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1 Proof of Theorem 1

We start with establishing the following lemma. Let ℓ̇∗(θ) and ⌊x⌋ be the gradient of ℓ∗(θ) and
the integer part of x, respectively. Also, let εij = (yi − βT

j xi). Note that x is the d dimensional
covariate with the first entry being one. Denote ⊗ as the Kronecker product.

Lemma 1. If Assumption 2 holds, as r → ∞ and n → ∞, conditionally on Dn in probability,

M̃−M = OP |Dn
(r−1/2), (1)

where M̃ =
1

nr

∂2ℓ∗(θ)

∂θ∂θT
for any θ ∈ Θ.

Proof. By direct calculation, we have

E(M̃|Dn) = M, (2)

where M =
1

n

∂2ℓ(θ)

∂θ∂θT
.

For the (j, j′) entry of the matrix M̃11, M̃
j,j′

11 , where 1 ≤ j, j′ ≤ Jd,

V
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M̃j,j′
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∣∣∣Dn

)
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r

{[
I(j1 = j2)
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τij1εij1εij2
σ2
j1
σ2
j2
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σ2
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)
−
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τij1τij2εij1εij2

σ2
j1
σ2
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)]
xijxij′

nπi
−Mj,j′

11

}2

≤
n∑

i=1

∥xi∥4

πirn2

[
τij1 |εij1 ||εij2 |+ τij1σ

2
j2

σ2
j1
σ2
j2

+

(
τij1τij2 |εij1 ||εij2 |

σ2
j1
σ2
j2

)]2

≤
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i=1

∥xi∥4

πirn2σ4
j1
σ4
j2

(
8|εij1 |2|εij2 |2 + 2σ4

j2

)
≤ 8

rσ4
j1
σ4
j2

( n∑
i=1

∥xi∥8

πin2

) 1
2
(

n∑
i=1

|εij1 |8

πin2

) 1
4
(

n∑
i=1

|εij2 |8

πin2

) 1
4

+
σ4
j2

4

(
n∑

i=1

∥xi∥8

πin2

) 1
2
(

n∑
i=1

1

πin2

) 1
2


= Op(1/r), (3)

where j1 = ⌊(j + d − 1)/d⌋, j2 = ⌊(j′ + d − 1)/d⌋. In (3), the last inequality and equality are
from Holder’s inequality and Assumption 2.
For the (j, j′) entry of the matrix M̃12, M̃

j,j′

12 , where 1 ≤ j ≤ Jd and 1 ≤ j′ ≤ J ,

V
(
M̃j,j′

12

∣∣∣Dn

)



2

=
n∑

i=1

πi
r

{[
I(j1 = j′)

(
ε2ij1 − 3

σ2
j1

)
τij1εij1
σ3
j1

−

(
ε2ij′ − σ2

j′

σ3
j′

)
τij1τij′εij1

σ2
j1

]
xij
nπi

−Mj,j′

12

}2

≤
n∑

i=1

∥xi∥2

πirn2

(
(ε2ij′ + 3)τij1 |εij1 |

σ2
j1
σ3
j′

+
(ε2ij′ + σ2

j′)τij1τij′ |εij1 |
σ2
j1
σ3
j′

)2

≤
n∑
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∥xi∥2

πirn2

(
(ε2ij′ + 3)|εij1 |+ (ε2ij′ + σ2

j′)|εij1 |
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j1
σ3
j′

)2

≤
n∑

i=1

∥xi∥2

πirn2
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j′

)
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rσ2
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) 1
4
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i=1

|εij1 |8
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) 1
4
(

n∑
i=1

|εij′ |8

πin2

) 1
2

+
(3 + σ2

j′)
2

4

(
n∑

i=1

∥xi∥8

πin2

) 1
4
(

n∑
i=1

|εij1 |8

πin2

) 1
4
(

n∑
i=1

1

πin2

) 1
2


= Op(1/r), (4)

where j1 = ⌊(j + d− 1)/d⌋. In (4), the last inequality and equality are from Holder’s inequality
and Assumption 2.
For the (j, j′) entry of the matrix M̃13, M̃

j,j′

13 , where 1 ≤ j ≤ Jd and 1 ≤ j′ ≤ J − 1,

V
(
M̃j,j′

13

∣∣∣Dn

)
=

n∑
i=1

πi
r
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I(j1 = j′)

τij1
pj1

εij1
σ2
j1

− τij1εij1
σ2
j1

(
τij′

pj′
− τiJ

pJ

)]
xij
nπi

−Mj,j′

13
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≤
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i=1

∥xi∥2

πirn2

[
τij1
pj1

|εij1 |
σ2
j1

+
τij1 |εij1 |

σ2
j1

(
τij′

pj′
+

τiJ
pJ

)]2

≤
n∑

i=1

∥xi∥2

πirn2

(
3|εij1 |

pj1pj′pJσ
2
j1

)2

≤ 9

rp2j1p
2
j′p

2
Jσ

4
j1

(
n∑

i=1

∥xi∥8
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) 1
4
(

n∑
i=1
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) 1
4
(

n∑
i=1

1

πin2

) 1
2

= Op(1/r). (5)

In (5), the last inequality and equality are from Holder’s inequality and Assumption 2.
For the (j, j′) entry of the matrix M̃i,22, M̃

j,j′

i,22, where 1 ≤ j, j′ ≤ J ,

V
(
M̃j,j′

i,22

∣∣∣Dn

)
=

n∑
i=1

πi
r

{[
I(j = j′)τij

(
2

σ2
j

−
5ε2ij
σ4
j

+
ε4ij
σ6
j

)
− τijτij′

(
ε2ij − σ2

j

σ3
j

)(
ε2ij′ − σ2

j′

σ3
j′

)]
1

nπi
−Mj,j′

i,22

}2

≤
n∑

i=1

1

πirn2

[
τij(2σ

2
jσ

2
j′ + 5ε2ijσ

2
j ) + ε2ijε

2
ij′

σ6
j

+
τijτij′(ε

2
ij + σ2
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2
ij′ + σ2

j′)

σ3
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3
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≤
n∑

i=1

1

πirn2

(
16ε4ijε

4
ij′ + 4ε4ij′σ

4
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4
j′ + 3σ2

jσ
2
j′

σ6
jσ

6
j′

)
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rσ6
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6
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i=1

|εij |8

πin2

) 1
2
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n∑
i=1

|εij′ |8

πin2
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2

+
σ4
j

4

(
n∑

i=1

|εij′ |8

πin2

) 1
2
(

n∑
i=1

1

πin2

) 1
2

+ 9σ4
j′

(
n∑

i=1

|εij |8

πin2

) 1
2
(

n∑
i=1

1

πin2

) 1
2

+
9σ4

jσ
4
j′

4

n∑
i=1

1

πin2


= Op(1/r). (6)

In (6), the last inequality and equality are from Holder’s inequality and Assumption 2.
For the (j, j′) entry of the matrix M̃i,23, M̃

j,j′

i,23, where 1 ≤ j ≤ J and 1 ≤ j′ ≤ J − 1,

V
(
M̃j,j′

i,23

∣∣∣Dn

)
=

n∑
i=1

πi

r

{[
I(j = j′)

pj
−
(
τij′

pj′
− τiJ

pJ

)](
ε2ij
σ3
j

− 1

σj

)
τij
nπi

−Mj,j′

i,23

}2

≤
n∑

i=1

1

πirn2

(
I(j = j′)

pj

(ε2ij − σ2
j )τij

σ3
j

+

∣∣∣∣τij′pj′
− τiJ

pJ

∣∣∣∣
∣∣∣∣∣ε2ijσ3

j

− 1

σj

∣∣∣∣∣ τij1
)2

≤
n∑

i=1

9

πirn2

(
ε2ij + σ2

j

pj′pJσ3
j

)2

≤
n∑

i=1

18

πirn2

(
ε4ij + σ4

j

pj′pJσ3
j

)

≤ 18

rpj′pJσ3
j

( n∑
i=1

|εij |8

πin2

) 1
2
(

n∑
i=1

1

πin2

) 1
2

+ σ4
j

n∑
i=1

1

πin2


= Op(1/r). (7)

In (7), the last inequality and equality are from Holder’s inequality and Assumption 2.
For the (j, j′) entry of the matrix M̃i,33, M̃

j,j′

i,33, where 1 ≤ j, j′ ≤ J − 1,

V
(
M̃j,j′

i,33

∣∣∣Dn

)
≤

n∑
i=1

πi
r

[(
τij
pj

− τiJ
pJ

)(
τij′

pj′
− τiJ

pJ

)
1

nπi

]2
≤ 4

rp2jp
2
j′p

4
J

n∑
i=1

1

n2πi

= Op(1/r). (8)

In (8), the last equality is from Assumption 2. From Markov’s inequality, (2), and (3) - (8), we
have

M̃−M = OP |Dn
(r−1/2) (9)

Proof of Theorem 1. Now we discuss Theorem 1. Let θ̃ be the maximizer of the target func-
tion (4). Note that θt = (βt

1, ...,β
t
J , σ

t
1, ..., σ

t
J , p

t
1, ..., p

t
J−1) is the true value of θ, and εtij =



4

yi − βt
j
T
xi for j = 1, ..., J . Denote θ̃c =

√
r(θ̃ − θt). Then, θ̃c maximizes

ℓ∗m(θc) = {ℓ∗(θt + θc/
√
r)− ℓ∗(θt)}/n. (10)

By a Taylor expansion,

ℓ∗m(θc) =
1

n
√
r
ℓ̇∗(θt)θc +

1

2nr

(
θT
c

∂ℓ̇∗(θt)

∂θ
θc

)
+R, (11)

where ℓ̇∗(θ) = ∂ℓ∗(θ)/∂θ. For the last term in (11), we have

|R| ≤ ∥θc∥3

6r3/2n

J(d+2)−1∑
j=1

∥∥∥∥∥∂ℓ̇∗(θt)∂θj∂θ

∥∥∥∥∥
F

≤ {J(d+ 2)− 1}2∥θc∥3

6r3/2
1

n

n∑
i=1

B(xi, yi)

= oP (1). (12)

In (12), the last equality is from Assumption 3. From (11) and (12), we have

ℓ∗m(θc) =
1

n
√
r
ℓ̇∗(θt)θc +

1

2nr
θT
c

∂2ℓ(θt)

∂θ∂θT
θc + oP (1), (13)

Now, we discuss

ℓ̇∗(θt)

n
√
r

=
1√
r

r∑
i=1

1

nπ∗
i

τ ∗
i,1 ⊗ x∗

i

τ ∗
i,2

τ ∗
i,3

 ≡ 1√
r

r∑
i=1

Ai, (14)

where τ ∗
i,1 =

[
τ∗i1ε

∗
i1

(σt
1)

2
, ...,

τ∗iJε
∗
iJ

(σt
J)

2

]
, τ ∗

i,2 =

[
τ∗i1(ε

∗2
i1 − (σt

1)
2)

(σt
1)

3
, ...,

τ∗iJ(ε
∗2
iJ − (σt

J)
2)

(σt
J)

3

]
,

τ ∗
i,3 =

(
ptJτ

∗
i1 − pt1τ

∗
iJ

pt1p
t
J

, ...,
ptJτ

∗
iJ−1 − ptJ−1τ

∗
iJ

ptJ−1p
t
J

)
, τ∗ij =

ptjfj(y
∗
i |x∗

i ;β
t
j , σ

t
j)∑J

k=1 p
t
kfk(y

∗
i |x∗

i ;β
t
k, σ

t
k)

, and ε∗ij = y∗i −

βt
j
T
x∗
i for j = 1, ..., J.
Given the full data Dn,A1, ...,Ar are i.i.d, with mean

E (Ai |Dn) =
n∑

i=1

1

n

τi,1 ⊗ xi

τi,2
τi,3

 , (15)

and variance,

V(Ai|Dn) =
n∑

i=1

1

n2πi

Vi,11 Vi,12 Vi,13

VT
i,12 Vi,22 Vi,23

VT
i,13 VT

i,23 Vi,33

−E(Ai|Dn), (16)

where Vi,11 = (τi,1 ⊗ xi)(τi,1 ⊗ xi)
T,Vi,12 = (τi,1 ⊗ xi)τ

T
i,2,Vi,13 = (τi,1 ⊗ xi)τ

T
i,3,Vi,22 =

τi,2τ
T
i,2,Vi,23 = τi,2τ

T
i,3, and Vi,33 = τi,3τ

T
i,3.

For the (j, j′) entry of the matrix Vi,11, V
j,j′

i,11, where 1 ≤ j, j′ ≤ Jd,

n∑
i=1

Vj,j′

i,11

n2πi
≤

n∑
i=1

|εtij1 ||ε
t
ij2

|∥xi∥2

(σt
j1
σt
j2
)2n2πi



5

≤ 1

(σt
j1
σt
j2
)2

(
n∑

i=1

∥xi∥8

πin2

) 1
4
(

n∑
i=1

|εtij1 |
8

πin2

) 1
8
(

n∑
i=1

|εtij2 |
8

πin2

) 1
8
(

n∑
i=1

1

πin2

) 1
2

, (17)

where j1 = ⌊(j+d− 1)/d⌋ and j2 = ⌊(j′+d− 1)/d⌋. In (17), the last inequality is from Holder’s
inequality.
For the (j, j′) entry of the matrix Vi,12, V

j,j′

i,12, where 1 ≤ j ≤ Jd and 1 ≤ j′ ≤ d,

n∑
i=1

Vj,j′

i,12

n2πi
≤

n∑
i=1

(|εtij1 |
3 + |εtij′ |σ2

j′)∥xi∥
(σt

j1
)2(σt

j′)
3n2πi

≤ 1

(σt
j1
)2(σt

j′)
3

(
n∑

i=1

∥xi∥8

πin2

) 1
8
(

n∑
i=1

|εtij1 |
8

πin2

) 3
8
(

n∑
i=1

1

πin2

) 1
2

+
1

(σt
j1
)2(σt

j′)

(
n∑

i=1

∥xi∥8

πin2

) 1
8
(

n∑
i=1

|εtij1 |
8

πin2

) 1
8
(

n∑
i=1

1

πin2

) 3
4

, (18)

where j1 = ⌊(j + d− 1)/d⌋ and the last inequality is from Holder’s inequality.
For the (j, j′) entry of the matrix Vi,13, V

j,j′

i,13, where 1 ≤ j ≤ Jd and 1 ≤ j′ ≤ J − 1,

n∑
i=1

Vj,j′

i,13

n2πi
≤

n∑
i=1

2|εtij1 |∥xi∥
(σt

j1
)2ptj′p

t
Jn

2πi

≤ 2

(σt
j1
)2ptj′p

t
J

(
n∑

i=1

∥xi∥8

πin2

) 1
8
(

n∑
i=1

|εtij1 |
8

πin2

) 1
8
(

n∑
i=1

1

πin2

) 3
4

, (19)

where j1 = ⌊(j + d− 1)/d⌋ and the last inequality is from Holder’s inequality.
For the (j, j′) entry of the matrix Vi,22, V

j,j′

i,22, where 1 ≤ j, j′ ≤ J ,

n∑
i=1

Vj,j′

i,22

n2πi
≤

n∑
i=1

[(εtij)
2 + (σt

j)
2][(εtij′)

2 + (σt
j′)

2]

(σt
jσ

t
j′)

3n2πi

≤ 1

(σt
jσ

t
j′)

3


(

n∑
i=1

|εtij |8

πin2

) 1
4
(

n∑
i=1

|εtij′ |8

πin2

) 1
4
(

n∑
i=1

1

πin2

) 1
2

+ (σt
jσ

t
j′)

2
n∑

i=1

1

πin2

+

(σt
j′)

2

(
n∑

i=1

|εtij |8

πin2

) 1
4

+ (σt
j)

2

(
n∑

i=1

|εtij′ |8

πin2

) 1
4

( n∑
i=1

1

πin2

) 3
4

 , (20)

where the last inequality is from Holder’s inequality.
For the (j, j′) entry of the matrix Vi,23, V

j,j′

i,23, where 1 ≤ j ≤ J and 1 ≤ j′ ≤ J − 1,

n∑
i=1

Vj,j′

i,23

n2πi
≤

n∑
i=1

2[(εtij)
2 + (σt

j)
2]

(σt
j)

3ptj′p
t
Jn

2πi

≤ 2

(σt
j)

3ptj′p
t
J

( n∑
i=1

|εij |8

πin2

) 1
4
(

n∑
i=1

1

πin2

) 3
4

+

n∑
i=1

1

πin2

 , (21)



6

where the last inequality is from Holder’s inequality.
For the (j, j′) entry of the matrix Vi,23, V

j,j′

i,23, where 1 ≤ j, j′ ≤ J − 1,

n∑
i=1

Vj1,j2
i,33

n2πi
≤ 4

ptjp
t
j′p

t
J

n∑
i=1

1

n2πi
. (22)

From Assumption 2, (17) - (22) are bounded. Now, we check Lindeberg’s conditions under the
conditional distribution given Dn. For every ϵ > 0 and some δ > 0,

r∑
i=1

E

(∥∥∥r−1/2Ai

∥∥∥2 I(∥Ai∥ > r
1
2 ε)|Dn

)
≤ 1

r1+δ/2εδ

r∑
i=1

E
(
∥Ai∥2+δ|Dn

)
= OP (r

−δ/2). (23)

In (23), the last equality is from Assumption 4. Then, we have, as r, n → ∞,

r∑
i=1

E
(
∥r−1/2Ai∥2I(∥Ai∥ > r1/2ε)|Dn

)
→ 0. (24)

By the Central Limit Theorem, conditionally on Dn,

1

r1/2
{V(Ai|Dn)}−1/2

[
r∑

i=1

{Ai −E(Ai|Dn)}

]
→ N(0, I). (25)

Since E{E (Ai|Dn)} = 0, E (Ai|Dn) = Op(1/
√
n) by the Central Limit Theorem. Since√

rE (Ai|Dn)
= Op(

√
r/
√
n) = op(1), we have

1

r1/2
{V(Ai|Dn)}−1/2

r∑
i=1

Ai → N(0, I). (26)

From Assumption 1, (13) and (26), the basic corollary in page 2 of Hjort and Pollard (2011)
provides the following result, (M−1

t VπM
−1
t )−1/2θ̃c =

√
r(M−1

t VπM
−1
t )−1/2(θ̃ − θt) converges

to N(0, I) in distribution. It means that P{(M−1
t VπM

−1
t )−1/2√r(θ̃− θt) < x|Dn} converges to

Φ(x) in probability for any x, where Φ(x) is the distribution function of the multivariate standard
normal distribution. Thus, E[P{(M−1

t VπM
−1
t )−1/2√r(θ̃−θt) < x|Dn}] = P{(M−1

t VπM
−1
t )−1/2√r(θ̃−

θt) < x} converges to Φ(x) in probability since P{(M−1
t VπM

−1
t )−1/2√r(θ̃ − θt) < x|Dn} is

bounded.

2 Proof of Theorem 2

Note that tr(V) = tr(M−1
t VπM

−1
t ).

tr(M−1
t VπM

−1
t ) =

1

r

tr

M−1
t

n∑
i=1

1

n2πi

τi,1 ⊗ xi

τi,2
τi,3

τi,1 ⊗ xi

τi,2
τi,3

T

M−1
t






7

=
1

rn2

n∑
i=1

1

πi

∥∥∥∥∥∥M−1
t

τi,1 ⊗ xi

τi,2
τi,3

∥∥∥∥∥∥
2

=
1

rn2

n∑
i=1

1

πi


∥∥∥∥∥∥M−1

t

τi,1 ⊗ xi

τi,2
τi,3

∥∥∥∥∥∥
2
 N∑

i=1

πi

≥ 1

rn2

n∑
i=1

∥∥∥∥∥∥M−1
t

τi,1 ⊗ xi

τi,2
τi,3

∥∥∥∥∥∥
2

.

The last inequality is from the Cauchy-Schwarz inequality and the equality in the last step holds
if and only if πi ∝

∥∥∥M−1
t

[
(τi,1 ⊗ xi)

T τT
i,2 τT

i,3

]T ∥∥∥.
3 Proof of Theorem 3

tr(Vπ) =
1

rn2

n∑
i=1

1

πi
tr


τi,1 ⊗ xi

τi,2
τi,3

τi,1 ⊗ xi

τi,2
τi,3

T


=
1

rn2

n∑
i=1

1

πi

(
∥τi,1 ⊗ xi∥2 + ∥τi,2∥2 + ∥τi,3∥2

)
=

1

rn2

n∑
i=1

1

πi

(
∥τi,1 ⊗ xi∥2 + ∥τi,2∥2 + ∥τi,3∥2

) N∑
i=1

πi

≥ 1

rn2

n∑
i=1

(
∥τi,1 ⊗ xi∥2 + ∥τi,2∥2 + ∥τi,3∥2

)
.

The last inequality is from the Cauchy-Schwarz inequality and the equality holds if and only if

πi ∝
√(

∥τi,1 ⊗ xi∥2 + ∥τi,2∥2 + ∥τi,3∥2
)
.

tr(Vβ)

=
1

rn2

n∑
i=1

1

πi

tr

(Minv
β ,Minv

θ−β
)

τi,1 ⊗ xi

τi,2
τi,3

τi,1 ⊗ xi

τi,2
τi,3

T

(Minv
β ,Minv

θ−β
)T




=
1

rn2

n∑
i=1

1

πi

∥∥∥∥∥∥(Minv
β ,Minv

θ−β
)

τi,1 ⊗ xi

τi,2
τi,3

∥∥∥∥∥∥
2

N∑
i=1

πi

≥ 1

rn2

n∑
i=1

∥∥∥∥∥∥(Minv
β ,Minv

θ−β
)

τi,1 ⊗ xi

τi,2
τi,3

∥∥∥∥∥∥
2

.

The last inequality is from the Cauchy-Schwarz inequality and the equality holds if and only if
πi ∝

∥∥∥(Minv
β ,Minv

θ−β
)
[
(τi,1 ⊗ xi)

T τT
i,2 τT

i,3

]T ∥∥∥
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