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1 Proof of Theorem 1

We start with establishing the following lemma. Let *(8) and |z] be the gradient of £*(6) and
the integer part of x, respectively. Also, let ¢;; = (y; — B;FXZ) Note that x is the d dimensional
covariate with the first entry being one. Denote ® as the Kronecker product.

Lemma 1. If Assumption 2 holds, as 1 — oo and n — 0o, conditionally on Dy, in probability,
M- M= Opp, (r=1/%), (1)

~ 1 826*(0)
where M = 90901

Proof. By direct calculation, we have

for any 6 € ©.

E(M|D,) = M, (2)

1 0%(0)
where M = 99907

For the (4, j') entry of the matrix M1, M{’Ijl, where 1 < j, 5" < Jd,
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where j1 = [(j+d—1)/d], jo = [(j/ +d—1)/d]. In (3), the last inequality and equality are
from Holder’s inequality and Assumptlon 2.
For the (7, j') entry of the matrix Mlg, 1\/[12 ,where 1 < j < Jdand 1< j < J,
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where j; = [(j +d —1)/d]. In (4), the last inequality and equality are from Holder’s inequality
and Assumption 2.

For the (j,7’) entry of the matrix 1\7113, l\N/Ijlgl, where 1 <j<Jdand 1< j < J -1,
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In (5), the last inequality and equahty are from Holder’s 1nequahty and Assumption 2.
For the (4, j') entry of the matrix Mugg, MZ 29, where 1 < j, g < J,
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In (6), the last inequality and equahty are from Holder’s inequality and Assumptlon 2.
For the (j,j') entry of the matrix Ml 23, Ml’%7 where 1 <j<Jand1<j <J-1,
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In (7), the last inequality and equahty are from Holder’s 1nequahty and Assumption 2.
For the (4, j') entry of the matrix Ml 33, M7 133, where 1 < j, j < J-1,
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In (8), the last equality is from Assumption 2. From Markov’s inequality, (2), and (3) - (8), we
have

M — M = Opyp, (r~/?) (9)
O

Proof of Theorem 1. Now we discuss Theorem 1. Let 6 be the maximizer of the target func-
tion (4). Note that 6, = (8%,...,8%,0t,...,0%,p,....,p%_;) is the true value of 8, and sgj =



Yi — B;Txi for j =1,...,J. Denote 0. = \/?(é —6;). Then, 0. maximizes

0 (0:) = {050, +0./\r) — £*(6)}/n. (10)
By a Taylor expansion,
e (6.) n\/;ﬁ (6,)6. + oy (00 20 0. |+ R, (11)

where £*(0) = 9¢*(8)/96. For the last term in (11), we have
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In (12), the last equality is from Assumption 3. From (11) and (12), we have
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B x; for j =1,..., J.
Given the full data D,,, A1, ..., A, are i.i.d, with mean
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and variance,
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For the (j,7") entry of the matrix V; 11, Vf{;, where 1 < 7,5 < Jd,
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where j1 = [(j+d—1)/d] and jo = [(j'+d—1)/d]. In (17), the last inequality is from Holder’s
inequality. B
For the (j,j') entry of the matrix V; 12, Vi4{,, where 1 <j < Jd and 1 < j" < d,
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where j; = [(j +d — 1)/d] and the last inequality is from Holder’s inequality.
For the (j,j') entry of the matrix V; 13, Vf”{:,,, where 1 <j<Jdand 1<y <J-1,
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where j; = [(j +d — 1)/d| and the last 1nequahty is from Holder’s inequality.
For the (j,j') entry of the matrix V; 22, Vz 99, where 1 < j,j' < J,
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where the last inequality is from Holder’s 1nequahty
For the (j,j’) entry of the matrix V; o3, VZ 53, Where 1 <j < Jand 1<y < J—1,
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where the last inequality is from Holder’s inequality.
For the (j,7’) entry of the matrix V; a3, Vf”gg, where 1 < 4,5/ < J —1,
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From Assumption 2, (17) - (22) are bounded. Now, we check Lindeberg’s conditions under the
conditional distribution given D,,. For every € > 0 and some § > 0,
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In (23), the last equality is from Assumption 4. Then, we have, as r,n — oo,
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By the Central Limit Theorem, conditionally on D,,
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Since E{E (A;|D,)} = 0, E(A;|D,) = Oy(1/y/n) by the Central Limit Theorem. Since
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From Assumption 1, (13) and (26), the basic corollary in page 2 of Hjort and Pollard (2011)
provides the following result, (M; 'V,M;1)~1/20, = /r(M; 'V M;1)~1/2(6 — 6,) converges
to N(0,1T) in distribution. It means that P{(M; 'V, M;1)~/2,/r(0 — ;) < z|D,,} converges to
®(x) in probability for any x, where ®(x) is the distribution function of the multivariate standard
normal distribution. Thus, E[P{(M; 'V M; ))~/2,/r(0-6;) < z|D,}] = P{(M; 'V, M; 1)~ 1/2,/r(0—
;) < z} converges to ®(x) in probability since P{(M; 'V, M; )~1/2,/7(6 — 8;) < z|D,,} is
bounded. O

2 Proof of Theorem 2

Note that tr(V) = tr(M; 'V, M; ).
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The last inequality is from the Cauchy-Schwarz inequality and the equality in the last step holds
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The last inequality is from the Cauchy-Schwarz inequality and the equality holds if and only if
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The last inequality is from the Cauchy-Schwarz
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inequality and the equality holds if and only if
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