can rewrite the left-hand side of the equation
(4) from the theorem

min sup Ep[¢(S; L)] = min [min {’y)\ + % Z &~ (Si; L)}

LELp p.D(P,Pn)<A LeL, | 420

=1
= i [rgg {W\Jr :L; (;ggp{f(s; L) — (S, Si)}) H - (4)

Let A =S —S;. Then,

sup {£(S; L) — v¢(S, S;)} = sup {trace(SLLT) — 2log |L| — |[vec(S) — vec(S;)||s0 }
Ses, Ses,

= sup {trace((A + S;)LLT) — y|vec(A)]|oo} — 2log |L|
A€S,

= sup {trace(ALL") — ~||vec(A) oo} + trace(S;LLT) — 2log |L|
A€S,

= sup {||Vec(A)||Oo||vec(LLT)||1 —v||vec(A)||so } + trace(Sl-LLT) —2log | L]
AEM(L)

= sup {Hvec(A)HOO(Hvec(LLT)Hl -7} + trace(SZ-LLT) —2log| L]
AeM(L)
(5)

where M(L) = {A € S, : trace(ALLT) > 0,|(A);;]? = |(LLTY);;|P} with % + % =1, which is the
if and only if condition for Holder’s inequality to hold tightly (Steele, 2004). Since this condition
also holds for the limiting case, we choose p =1 and ¢ = oc.

Notice that if v < |[vec(LLT)||1, the supremum term in the last line of (5) can be arbitrarily
large. Since we have the minimum over y > 0 in (4), we must take v > ||[vec(LL™)||1, which leads
to the supremum term to be zero. Then, we have

1 n
min sup Ep[¢(S; L)] = min min A+ = trace(S;LLT) — 2log |L
LeLs PiD(P,Pa) <A 55 L) Lebp | v=[lvec(LLT) (11 n;( ( ) I£)

= ian {trace(SLLT) —2log |L| + )\HVGC(LLT)Hl} .
€lbp

1.3 Proof of Theorem 3.2
Proof. Consider the RWP function with h(S; L) = 2SL — 2(L~')T. Applying 1.2, we have

R, (L) = sup {—1 Z sup {trace(ATh(S; L)) — (S, SZ)}}

AeS, n 7] SeSy

= sup {_le Z sup {trace(2AT(SL — (L™H)T)) — ||vec(S) — VGC(SZ‘)HOO}} .

A€S, 7 €Sy



Let A =S — S;. Then, following the procedure of (5) in the proof of theorem 3.1, we obtain
sup {trace(2AT(SL — (L™HT)) — ||vec(S) — vec(S;)|oo }

S€S,

— sup {trace(2A7 (A + )L — (L)1) — [vec(a) )

= Asug {trace(2ATAL) — |[vec(A)]|oo} + trace(2AT (S;L — (L™H)T))

= sup {[Jvec(A)||oollvec(2LAT)||1 — |[vec(A) oo} + trace(2AT (S;L — (L™HT))
AeM(A)

= sup {lvec(A) o (vec(RLAT)ly — 1)} + trace(2AT(S,L — (L™H)T)). (6)
AEM(A)

Similarly, we must consider |[vec(2LAT)||; <1 to prevent the supremum term in the last line of
(6) from being taken arbitrarily large. Then, we have

R, (L) = sup ! Z trace(2AT (S;L — (L™H)7T))

A€S,:||vec(2LAT)||1 <1 n

= sup {—trace(2AT(SL — (L™HT))}
A€Sy:||vec(2LAT)|1<1

= sup {—trace((SLL_1 - (L_I)TL_I)QLAT)}
AESp:||vec(2LAT)|1<1

= sup {—trace((S — (LLT)~)2LAT)}
A€Sy:||vec(2LAT)||1<1

= sup {veC(QLAT)TveC(S — (LLT)_I)}

AESp:||vec(2LAT)|1<1
= [[vec(S — (LLT) ™)l oc-
Finally, since
[L € Cu(N)} = {O(L) N {P : D(P,Po) < A} # 0} = {Ru(L) < A},
one can, given a (1 — a)-confidence level, optimally choose the ambiguity size A by
Ao =Inf{A>0:Po(L €Cr(N)>1—-0a}
=inf{A>0:Po(R,(L) <\ >1—-a}
=inf {A > 0: Po(|[vec(S — (LLT) ™M[loo <A) > 1—a}.

1.4 Proof of Lemma 3.3
Proof.
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